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We present a consistent one-loop calculation for the inflationary tensor power spectrum in the
presence of an excited spectator scalar field using the in-in formalism. We find that the super-horizon
primordial power spectrum of the tensor mode can be scale-invariantly enhanced or reduced by the
loop effects of a subhorizon scalar field. Our calculation also includes the scalar-induced gravitational
wave spectrum classically computed in the previous literature, which is significant only near the
scales where the scalar field is amplified. The super-horizon enhancement is a higher-order effect of
the interaction Hamiltonian, which can be understood as a Bogoliubov transformation introduced by
nonlinear interactions. On the other hand, the scale-invariant reduction of the tensor power spectrum
may occur due to the fourth-order scalar-scalar-tensor-tensor coupling. This phenomenon can be
understood as the evolution of an anisotropic Bianchi type-I background in the separate universe
approach. Our result suggests that large-scale measurements may indirectly test the dramatic
effects of small-scale cosmological perturbations through loop corrections. This possibility opens
a new ground in probing the small-scale physics of the primordial Universe through gravitational
wave detectors of cosmological scales.

I. INTRODUCTION

The one-loop corrections to the inflationary power
spectra, and their UV and IR divergences are important
components in cosmological perturbation theory of the
primordial universe [1–7]. Most studies focus on tiny loop
corrections suppressed by the Hubble-to-Planck-mass ra-
tio H2/M2

pl ∼ 10−10ε with the first slow roll parameter

ε ≡ −Ḣ/H. Thus it seems the motivation of such loop
analyses is to understand what our theories entail, rather
than to obtain experimentally verifiable results.

Recent progress in cosmological observations may shed
new light on the situation. The Laser Interferome-
ter Gravitational-Wave Observatory (LIGO) and Virgo
event in 2015 reported an unexpectedly massive black
hole [8], which rejuvenated the idea of primordial black
holes (PBHs) [9–11]. PBHs are formed from collapse of
Hubble horizon size regions caused by large curvature
perturbations [12–14]; therefore the existence of PBHs
suggests scale-dependence of scalar fluctuations and thus
drastic enhancement of quantum fields at some point dur-
ing inflation [15–28]. UV or IR divergences are no longer
expected in loop integrals if one focuses on contributions
from excited states of a quantum field. Instead, an ex-
cited quantum field may introduce sizable and observ-
able loop corrections. Thus, loop corrections motivated
by PBHs may lead to interesting phenomenology. The
purpose of this paper is to present a consistent one-loop
calculation for such an excited state during inflation.
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The inflationary loops arise from nonlinear interactions
of cosmological perturbations. In general, interactions of
scalars are model-dependent and thus complicated. In
contrast, the coupling to the tensor fluctuations is limited
to the kinetic term regardless of the interaction among
scalars for minimally coupled scalar fields in general rela-
tivity. Hence, the possible loop corrections to the tensor
power spectrum are easier to deal with than those in the
scalar case. Moreover, ongoing and future gravitational
wave (GW) measurements are attracting growing atten-
tion from observational perspectives. Therefore, we fo-
cus on the one-loop corrections to the tensor power spec-
trum (see e.g., Refs. [29, 30] for recent works on scalar
inflationary loops from excited scalar fields.). The appro-
priate formalism for the present purpose is a full quantum
approach, known as the “in-in formalism,” as we consider
the quantum regime of inflationary fluctuations.

One often considers a secondary GW production from
cosmological perturbations (see, e.g., Ref. [31] and ref-
erences therein), where the classical equation of motion
for GWs with a source is integrated. The source usu-
ally consists of a bilinear form of stochastic variables that
represent the scalar-type cosmological perturbation. The
induced tensor fluctuations are intensely investigated as
their detection may be a smoking gun for the PBH for-
mation in the very early Universe. Conventionally the in-
duced GW production is understood from a viewpoint of
classical nonlinear dynamics. However, the same process
may also be regarded as leading order quantum correc-
tions to the tensor modes from a viewpoint of quantum
field theory. From this perspective, we point out that the
computation of the induced GWs corresponds to that in
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the Born approximation of the leading order interaction
Hamiltonian. Thus it is important to understand effects
beyond the Born approximation, which include in par-
ticular the iterative (or higher-loop) corrections arising
from the leading order interaction Hamiltonian as well
as those from higher-order interaction Hamiltonians.

Our recent letter [32] reported several surprising re-
sults when including the iterative corrections as well as
a higher order Hamiltonian in the in-in formalism. We
found that the super-horizon tensor power spectrum may
be scale-invariantly enhanced or reduced by the loop ef-
fect, which can be understood as a Bogoliubov transfor-
mation introduced by the nonlinear interactions. This
paper provides detailed derivations of the result and an
analysis of a new model not discussed in Ref. [32], in-
cluding new perspectives such as the separate universe
approach.

We organize this paper as follows. In section II, we
review the previous approach to GW productions with
stochastic variables and point out two important missing
components in it. In Section III, we provide a brief but
self-contained review of the in-in formalism for the one-
loop calculation of the tensor power spectrum. Section IV
describes the cosmological setup in this paper. We ap-
ply the in-in formulas to inflationary calculations. Then
in section V, we derive the loop spectra from an excited
scalar field. In section VI, we discuss physical implica-
tions of the results from a perspective of the Bogoliubov
transformation. In Section VII, we discuss the separate
universe approach to obtain a more intuitive understand-
ing of our result for the scale invariant Born approxima-
tion contribution. Conclusions are given in Section IX,
and we supplemented some mathematical details in the
appendices.

II. WHAT IS NEW?

In cosmology, one often computes gravitational waves
in classical field theory. The classical equation of mo-
tion for the cosmological tensor perturbation hij with
source is obtained by perturbatively expanding the Ein-
stein equation as

∂2hij
∂τ2

+ 2H∂hij
∂τ
−∇2hij = Πij

klSkl , (1)

where τ is the conformal time, and H is the confor-
mal Hubble parameter, H = d ln(a)/dτ . The source Sij
is obtained by expanding the Einstein tensor and the
energy-momentum tensor, and Πij

kl is the projection op-
erator onto the transverse-traceless subspace. Given the
Green’s function G with an appropriate boundary condi-
tion, Eq. (1) is formally integrated to give

hij(x) = hhom,ij(x) + hind,ij(x) ;

hind,ij(x) =

∫
d4x′G(x;x′)Σij(x

′), (2)

where x and x′ are 4-dimensional coordinates and Σij ≡
Πij

klSkl, where hhom,ij is a homogeneous solution. With
the retarded boundary condition on G, it is the primor-
dial tensor perturbation from inflation in the standard
scenario of the early universe. The inhomogeneous part
represents gravitational waves produced, e.g., by the non-
linear evolution of density fluctuations. The inhomoge-
neous part hind,ij in Eq. (2) may be regarded as a classi-
cal field, but the source configuration is random, as the
initial condition of cosmological perturbations may orig-
inate from quantum fluctuations during inflation. Hence
hind,ij should also be random, whose statistical property
is characterized by correlation functions. In cosmology,
we often consider the 2-point correlation function,〈

hij(x)hij(y)
〉

=
〈
hhom,ij(x)hijhom(y)

〉
+

∫
d4x′d4y′G(x;x′)G(y; y′)〈Σij(x′)Σij(y′)〉, (3)

where the first term due to the homogeneous part is usu-
ally assumed to be negligible. Previous literature consid-
ered various origins of Σij and the associated secondary
GWs. This is a standard prescription to compute GWs
from stochastic sources.

We mention that there are two additional important
contributions that must be included in the above com-
putation (see also Ref. [33].). First, the cross term of
homogeneous and inhomogeneous solutions is missing in
Eq. (3). In addition to the auto-correlation of hhom,ij ,
the following cross term may be non-vanishing:〈
hij(x)hij(y)

〉
⊃
∫
d4y′G(y; y′)〈hhom,ij(x)Σij(y′)〉. (4)

In fact, it is in general non-vanishing if we expand the
source to third order in perturbation. At leading order,
the source is of the second order in perturbation, and so is
the induced part of hij . Therefore, the third-order term
is sub-leading in hij . However, the order of the cross-
correlation between the first- and third-order terms is
equivalent to that of the auto-correlation of the second-
order term. Thus the cross-correlation may also equally
contribute to the correlation function. In the language
of quantum theory, ignoring the cross term implies an
incomplete loop expansion.

The second missing contribution is from the iterative
solution. The formal solution (1) is well-defined in the
Born approximation. However, once we take nonlinear
terms into account, the source term will contain the ten-
sor perturbation that appears on the left-hand side. Per-
turbatively, this means we have to solve it iteratively. In
particular, the iterative solution to the next-to-leading
order in the source needs to be included for consistency.
Namely, like the first issue, the first iterative correction
is sub-leading at the field level but may contribute to the
correlation function at the same order as the conventional
induced GW part.

To summarize, we need to take into account all pos-
sible higher-order interactions and iterative solutions to
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consistently calculate the nonlinear corrections to cosmo-
logical correlation functions. In this paper, we perform
a consistent computation up to the one-loop order. We
mention that similar classical stochastic loops are dis-
cussed in the nonlinear matter power spectrum of large-
scale structure [34]. In that context, all effects are in-
cluded consistently.

The standard approach based on Eq. (1) applies to
classical stochastic systems. In cosmology, the method
should explain the evolution of random fields after infla-
tion [33]. We are interested in the quantum phase during
inflation in this paper, so we consider the in-in formalism
instead. As discussed in Section VI, the quantum evolu-
tion of the field operator hij in the interaction picture is
expanded into

hij = hI,ij + iλ

∫ τ

τ0

dτ ′[Hint,I(τ
′), hI,ij ]

− λ2

∫ τ

τ0

dτ ′
∫ τ ′

τ0

dτ ′′[Hint,I(τ
′′), [Hint,I(τ

′), hI,ij ]]

+O(λ3), (5)

where hI,ij is the interaction picture field, i.e., the linear
tensor fluctuations, and Hint,I is the interaction Hamil-
tonian in the interaction picture. τ0 is the initial time,
and the τ dependence is suppressed for notational sim-
plicity. Order in λ implies the number of vertecies, and
the standard induced GWs are the leading order correc-
tion in the first line. The power of H2/M2

pl counts the
number of inflationary loops. The one-loop correction to
the 2-point function contains terms up to O(λ2), so there
is no prior reason to truncate the expansion at O(λ) in
Eq. (5).

(In)equivalence of the classical stochastic approach and
the quantum in-in formalism during inflation is not obvi-
ous. A classical stochastic theory can also describe a class
of quantum systems, as Nelson discussed in Ref. [35]. The
comparison of the two approaches will be discussed in a
separate paper in future work. In the next section, we
start with a lightning review of the in-in formalism.

III. IN-IN FORMALISM: A REVIEW

We are interested in the time evolution of the vacuum
expectation value (VEV) of a field operator O during
inflation. In the Heisenberg picture, the VEV should be
written as

〈O〉 = 〈Ω|O|Ω〉, (6)

where O and |Ω〉 are the operator and the vacuum in the
Heisenberg picture. The time evolution of O in a general
case is complicated. In the interaction picture, we recast
Eq. (6) into

〈Ω|O|Ω〉 ≈ 〈0|F †OIF |0〉, (7)

where |0〉 is the free vacuum, and F is a unitary operator
constructed from the free field operators. We evaluate the
two-point function up to the one-loop order by expanding
F to third-order in the free fields. This section provides
a brief but self-consistent derivation of Eq. (7) and its
perturbative expansions. One can also find reviews of the
in-in formalism in Refs. [1, 36–38], and readers who are
familiar with the in-in formalism may skip this section.

Quantization of classical fields is given by promoting
Poisson (Dirac) brackets in the (constraint) canonical for-
malism to the commutation relations. Then the canoni-
cal equation of motion for a classical field O with respect
to a Hamiltonian H becomes the Heisenberg equation for
the field operator.

Ȯ = i[H[φ, π; τ ], O] +
∂O

∂τ
, (8)

where the over-dot is the ordinary derivative with respect
to time, τ . The Hamiltonian operator H is a functional
of a canonical field variable φ and conjugate momentum
π. Using the Hamiltonian density, H, we have

H[φ, π; τ ] =

∫
d3xH(φ, π; τ). (9)

In cosmological perturbation theory, H is explicitly de-
pendent on τ as we consider a time-dependent back-
ground. Extension to the multi-field operators is
straightforward, but here we only consider the single vari-
able for notational simplicity.

If ∂O/∂τ = 0, the time evolution of O is unitary. Using
the time evolution operator U from τ0 to τ , we get

O = U−1O0U, (10)

where the subscript 0 implies the operator evaluated at
τ = τ0. Substituting Eqs. (10) into (8), we find

Ȯ = [−U−1U̇ , O]. (11)

As Eq. (11) is satisfied for any operators with ∂O/∂τ = 0,
Eqs. (8) and (11) yield

U̇ = −iUH[φ, π; τ ], (12)

which is different from the expression used in the litera-
ture, i.e., one often assumes (see, e.g., Ref. [1].)

U̇ = −iH[φ, π; τ ]U. (13)

If ∂H/∂τ = 0, we have H = U−1HU , so we get Eq. (13)
from Eq. (12). However, this is not the case in cosmo-
logical perturbation theory. Indeed, the correct operator
ordering of Eq. (12) is used in the following derivation.

If the Hamiltonian is written as H = H̄+Hint with the
free-field Hamiltonian H̄ and the interaction part Hint,
the perturbative expansion with respect to the free-field
operators is convenient. We introduce the interaction
picture field that evolves as

ȮI = i[H̄[φI , πI ; τ ], OI ]. (14)
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The time evolution of OI is similarly written as

OI = U−1
I OI0UI , (15)

U̇I = −iUIH̄[φI , πI ; τ ]. (16)

Assuming OI0 = O0, the interaction picture field writes
the Heisenberg operator as

O = F−1OIF, F ≡ U−1
I U. (17)

We find the equation of motion for F by using Eqs. (12)
and (16):

Ḟ = −iFH[φ, π; τ ] + iH̄[φI , πI ; τ ]F. (18)

Then,

FH[φ, π; τ ]F−1

= U−1
I H[φ0, π0; τ ]UI = H[φI , πI ; τ ], (19)

is the Hamiltonian in the interaction picture, and
Eq. (18) yields

Ḟ = −i(H[φI , πI ; τ ]− H̄[φI , πI ; τ ])F

= −iHint[φI , πI ; τ ]F. (20)

Given the initial condition F = 1 for τ = τ0, the solution
to this equation is formally obtained as

F = T exp

(
−i
∫ τ

τ0

dτ ′Hint,I(τ
′)

)
, (21)

where T is the time ordering operator. Hereafter the
functional dependence is suppressed for notational sim-
plicity:

Hint,I(τ
′) ≡

∫
d3xHint (φI(τ

′,x), πI(τ
′,x); τ ′) . (22)

τ dependence is also suppressed when it is obvious from
the context.

We obtained the Heisenberg operator written by the
interaction picture field in Eq. (17). The next step is
the calculation of the expectation value. Following the
prescription in the in-out formalism, one often shows

lim
τ0→−∞

〈Ω|O|Ω〉 = lim
τ0→−∞(1−iε)

〈0|O|0〉, (23)

where τ0 is the initial time of inflation. We find the above
equation as follows. For simplicity, let us consider that
H is time-independent for the iε prescription and restore
the time dependence of H afterward. Then we find

〈0|O|0〉 = 〈0|ei(τ−τ
∗
0 )HO0e

−i(τ−τ0)H |0〉, (24)

where O0 implies the operator at τ = τ0. Inserting the
identity operator expanded by the Hamiltonian eigen-
states, 1 =

∑
n |Ωn〉〈Ωn| with H|Ωn〉 = EΩn |Ωn〉 and

|Ω0〉 = |Ω〉, one finds

〈0|O|0〉 =
∑
n,m

e−i(τ−<[τ0])(EΩn−EΩm )−=[τ0](EΩn+EΩm )

× 〈0|Ωm〉〈Ωm|O0|Ωn〉〈Ωn|0〉. (25)

After the iε prescription, we get

lim
τ0→−∞(1−iε)

〈0|O|0〉 = e−2∞εEΩ0 |〈0|Ω〉|2〈Ω|O0|Ω〉. (26)

Thus, EΩn 6= EΩm configuration is oscillated away for a
−iε rotated large time interval, and the diagonal compo-
nents are Boltzmann suppressed by e−2∞εEΩn . The nor-
malization factor is determined by considering O = 1,
and one finds e−2∞εEΩ0 |〈0|Ω〉|2 = 1. Then 〈Ω|O|Ω〉 is
similarly expanded in the limit, and Eq. (23) is shown.
Substituting Eq. (21) into Eq. (17), and using Eq. (23),
one finds

〈O〉 = lim
τ0→−∞(1−iε)

〈0|T̄ exp

(
iλ

∫ τ

τ∗0

dτ ′Hint,I(τ
′)

)

×OI(τ)T exp

(
−iλ

∫ τ

τ0

dτ ′′Hint,I(τ
′′)

)
|0〉, (27)

where we introduced an order counting parameter λ, and
T̄ is the anti-time ordering operator. Eq. (27) is ex-
panded into

〈O〉 =

∞∑
λ=0

λn〈O〉n, (28)

where we introduced

〈O〉0 = 〈0|OI(τ)|0〉, (29)

〈O〉1 = 2=
∫ τ

τ0

dτ ′〈0|OI(τ)Hint,I(τ
′)|0〉, (30)

〈O〉2a =

∫ τ

τ∗0

dτ ′
∫ τ

τ0

dτ ′′

× 〈0|Hint,I(τ
′)OI(τ)Hint,I(τ

′′)|0〉, (31)

〈O〉2b = −2<
∫ τ

τ0

dτ ′
∫ τ ′

τ0

dτ ′′

× 〈0|O(τ)Hint,I(τ
′)Hint,I(τ

′′)|0〉, (32)

with 〈O〉2 ≡ 〈O〉2a + 〈O〉2b. In the end of calculation, we
set τ = 0. Eqs. (30) to (32) are the basic equations we
use in this paper. Hereafter we set the order counting
parameter λ = 1. O(λ2) and O(λ1) contributions are
diagrammatically represented in Fig. 1.

FIG. 1. The one-loop order Feynman diagrams considered
here: (a) and (b) corresponds to Ph2 and Ph1, respectively, in
our calculation.
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IV. INFLATIONARY ONE-LOOP
CALCULATIONS

In the previous section, we reviewed the in-in formal-
ism. We apply the method to inflationary cosmology in
this section. In cosmological perturbation theory, we ex-
pand the full Hamiltonian around the inflationary back-
ground. The second-order Hamiltonian is the free Hamil-
tonian in this setup, and cosmological perturbations are
the interaction picture fields. The interaction Hamilto-
nian is the rest of the nonlinear corrections expanded by
the linear perturbations. In this section, we derive the in-
teraction Hamiltonian from the action and find the loop
power spectrum.

A. Cosmological setup

There exists gauge freedom in cosmological perturba-
tion theory as identifying a background spacetime with
the physical spacetime is not unique. We need to fix
the gauge for quantization to properly count the dynam-
ical degrees of freedom and thus for the in-in formalism.
In this paper, we consider the uniform curvature gauge
for the scalar perturbations where the scalar degrees of
freedom are those of matter sectors after solving the con-
straint equations and the spatial curvature is zero. As
we expand the action to second order in the tensor per-
turbations, the gauge condition for tensor perturbations
should also be specified. Following Maldacena [36], the
spatial component of the metric tensor is written as

gij = a2ehij , (33)

where a is the background scale factor, and we defined

ehij ≡ δij + hij +
1

2
hi
khkj +O(h3), (34)

and the transverse-traceless (TT) condition is given by

∂ihij = δijhij = 0. (35)

In this paper, the spatial index is raised and lowered by
the background spatial metric δij and δij . In the previous
literature, one often used

ḡij = a2(δij + h̄ij), (36)

instead of Eq. (34), which are equivalent at linear order.
At nonlinear order, the latter tensor gauge condition im-
plies

ln

(√
det |δij + h̄ij |

)
=

1

4
h̄ij h̄

ij +O(h3). (37)

Thus, h̄ij perturbs the volume element, which is the cur-
vature perturbation that should be zero in the uniform

curvature gauge. Gravitational waves or tensor fluctua-
tions are distortions in spacetime without changing vol-
ume. Hence, it should be introduced such that the vol-
ume element is not perturbed by hij . Eq. (34) is an
example of such a parameterization, i.e., we have

det |ehij | = 1. (38)

Therefore, we use Eq. (33) instead of Eq. (36). The lapse
and shift are slow-roll suppressed compared to δχ in this
gauge, so scalar fluctuations are represented only by the
matter action to the leading order in the slow-roll pa-
rameter [36]. This paper considers quantum corrections
of the tensor fluctuations due to a minimally coupled
spectator scalar field χ. With Eq. (33), the possible in-
teraction between χ and hij is model-independent and
only appears in the kinetic term

Sfull ⊃ −
1

2

∫
d4x
√
−ggµν∇µχ∇νχ, (39)

where Sfull is the full inflationary action. We denote the
spectator scalar field fluctuation by δχ. Then the rele-
vant part of Eq. (39) is written as∫

dτa2

∫
d3x

(
1

2
hij − 1

4
hikhk

j

)
∂iδχ∂jδχ. (40)

We read the interaction Lagrangian Lint from Eq. (40)
and Legendre transform gives Hint = −Lint as the inter-
action do not involve time derivative couplings. Then we
find the interaction Hamiltonian

Hint ≡ a2

∫
d3x

(
−1

2
hij +

1

4
hikhk

j

)
∂iδχ∂jδχ. (41)

As far as we consider minimally coupled scalar field, the
interaction Hamiltonian is written as Eq. (41) for a wide
class of theories since potential terms like

√
−gV (χ, · · · )

do not contain the tensor fluctuation in the present gauge
condition (33).

Fourier integrals of cosmological perturbations are
written as

δχ(τ,x) =

∫
d3q

(2π)3
eiq·xδχq(τ), (42)

hij(τ,x) =

∫
d3q

(2π)3
eiq·x

∑
s=±2

esij(q̂)h
s
q(τ), (43)

where q̂ ≡ q/|q|. The tensor fluctuations are expanded
by the polarization tensor esij(q̂), which satisfies

esij(q̂)e
ij,s′(q̂)∗ = δss

′
, esij(−q̂) = esij(q̂)

∗, (44)

where δss
′

is the Kronecker delta. Using Eqs. (42) and
(43), Eq. (41) is written as

Hint = H
(3)
int +H

(4)
int , (45)
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where Fourier integrals of the interaction Hamiltonians
are written as

H
(3)
int =

1

2

3∏
A=1

(∫
d3pA
(2π)3

)
(2π)3δ

(
3∑

A=1

pA

)∑
s

×a2hsp1
eij,s(p̂1)p2ip3jδχp2δχp3 , (46)

H
(4)
int = −1

4

4∏
A=1

(∫
d3pA
(2π)3

)
(2π)3δ

(
4∑

A=1

pA

)∑
s1,s2

×a2eik,s1(p̂1)ek
j,s2(p̂2)p3ip4jh

s1
p1
hs2p2

δχp3
δχp4

, (47)

where δ is the 3-dimensional delta function. As dis-
cussed in the previous section, the second-order action
describes the free theory in cosmological perturbation
theory, and the linear perturbations are the interaction
picture fields. Following the standard quantization pro-
cedures, the Fourier transforms of cosmological pertur-
bations are expanded into the creation and annihilation
operators as

δχq(τ) = uq(τ)aq + u∗q(τ)a†−q, (48)

hsq(τ) = vq(τ)bsq + v∗q (τ)bs†−q, (49)

where uq and vq are the corresponding positive frequency
mode functions. For example, the ground state mode
functions for free spectator scalar and tensor fluctuations
in general relativity are given as

uGS
q (τ) =

H√
2q3

(1 + iqτ)e−iqτ , (50)

vGS
q (τ) =

2H

Mpl

√
2q3

(1 + iqτ)e−iqτ . (51)

The annihilation and creation operators of scalar and ten-
sor fluctuations satisfy

aq|0〉 = bsq|0〉 = 0, (52)

and the non-vanishing commutation relations are

[aq, a
†
−q̄] = (2π)3δ(q + q̄), (53)

[bsq, b
s̄,†
−q̄] = (2π)3δss̄δ(q + q̄). (54)

B. Loop calculation

Given interaction Hamiltonians (46) and (47), we are
ready to compute the VEV of

OI(τ) =
∑
s=±2

hsq(τ)hsq̄(τ), (55)

using Eq. (27). We compute the power spectrum Ph de-
fined as〈∑

s=±2

hsq(τ)hsq̄(τ)

〉∣∣∣∣∣
τ=0

= (2π)3δ(q + q̄)Ph(q), (56)

order by order in λ by using Eqs. (29) to (32). The total
tensor power spectrum, including one-loop correction, is

Ph = Ph0 + Ph1 + Ph2a + Ph2b, (57)

where the subscript implies the number of vertices in λ;
Phn = O(λn). Below we evaluate each term of Eq. (57).

O(λ0)

First, we derive the loop correction without any as-
sumptions about the background spacetime or the mode
functions. Calculation of Eq. (29) is straightforward.
From Eq. (A2), we find the tree-level power spectrum

Ph0(q) = 2|vq(0)|2. (58)

This is the power spectrum of the primordial gravita-
tional waves in the standard linear perturbation theory.
For the ground state (51) at τ = 0, we have

Ph0(q) =
4H2

M2
plq

3
=

2π2

q3
· 2H2

π2M2
pl

. (59)

O(λ1)

Next, we compute the diagram of O(λ1). Substituting
Eqs. (46) and (47) into Eq. (30), one finds〈∑

s=±2

hsq(τ)hsq̄(τ)

〉
1

=− 1

2
=
∫ τ

τ0

dτ ′
4∏

A=1

(∫
d3pA
(2π)3

)
(2π)3δ

(
4∑

A=1

pA

)
×
∑
s,s1,s2

a(τ ′)2eik,s1(p̂1)ek
j,s2(p̂2)p3ip4j

× 〈0|hsq(τ)hsq̄(τ)hs1p1
(τ ′)hs2p2

(τ ′)|0〉
× 〈0|δχp3

(τ ′)δχp4
(τ ′)|0〉. (60)

Note that the contribution from H
(3)
int vanishes since the

linear tensor fluctuation is Gaussian. Using Eqs. (A1)
and (A4), we find〈∑

s=±2

hsq(τ)hsq̄(τ)

〉
1

=(2π)3δ (q + q̄)=
∫ τ

τ0

dτ ′a(τ ′)2

∫
d3p3

(2π)3

∑
s

× eik,s(q̂)∗ekj,s(q̂)p3ip3jvq(τ)2v∗q (τ ′)2|up3(τ ′)|2, (61)

where we dropped a (2-loop) bubble diagram eliminated
from our consideration after proper normalization. In-
deed, those diagrams result in zero after the polarization
sum due to the angular momentum conservation. Using∫

dp̂3

4π
p̂3ip̂3j =

δij
3
, (62)
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and Eq. (44), we find∫
dp̂3

4π

∑
s

eik,s(q̂)∗ek
j,s(q̂)p̂3ip̂3j =

2

3
(63)

Then we get

Ph1 =vq(0)2=
∫ 0

τ0

dτ ′a(τ ′)2v∗q (τ ′)2

∫
p4

3dp3

3π2
|up3(τ ′)|2.

(64)

O(λ2)

Lastly, we consider O(λ2) contributions that we named
Ph2a and Ph2b. Using Eqs. (31) and (46), one obtains〈∑

s=±2

hsq(τ)hsq̄(τ)

〉
2a

=
1

4

∫ τ

τ∗0

dτ ′a(τ ′)2

∫ τ

τ0

dτ ′′a(τ ′′)2
6∏

A=1

(∫
d3pA
(2π)3

)

× (2π)3δ

(
3∑

A=1

pA

)
(2π)3δ

(
6∑

A=4

pA

)
×
∑
s,s1,s4

eij,s1(p̂1)p2ip3je
kl,s4(p̂4)p5kp6l

× 〈0|hs1p1
(τ ′)hsq(τ)hsq̄(τ)hs4p4

(τ ′′)|0〉
× 〈0|δχp2

(τ ′)δχp3
(τ ′)δχp5

(τ ′′)δχp6
(τ ′′)|0〉. (65)

Using Eqs. (A3), (A4), and the index symmetry for p2

and p3, we find〈∑
s=±2

hsq(τ)hsq̄(τ)

〉
2a

=(2π)3δ (q + q̄)

∫ τ

τ∗0

dτ ′a(τ ′)2

∫ τ

τ0

dτ ′′a(τ ′′)2

×
3∏

A=2

(∫
d3pA
(2π)3

)
(2π)3δ

(
3∑

A=2

pA − q

)
×
∑
s

eij,s(q̂)p2ip3je
kl,s(q̂)∗p2kp3lvq(τ)v∗q (τ)

× vq(τ ′)up2(τ ′)up3(τ ′)v∗q (τ ′′)u∗p2
(τ ′′)u∗p3

(τ ′′), (66)

where we dropped bubble graphs, and there is no contri-
bution from tadpole graphs. We can simplify the angu-
lar integrals in the above equation by using Appendix B.
Combining Eqs. (B3), (B4), and (B5), one finds

3∏
A=2

(∫
d3pA
(2π)3

)
(2π)3δ

(
3∑

A=2

pA − q

)
×
∑
s=±2

|eij,s(q̂)p2ip3j |2f(p2, p3)

=

∫ ∞
0

dp2

∫ p2+q

|p2−q|
dp3w̄(q; p2, p3)f(p2, p3), (67)

where we defined

w̄(q; p2, p3)

≡
p2p3

(
p4

2 − 2p2
2

(
p2

3 + q2
)

+
(
p2

3 − q2
)2)2

128π2q5
. (68)

Using Eq. (67), Eq. (66) simplifies to

Ph2a =|vq(0)|2
∫ ∞

0

dp2

∫ p2+q

|p2−q|
dp3w̄(q; p2, p3)

×

∣∣∣∣∣
∫ 0

τ∗0

dτ ′a(τ ′)2vq(τ
′)up2(τ ′)up3(τ ′)

∣∣∣∣∣
2

. (69)

Ph2b can be calculated similarly. Using Eqs. (A3) and
(A4) for Eqs. (32) and (46), and dropping the bubble
graphs, we find

Ph2b = −2vq(0)2<
∫ ∞

0

dp2

∫ p2+q

|p2−q|
dp3w̄(q; p2, p3)

×
∫ 0

τ0

dτ ′a(τ ′)2v∗q (τ ′)up2
(τ ′)up3

(τ ′)

×
∫ τ ′

τ0

dτ ′′a(τ ′′)2v∗q (τ ′′)u∗p2
(τ ′′)u∗p3

(τ ′′). (70)

Note that < and = imply that we take the real and imag-
inary parts of the whole equations, including the integral
domain. This section derived general one-loop formulas
without specifying mode functions of scalar and tensor
perturbations. Eqs. (64), (69) and (70) will be useful for
various purposes.

V. ONE-LOOP CORRECTIONS FROM
EXCITED STATES

This section considers the loop corrections from an ex-
cited scalar field at some specific momenta. Such a setup
is interesting mainly for two reasons. Firstly, the loop
integral is simplified. We do not have to consider the
UV or IR divergence issue since the loop integral is eval-
uated for specific momenta whose physics is completely
determined by a given model. Secondly, such a scale-
dependent scalar field is phenomenologically considered
in the context of primordial black hole formation. The
loop corrections from enhanced scalar fields may be ob-
servationally testable. Let us derive the one-loop formu-
las for monotonically excited scalar fields in this section.
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A. One-loop formulas for sharp excited states

In the previous section, we saw that O(λ2) contribu-
tions (69) and (70) take the following form

Ph2 =

∫ ∞
0

dp2

∫ p2+q

|p2−q|
dp3w̄(q; p2, p3)f(p2, p3). (71)

The simplest situation is that we only have the scalar
field excitation for p2 = p3 = p∗ modes. In that case,
the evaluation of Eq. (64) is straightforward, and the
integrand in Eq. (71) should be replaced as

fδ(p2, p3) = δ (ln(p2/p∗)) δ (ln(p3/p∗)) f(p∗, p∗). (72)

Using Eq. (B6), we obtain

Ph2 =
p4
∗(4p∗ − q2)2

128π2q
Θ2−q/p∗f(p∗, p∗), (73)

where Θ2−q/p∗ is the Heaviside step function of 2− q/p∗.
The Heaviside step function implies the momentum con-
servation upon generating tensor fluctuations from the
scalar fluctuations. On the other hand, the loop inte-
gral in Eq. (64) is straightforward. Using Eq. (73) for
Eqs. (69) and (70), we obtain

P δh1

Ph0
=
p5
∗

6π2
=
∫ 0

τ0

dτ ′a(τ ′)2v∗q (τ ′)2|up∗(τ ′)|2, (74)

P δh2a

Ph0
=
p4
∗(4p

2
∗ − q2)2

256π2q
Θ2−q/p∗

×

∣∣∣∣∣
∫ 0

τ∗0

dτ ′a(τ ′)2vq(τ
′)up∗(τ

′)2

∣∣∣∣∣
2

, (75)

P δh2b

Ph0
=−

p4
∗(4p

2
∗ − q2)2Θ2−q/p∗

128π2q

×<
∫ 0

τ0

dτ ′a(τ ′)2v∗q (τ ′)up∗(τ
′)2

×
∫ τ ′

τ0

dτ ′′a(τ ′′)2v∗q (τ ′′)u∗p∗(τ
′′)2. (76)

The delta functions in Eq. (72) are written as the su-
perposition of plane waves at all scales:

δ(ln q̃) =
1

2π

∫ ∞
−∞

ei(ln q̃)ydy. (77)

From the causality perspective, a wave packet in real
space should be localized around a finite region. Hence,
employing Eq. (77) implicitly violates causality. To lo-
calize the real space field configuration, we introduce a
Gaussian window for the Fourier integral (77). Then we
find

1

2π

∫ ∞
−∞

dye−
1
2 ∆2y2

ei(ln q̃)y =
e−

[ln q̃]2

2∆2

√
2π∆

. (78)

Thus, more realistic momentum distribution could be
written by a lognormal distribution with a finite width ∆
around p2 = p3 = p∗. In this case, we generalize Eq. (72)
to

fLN(p2, p3) =
e−

[ln(p2/p∗)]2+[ln(p3/p∗)]2

2∆2

2π∆2
f(p∗, p∗). (79)

In the ∆ → 0 limit, the lognormal distribution recovers
the delta function. For the narrow lognormal peak, the
momentum integral is approximated by the peak value
at p2 = p3 = p∗. Then Eq. (64) has the same form as
Eq. (74). For Ph2, we can integrate out one of the mo-
menta trivially, and the remaining integral gives a gen-
eralized step function

Θ∆
2−q/p∗ ≡

e2∆2

2

[
erf

(
2∆2 − ln (|1− q/p∗|)√

2∆

)
−erf

(
2∆2 − ln (1 + q/p∗)√

2∆

)]
. (80)

Thus, the Heaviside step function in Eq. (73) is general-
ized to Θ∆, as we have

lim
∆→0

Θ∆
2−q/p∗ = Θ2−q/p∗ . (81)

For a small q/p∗, one finds

Θ∆
2p∗−q̃ =

√
2

π

q

p∗∆
+O(q3/p3

∗). (82)

Thus Θ∆ introduces additional q/p∗ factor for the log-
normal case. Hence, PLN

h2a/h2b are obtained by replacing

Θ with Θ∆ in P δh2a/h2b.

B. A model

We derived the one-loop formulas for the partly en-
hanced scalar fields in the previous sections. This section
considers a specific model of excited scalar fields and eval-
uates the loop corrections more concretely. First, let us
consider an enhancement of spectator scalar fluctuation
modeled by

δχ = eµH(tf−ti)δχGS, (83)

where superscript “GS” implies the ground state, µ is a
dimensionless time constant, ti and tf are the physical
time of the initial and final time of the scalar enhance-
ment. Note that the implementation of spectator field
enhancement is not unique. We also discuss the specta-
tor scalar field amplification via the Bogoliubov transfor-
mation in Section VI. In this paper, we do not specify
the enhancement process to amplify the scalar mode but
consider the consequences of Eq. (83). Using the con-
formal time, the enhancement factor in Eq.(83) can be
recast into

eµH(tf−ti) =

(
τi
τf

)µ
, (84)
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where τi and τf are the conformal time counterpart of
ti and tf . For simplicity, the scalar fluctuation is in the
ground state before the amplitude enhancement, and the
enhancement factor is constant for τ > τf . All details, in-
cluding the time dependence of the enhancement factor,
are contained in

Ξ(τ) =


0, (τ < τi),(
τi
τ

)µ
, (τi < τ < τf ),(

τi
τf

)µ
, (τf < τ),

(85)

where Ξ = 0 for τ < τi implies that we subtracted the
vacuum contribution. We can change the time depen-
dence of Ξ for different models. Time dependence at
τf < τ < 0 relies on a realization of how the scalar am-
plitude is enhanced. More realistic enhancement factors
could be oscillating or decaying after τ = τf .

Let us consider that the enhancement happens only
for p = p∗ modes. In this case, Eq. (83) for p = p∗ is
realized by simply multiplying Ξ and the ground state
mode function as

up∗ = ΞuGS
p∗ , (86)

and the tensor fluctuation is not changed: vq = vGS
q .

Eq. (86) could be realized when, e.g., the sound speed of
the spectator field is exponentially suppressed. We may
also consider such an exponential factor in the parametric
resonance.

We can straightforwardly use Eqs. (74) to (76) for
Eq. (86), and we find

P δh1

Ph0
=
H2

M2
pl

=
∫ 0

x0

dxXq̃(x), (87)

P δh2a

Ph0
=

1

2

H2

M2
pl

Θ∆
2−q̃

∣∣∣∣∫ 0

x0

Yq̃(x)dx

∣∣∣∣2 , (88)

P δh2b

Ph0
=− H2

M2
pl

Θ∆
2−q̃<

∫ 0

x0

dx

∫ x

x0

dx′Y ∗−q̃(x)Yq̃(x
′), (89)

where xa ≡ p∗τa (a = 0, i, f) and q̃ ≡ q/p∗, a = −1/(Hτ)
and we introduced

Xq̃(x) ≡ (1 + x2)(1− iq̃x)2

6π2q̃3x2
e2iq̃xΞ(x/p∗), (90)

Yq̃(x) ≡ (4− q̃2)(1− iq̃x)(1− ix)2

16πq̃2x2
ei(q̃+2)xΞ(x/p∗).

(91)

The IR behavior of Ph1 can be found analytically. Ex-
panding Eq. (87) with respect to q̃,

Ph1

Ph0
= − H2

18π2M2
pl

(
x4
f

µ− 2
+

x2
f

µ− 1

)(
xi
xf

)2µ

+
H2

18π2M2
pl

(
x4
i

µ− 2
+

x2
i

µ− 1

)
+O(q̃). (92)

For xi < xf < 0 and µ ≥ 0, we find

lim
q/p∗→0

Ph1

Ph0
= −O(Ξ2) < 0. (93)

Thus, Ph1 is scale-invariant and negative, i.e., the super-
horizon primordial gravitational waves will be reduced
by this effect. The IR contribution of P δh2 is given as

P δh2

Ph0
=

H2Γ[Ξ]

24π2M2
plq̃

+O(q̃), (94)

where we defined a functional of Ξ as

Γ[Ξ] =

∫ 0

xi

dx′
∫ x′

xi

dx′′
x′

x′′2
Ξ(x′/p∗)

2Ξ(x′′/p∗)
2

×
[(
x′2 + x′′2 − 4x′x′′ − x′2x′′2 − 1

)
sin(2x′ − 2x′′)

+2
(
x′2x′′ − x′x′′2 + x′ − x′′

)
cos(2x′ − 2x′′)

]
, (95)

and we used the following relation for Ph2a:∫ x

x0

dx′
∫ x

x0

dx′′A(x′, x′′)

=

∫ x

x0

dx′
∫ x′

x0

dx′′ [A(x′, x′′) +A(x′′, x′)] . (96)

The red scale dependence of Eq. (94) comes from the fact
that the monotonic configuration in the Fourier space vi-
olates causality in real space. Properly accounting for
the causality by generalizing the delta-function-like dis-
tribution, one finds an additional q̃ factor from Eq. (82),
which yields

PLN
h2

Ph0
=

√
2

π

H2Γ[Ξ]

24π2M2
pl∆

+O(q̃2). (97)

Thus, we obtain the scale-invariant correction of O(Ξ4).
Ph1 = O(Ξ2), so the one-loop spectrum is dominated by
Ph2.

Further quantitative details are discussed numerically.
Ξ in Eq. (85) is parameterized by 3 independent param-
eters: the dimensionless initial time xi = p∗τi, and final
time of amplification xf = p∗τf , and the dimensionless
time constant µ. Fixing the final enhancement factor as
(xi/xf )µ = 103, we may consider the following physically
different situations:

(A) Near horizon contribution, xf = −1, xi = −10,
µ = 3: the enhancement of δχ happens and stops
just before the horizon exit of p = p∗ modes.

(B) Subhorizon contribution, xf = −10, xi = −100,
µ = 3: the enhancement of δχ happens and stops
well in advance of the horizon exit of p = p∗ modes.

(C) Sub-to-near horizon contribution, xf = −1, xi =
−100, µ = 1.5: the enhancement of δχ happens
well in advance and stops just before the horizon
exit of p = p∗ modes.
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FIG. 2. The one-loop corrections divided by the linear tensor power spectrum in units of r/0.01 with the linear tensor-to-scalar
ratio r are presented. We evaluate the spectra at τ = 0. The horizontal axis is the external Fourier momentum q divided by the
scalar field peak momentum p∗, i.e., q̃ ≡ q/p∗. The black dashed lines imply unity, and the spectra above unity suggest that the
loop contributions are dominant over the linear tensor power spectrum. The solid blue, orange, green, red and purple curves
represent Ph1, PLN

2 , P δ2 , PLN
ind., and P δind., respectively. The dotted curves mean the negative part. xi ≡ p∗τi and xf ≡ p∗τf are

the dimensionless time at the initial and final time of enhancement, µ is the time constant of the exponential amplification,
and ∆ is the width of the lognormal distribution.

(D) Super-horizon contribution, xf = −0.1, xi = −1,
µ = 3: the enhancement of δχ happens at super-
horizon scale.

Another unknown parameter is the inflationary Hubble
parameter H, which normalizes the linear tensor spec-
trum. We control the parameter by the linear tensor-to-

scalar ratio defined as

r ≡ Ph0

Pζ0
, (98)

where we used Eq. (59) and Pζ0 is the linear power spec-
trum of the adiabatic perturbation ζ. From the CMB
measurements, we have the almost scale-invariant scalar
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spectrum. At the pivot scale qp = 0.05h/Mpc, we have
q3
pPζ0(qp)/2π

2 = 2.196× 10−9, which yields

H2

M2
pl

=
π2

2
· r · q

3Pζ0
2π2

≈
( r

0.01

)
× 10−10. (99)

As shown in Eqs. (87) to (89), power of H2/M2
pl counts

the number of loops.
In Fig. 2, we show the results of numerical calculations

for the above (A) to (D). We present the one-loop cor-
rections normalized by Ph0 in units of r/0.01. Hence,
the unity in the vertical axis implies that the loop con-
tribution is comparable to the linear tensor fluctuations
for r = 0.01. The subhorizon spectator field enhances
the super-horizon tensor fluctuations from (A) to (C).
On the other hand, the enhancement from the super-
horizon scalar field in (D) is relatively suppressed because
of causality. The figure shows that the enhancement of
the scalar amplitude at a shorter scale introduces larger
one-loop corrections because δχ continuously enhances
the tensor fluctuation until p ∼ p∗ modes exit the hori-
zon. We see that the IR behavior discussed analytically
is reproduced in numerical calculation. The size of Ph1

and Ph2 are loosely related as Ph2 ≈ Ξ2Ph1 near q̃ = 1 as
the former involves two additional scalar field operators.
We also plot the induced tensor power spectra discussed
in the next section. As discussed later, the induced com-
ponents are included in the in-in calculation, which is
dominant only for subhorizon scales.

Several Fourier modes’ time evolution is presented in
Fig. 3. The figure shows that the nonlinear tensor fluc-
tuations’ growth (decay) rate quickly converges to zero
after the scalar field amplification stops. After the ex-
ponential enhancement, we keep the constant specta-
tor scalar field, which introduces the loop correction for
τ > τf . The late time evolution could be the domi-
nant component of the final spectrum. At the same time,
the IR scaling is irrespective of the time dependence of
the enhancement mechanism of the scalar amplitude. In
Fig. 4, we computed the loop correction when we set
Ξ = 0 for τ > τf , that is, we subtracted the late time con-
tribution. The early time contribution is at most O(10)%
of the total correction for the present parameters. Thus,
the final spectrum is sensitive to the implementation of
the enhancement of scalar amplitude.

VI. BOGOLIUBOV PERSPECTIVE

In the previous section, we saw the super-horizon re-
duction and enhancement of the tensor power spectrum.
One usually believes that the super-horizon tensor fluc-
tuation variation is prohibited from causality. Therefore,
our results look counterintuitive at first glance. Indeed,
the GW production due to physical processes must re-
spect causality, and the induced GWs are produced only
on the subhorizon scale. This section explains that the
super-horizon correction is not considered as “induced

GWs” because the tensor fluctuations are not produced
from “zero”.

A. Super-horizon evolution as a Bogoliubov
transformation

We may understand the physical implication of the
effect more clearly by inspecting the effect at the field
level. We can see the field evolution by directly solv-
ing the Heisenberg equation. The Heisenberg operator is
written by the interaction picture field as

hsq,H =F (τ ; τi)
†hsqF (τ ; τi), (100)

where hsq is the interaction picture tensor fluctuation.
The time evolution operators are given as

F (τ ; τi) = 1− iλ
∫ τ

τi

dτ ′Hint,I(τ
′)

− λ2

∫ τ

τi

dτ ′
∫ τ ′

τi

dτ ′′Hint,I(τ
′)Hint,I(τ

′′) +O(λ3),

(101)

where we temporarily restored the order counting param-
eter λ. As |τi| � |τ0|, we may consider τi = τ∗i . In this
case, substituting Eqs. (101) into (100), we find [1]

hsq,H(τ) = hsq(τ) + iλ

∫ τ

τi

dτ ′[Hint,I(τ
′), hsq(τ)]

− λ2

∫ τ

τi

dτ ′
∫ τ ′

τi

dτ ′′[Hint,I(τ
′′), [Hint,I(τ

′), hsq]] +O(λ3).

(102)

Eq. (102) is regarded as a perturbative solution to the
quantum equation of motion (8). Since we have F †h2F =
(F †hF )(F †hF ), Eq. (102) should reproduce the loop
spectrum obtained in the in-in formalism. The one-loop
spectrum contributions from O(λ2) in Eq. (102) can be
understood as quantum correction for the first iterative
component. O(λ1) in Eq. (102) are understood as the
Born approximation effect.

O(λ1) corrections are composed of two terms. The
first term comes from the third-order interaction Hamil-
tonian:

i

∫ τ

τi

dτ ′[H
(3)
int,I(τ

′), hsq(τ)]

=
i

2

∫ τ

τi

dτ ′
3∏

A=1

(∫
d3pA
(2π)3

)
(2π)3δ

(
3∑

A=1

pA

)∑
s1

×a(τ ′)2[hs1p1
(τ ′), hsq(τ)]es1ij (p̂1)p2ip3jδχp2

(τ ′)δχp3
(τ ′).

(103)

Simplifying the commutator of the tensor fluctuations as

[hs1p1
(τ ′), hsq(τ)]
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FIG. 3. Time evolution of the one-loop spectrum in a cosmic time, τ∂P 1-loop/∂τ multiplied by (P tree
h )−1 · (r/0.01)−1 with the

linear tensor-to-scalar ratio r. The horizontal axis is the magnitude of time normalized by the wavenumber of the tensor mode,
and the time arrow is from right to left during inflation. Curves are drawn for the fixed Fourier modes of q̃ ≡ q/p∗ = 1, and
0.1, where q is the wavenumber of the selected Fourier modes p∗ is that of the peak location. The scalar source and the tensor
mode exit the horizon simultaneously for q̃ = 1, whereas the tensor mode exit the horizon prior to the scalar source for q̃ = 0.1.
The orange (blue) and red (green) curves represent τ∂Ph1/∂τ and τ∂P δ2 /∂τ for q̃ = 1 (0.1), respectively. Each plot indicates
that the evolution of the loop correction lasts until the exponential amplification stops, regardless of the scale of the tensor
mode. Dotted curves represent the negative parts.

=(vq(τ
′)v∗q (τ)− v∗q (τ ′)vq(τ))(2π)3δ(q + p1)δss1 , (104) Eq. (103) yields

i

∫ τ

τi

dτ ′[H
(3)
int,I(τ

′), hsq(τ)] =

∫ τ

τi

dτ ′Gq(τ ; τ ′)Ssq[δχ(τ ′)].

(105)
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FIG. 4. One-loop spectrum when we switch off the scalar field amplification after the enhancement, that is, Ξ = 0 for τ > τf .
Definitions of symbols are the same as Fig. 2.

where we defined

Gq(τ ; τ ′) =
vq(τ

′)v∗q (τ)− v∗q (τ ′)vq(τ)

W (τ ′)
, (106)

W (τ) =
i

a(τ)2
, (107)

Ssq[δχ] = −1

2

3∏
A=2

(∫
d3pA
(2π)3

)
δ

(
q−

3∑
A=2

pA

)
× eij,s,∗(q̂)p2ip3jδχp2δχp3 . (108)

Note that W coincides with the Wronskian defined for

the homogenous solutions. Therefore, G in Eq. (106)
is the Green’s function constructed from the Wronskian
method when we solve the inhomogeneous classical equa-
tion of motion, and S in Eq. (108) corresponds to the
second order source of the scalar field fluctuations in
the classical equation of motion. Therefore, we may re-
gard Eq. (108) as the induced GWs. Let us consider the
IR behavior of the induced GWs. For q � p2, p3 and
|qτ |, |qτ ′| � 1, we find

Ssq[δχ] = eij,s,∗(q̂)Σij [Ξ], (109)

where Σij is a q independent functional of Ξ, and the
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Green’s function is expanded as

Gq(0; τ ′) = −4H2a′2τ ′3

3M2
pl2

[
1 +O(τ ′2q2)

]
. (110)

Let us define the power spectrum of the induced GW as

〈0|
∑
s

hsq,ind.(τ)hsq̄,ind.(τ)|0〉

∣∣∣∣∣
τ=0

≡ (2π)3δ(q + q̄)Pind.

(111)

The leading order q independence of G and S implies

Pind

Ph0
= O(q̃3), (112)

which is the well-known IR behavior of the causally gen-
erated induced tensor spectrum. Thus, Pind. = O(λ2)
so it is included in Ph2, but the induced GWs do not
contribute to the super-horizon enhancement of the one-
loop tensor spectrum as they are causally produced. An
explicit form of the auto-power spectrum of the induced
tensor mode at τ = 0 is given as

Pind

Ph0
=− 1

4

∫ 0

τi

dτ ′a(τ ′)2

∫ τ ′

τi

dτ ′′a(τ ′′)2

× (vq(τ
′)− v∗q (τ ′))(vq(τ

′′)− v∗q (τ ′′))

×
∫ ∞

0

dp2

∫ p2+q

|p2−q|
dp3w̄(q; p2, p3)

×
(
up2(τ ′)u∗p2

(τ ′′)up3(τ ′)u∗p3
(τ ′′)

+up2
(τ ′′)u∗p2

(τ ′)up3
(τ ′′)u∗p3

(τ ′)
)
. (113)

Note that Pind is strictly non-negative as it is a squared
quantity. Then, for the delta-function-like scalar source,
we find

P δind

Ph0
= −p

4
∗(4p∗ − q2)2

512π2q
Θ2−q/p∗

×
∫ 0

τ0

dτ ′a(τ ′)2

∫ τ ′

τ0

dτ ′′a(τ ′′)2

× (vq(τ
′)− v∗q (τ ′))(vq(τ

′′)− v∗q (τ ′′))

× (u2
p∗(τ

′)(u∗p∗(τ
′′))2 + u2

p∗(τ
′′)(u∗p∗(τ

′))2), (114)

where the lognormal case is given by Θ → Θ∆. The
induced tensor modes are presented in Figs. 2 and 4.

Another O(λ1) correction originates from the fourth-
order interaction Hamiltonian:

i

∫ τ

τi

dτ ′[H
(4)
int,I(τ

′), hsq(τ)]

=
i

2

∫ τ

τi

dτ ′a(τ ′)2[vq(τ)v∗q (τ ′)− vq(τ ′)v∗q (τ)]

×
4∏
i=2

(∫
d3pi
(2π)3

)
δ

(
4∑
i=2

pi − q

)∑
s2

× es∗ik (q̂)es2kj(p̂2)p3ip4jδχp3
(τ ′)δχp4

(τ ′)hs2p2
(τ ′). (115)

Taking the partial average over the scalar field, we can
extract the component parallel to hsq as

i

∫ τ

τi

dτ ′〈[H(4)
int,I(τ

′), hsq(τ)]〉δχ

=
i

6

∫ τ

τi

dτ ′a(τ ′)2(vq(τ)v∗q (τ ′)− v∗q (τ)vq(τ
′))

×
∫
p4

3dp3

2π2
|up3

(τ ′)|2hsq(τ ′), (116)

where the subscript δχ implies that we integrated out δχ.
The cross-correlation of Eq. (116) and hsq reproduces the
result in the in-in formalism (64).

The variation of the super-horizon tensor fluctuation
can be understood in a quantum language as follows.
Expanding Eq. (116) in terms of the tensor annihilation
and creation operators, we find

hsq(τ) + i

∫ τ

τi

dτ ′〈[H(4)
int,I(τ

′), hsq(τ)]〉δχ

=Vq(τ)bsq + V ∗q (τ)bs†−q, (117)

where we introduced the new positive frequency mode
function

Vq(τ) = α(τ)vq(τ) + β(τ)v∗q (τ), (118)

with

αq(τ) ≡ 1 +
i

6

∫ τ

τi

dτ ′a(τ ′)2

∫
p4

3dp3

2π2
|up3(τ ′)|2|vq(τ ′)|2,

(119)

βq(τ) ≡ − i
6

∫ τ

τi

dτ ′a(τ ′)2

∫
p4

3dp3

2π2
|up3(τ ′)|2v2

q (τ ′).

(120)

Then α and β satisfy the following relation up to one-loop
order

|αq|2 − |βq|2 = 1. (121)

Therefore, the linear transformation from (v, v∗) to
(V, V ∗) in Eq. (118) can be understood as a Bogoliubov
transformation at least up to one-loop order. The power
spectrum is written as

Ph1

Ph0
= 2|βq(0)|. (122)

A Bogoliubov transformation also appears in O(λ2)
correction. O(λ2) terms include mode mixing of tensor
fluctuations, but we can extract the component propor-
tional to hsq by taking the average over δχ. After some
algebra, we find

hsq(τ)−
∫ τ

τi

dτ ′
∫ τ ′

τi

dτ ′′〈[H(3)
int,I(τ

′′), [H
(3)
int,I(τ

′), hsq(τ)]]〉δχ
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= Ṽq(τ)bsq + Ṽ ∗q (τ)bs†−q, (123)

where defined

Ṽq(τ) = α̃q(τ)vq(τ) + β̃q(τ)v∗q (τ), (124)

with

α̃q = 1 + β̃∗q , (125)

β̃q =
1

4

∫ τ

τ0

dτ ′a(τ ′)2

∫ τ ′

τ0

dτ ′′a(τ ′′)2

×
∫ ∞

0

dp2

∫ p2+q

|p2−q|
dp3w̄(q; p2, p3)v∗q (τ ′′)vq(τ

′)

× (u∗p3
(τ ′′)up3

(τ ′)− up3
(τ ′′)u∗p3

(τ ′))

× (up2
(τ ′′)u∗p2

(τ ′) + up2
(τ ′)u∗p2

(τ ′′)). (126)

Then, we find

|α̃q|2 − |β̃q|2 = 1 + β̃q + β̃∗q . (127)

The one-loop term in Eq. (127) does not straightfor-
wardly vanish since, in general, vq(τ

′′) 6= vq(τ
′) unlike

Eq. (121). For the IR mode |qτ | � 1, when |qτ ′|, |qτ ′′| �
1, the time dependence of the tensor mode functions is
dropped and we get vq(τ

′′) ∼ vq(τ
′). In this case, we

can also think of the linear transformation (124) as the
Bogoliubov transformation up to one-loop order.

We concretely showed we have Bogoliubov transfor-
mations for several limited circumstances, but Eq. (100)
straightforwardly implies

hsq,H(τ) = vq(τ)Bsq(τ) + v∗q (τ)Bs,†−q(τ), (128)

Bsq(τ) ≡ F−1(τ)bsqF (τ), (129)

The unitarity of F leads to

[Bsq, B
s̄
−q̄] = [F−1bsqF, F

−1bs†−qF ] = [bsq, b
s†
−q]. (130)

Thus, the transformation b→ B is a generalized Bogoli-
ubov transformation. The partial trace in terms of δχ
might break the unitarity in general, i.e., the Eq. (130)
is not necessarily established once we take the average of
δχ. At the same time, we confirmed that the unitarity
is kept at the one-loop order for the IR limit. F−1bsqF

is not necessarily written by bq and b†q only as F con-
tains the mode coupling terms between different Fourier
modes and scalar fluctuations. Generally, the present
Bogoliubov transformation mixes the Fourier modes and
δχ, and the Bogoliubov coefficients are operator-valued
in the presence of δχ, which satisfies the generalized con-
ditions for the multi-variable Bogoliubov transformation.
We leave the investigation for future work.

The Bogoliubov perspective also explains why the
super-horizon scalar fluctuations do not contribute to
the loop correction, e.g., (D) in Fig. 2. For super-
horizon scalar fields, i.e., when p∗τ

′, p∗τ
′′ � 1, we have

up∗ = u∗p∗ . Then we find α̃q = 1 and β̃q = 0, which is why

the super-horizon enhancement of the spectator scalar
field does not contribute to the loop effect. Ref. [39]
claimed that interactions with external classical fields
generate a coherent state as the unitary operator is writ-
ten in a form of the displacement operator. However,
the claim does not apply to the present case since the
interacting scalar field is neither external nor classical.

B. Bogoliubov transformation for scalar amplitude
enhancement

So far, we have discussed that the loop correction can
be understood as the Bogoliubov transformation for ten-
sor fluctuations. A Bogoliubov transformation may also
model a class of enhanced spectator scalar fields for δχ
rather than a simple multiplicative enhancement of the
scalar field (83). Enhancement of δχ via a unitary evo-
lution is categorized into this class 1. In this case, the
excited state of the spectator field can be written as

δχq = Uqaq + U∗q a
†
−q, (131)

where we consider

Uq =
eiφ1

2

(
Ξ +

1

Ξ

)
uq +

eiφ2

2

(
Ξ− 1

Ξ

)
u∗q . (132)

With the physical time we have

Ξ + Ξ−1

2
= cosh[µH(t− ti)], (133)

Ξ− Ξ−1

2
= sinh[µH(t− ti)]. (134)

In this parameterization, the power spectrum of the spec-
tator scalar field is amplified by Ξ2, i.e., |Uq|2/|uq|2 = Ξ2

for φ1 = φ2. Then, all equations above can be reused
after uq → Uq. Note that Eq. (132) is a most general
parameterization of the Bogoliubov transformation for a
single field. Ph1 does not change much for the new pa-
rameterization, while Ph2 changes drastically. Large Ξ
leads to Uq ∼ U∗q . We should note that the first itera-

tive component disappears, i.e., α̃q = 1 and β̃q = 0 in
Eqs. (125) and (126) if Uq = U∗q . Therefore, the viola-
tion of Uq = U∗q introduces non-vanishing scale invari-
ant enhancement of the loop. Hence, in Eq. (132), the
appearance of Ξ−1 terms is crucial. In the new parame-
terization, we analytically find Γ in Eq. (94) is replaced
as

Γ̃[Ξ] = 2

∫ 0

xi

dx′
∫ x′

xi

dx′′
x′

x′′2

1 Recent work [30] considered inflationary scalar one-loop calcula-
tion for the oscillatory features in the inflaton potential. They
numerically obtained the mode function by directly integrating
the linear equation of motion. Then the enhancement feature
looks similar to the enhancement via the Bogoliubov transfor-
mation.
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× (x′ sinx′ + cosx′)(x′′ sinx′′ + cosx′′)

×
[
Ξ′′2(x′ cosx′ − sinx′)(x′′ sinx′′ + cosx′′)

−Ξ′2(x′ sinx′ + cosx′)(x′′ cosx′′ − sinx′′)
]
. (135)

Thus, the leading order contribution O(Ξ4) of the first
iterative correction is canceled, and the enhancement fac-
tor becomes O(Ξ2). This cancellation is also seen from
Eq. (126) as we have

U∗p3
(τ ′′)Up3(τ ′)− Up3(τ ′′)U∗p3

(τ ′)

=u∗p3
(τ ′′)up3

(τ ′)− up3
(τ ′′)u∗p3

(τ ′). (136)

In the present setup, the magnitude of Ph1 and Ph2

are comparable in the IR region, and their signs can be
opposite. The exact cancellation should not happen as we
compare the different interactions. Numerical calculation
for (A) to (D) in the new parameterization is presented
in Fig. 5. The super-horizon enhancement is relatively
suppressed, as we discussed. (B) implies the secondary
spectrum is dominated by the induced tensor modes for
subhorizon scalar fields, while (A) and (D) suggest near
horizon scalar fluctuation hardly produces the induced
tensor fluctuations in contrast to Figs. 2 and 4.

For multi-field inflation, Bogoliubov transformation for
a scalar field is not necessarily written as Eq. (132).
Eq. (131) contains different operators, and we cannot use
the above results straightforwardly. We leave the detailed
analysis for the multi-spectator fields for future work.

VII. SEPARATE UNIVERSE APPROACH IN
BIANCHI TYPE-I COSMOLOGY

We considered several quantum loops during inflation,
using the in-in formalism. The new contributions change
the super-horizon tensor spectrum, which may sound
odd from causality. We claimed that the time evolu-
tion could be regarded as a Bogoliubov transformation.
It just changes the definition of the vacuum state via
the nonlinear interaction so that the super-horizon ten-
sor fluctuations are seen differently without violation of
causality.

For skeptical readers, we provide another look at our
results in this section, focusing on the classical counter-
part of the effects. We may understand the classical
evolution of super-horizon perturbations from the sep-
arate Universe approach. We can think of different re-
alizations of local FLRW universes as fluctuations of e-
folding numbers, i.e., the super-horizon curvature pertur-
bations. Similarly, realizations of super-horizon tensor
fluctuations may be regarded as those of different ho-
mogenous but anisotropic universes, i.e., Bianchi type-I
spacetimes, whose metric may be written as

ds2 = a2
(
−dτ2 + e2bdx2 + e−2bdy2 + dz2

)
. (137)

When expanding Eq. (137) to linear order in b, one finds
that b coincides with the realization of a plus mode prop-
agating along the z axis. The transverse condition holds

non-perturbatively as the components are in the plane
perpendicular to the propagating direction. On the other
hand, the traceless condition is not well-defined without
a background spacetime metric [40]. The physical impli-
cation of the traceless condition is that the volume ele-
ment is not affected by the perturbation. In this sense,
b is properly defined such that the volume element is
not perturbed to all orders in Eq. (137). Hence we con-
sider Eq. (137) as a nonperturbative extension of the
tensor perturbation in the separate Universe approach.
Eq. (137) can also be obtained by focusing on a single
mode of hij in Eq. (33) and diagonalizing it. In the
anisotropic spacetime, we consider a minimally coupled
classical scalar field χ whose action is written as

Sχ = −1

2

∫
d4x
√
−ggµν∂µχ∂νχ+ · · · , (138)

where · · · implies the model-dependent potential terms,
which determine the details of the scalar dynamics.

Let us consider the effect of the scalar field on the
spacetime anisotropy b. First, the Einstein tensor is writ-
ten as (without perturbative expansion for b)

G00 = 3H2 − ḃ2, (139)

G11 = e2b(−H2 − 2Ḣ+ 2Hḃ+ b̈− ḃ2), (140)

G22 = e−2b(−H2 − 2Ḣ − 2Hḃ− b̈− ḃ2), (141)

G33 = −H2 − 2Ḣ − ḃ2, (142)

where the overdot is the derivative with respect to the
conformal time, and we introduced the conformal Hubble
parameter H ≡ ȧ/a, and then the energy-momentum
tensor is given as

T00 = ∂0χ∂0χ+
1

2
a2(X + · · · ), (143)

T11 = ∂1χ∂1χ−
1

2
a2e2b(X + · · · ), (144)

T22 = ∂2χ∂2χ−
1

2
a2e−2b(X + · · · ), (145)

T33 = ∂3χ∂3χ−
1

2
a2(X + · · · ), (146)

and we defined

X ≡ gρσ∂ρχ∂σχ. (147)

Then, the Einstein equation yields

b̈+ 2Hḃ =
e−2b∂1χ∂1χ− e2b∂2χ∂2χ

2M2
pl

. (148)

Thus, the model-dependent terms do not contribute to
the equation of motion for b. We limit our calculation for
the Born approximation for simplicity; we only consider
the classical counterpart of Ph1-like contribution. When
expanding χ with iterative solutions, additional terms
appear in Eq. (148) for consistent iteration.
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FIG. 5. One-loop spectrum for the scalar field excited via the Bogoliubov transformation (131). Definitions of symbols are the
same as Fig. 2. The magnitude of Ph1 and Ph2 are comparable as suggested by Eq. (135).

Without the scalar field, we get

b = c1

∫ τ dτ ′

a(τ ′)2
+ c2. (149)

The constant solution c2 corresponds to the super-
horizon conserved tensor mode. c1 is the decaying mode.

For a non-vanishing scalar field, statistical isotropy of
χ implies that we have

〈∂xχ∂xχ〉 = 〈∂yχ∂yχ〉 =
1

3
〈(∂iχ)2〉 ≥ 0. (150)

the leading order EoM for b becomes

b′′ + 2Hb′ +m2
effb = O(b2), (151)

where we defined

m2
eff =

2〈(∂iχ)2〉
3M2

pl

≥ 0. (152)

Thus, the back reaction of χ behaves like a mass term
of the tensor mode b. This is a harmonic oscillator in a
friction force with an effective mass meff , which results in
the decaying solution whose time scale is given by m−1

eff .
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Suppose we have a scalar field enhancement at p = p∗
mode during inflation. We have

m2
eff =

1

3

H2

M2
pl

(1 + τ2p2
∗)p

2
∗Ξ

2. (153)

The effective mass squared is suppressed by a factor of
H2/M2

pl, so the mass is usually negligibly small. b is a
realization of super-horizon tensor fluctuations that exit
the horizon in the early stage of inflation, which is con-
stant at the initial time. Once we get a large Ξ when the
enhanced scalar mode is inside the horizon |p∗τ | & 1, we
get |meffτ | & 1, and b oscillates and decays. Thus, we
showed that the background anisotropy could evolve due
to the scalar field. Then the super-horizon suppression
of Ph1 is explained in the separate Universe approach. A
similar argument will be possible for Ph2, including the
first iterative solution in χ. Solving Eq. (151) is a non-
perturbative way to find the super-horizon variation. For
example, we can find the solution for constantmeff , which
is given by a linear combination of the Bessel functions
with the time constant meff . The Bessel functions ac-
count for the effects of m2

eff ∝ H2/M2
pl to all order non

perturbatively.

VIII. OBSERVATIONS

One normally considers that scalar fields during infla-
tion decay in the end to realize the radiation-dominant
Universe. Hence δχ should decay at some point, and the
one-loop correction to the tensor fluctuation is fixed. The
decay of δχ is model-dependent, which is not considered
in this paper. Once δχ decays, the time evolution of the
tensor fluctuations afterward should be the same as the
linear tensor modes. The tensor fluctuations with the
loop re-enter the horizon and propagate as gravitational
waves. If large curvature perturbations are produced by
the end of inflation from the large δχ, a similar GW re-
duction or enhancement will happen in the Universe after
reheating [33].

We can apply the standard CMB polarization analysis
for the corrected gravitational waves since the time evo-
lution of the GWs is the same as the linear one in the late
universe. However, the tensor-to-scalar-ratio constrained
in the observation should be related to

rNL =
Ph0 + Ph1 + Ph2 + · · ·
Pζ0 + Pζ1 + Pζ2 + · · ·

, (154)

where we also expect the loop correction for the adiabatic
perturbations for the same reason. The loop correction
for ζ is model-dependent. Also, the coupling to ζ is more
slow-roll suppressed, so that the correction may be rela-
tively small.

Calculation of ΩGW ≡ ρGW/ρtot with the GW energy
density ρGW and the total energy density ρtot can be done
as if they are linear GWs; the energy density of GWs are

computed as [41, 42]

d ln ρGW

d ln q
=
M2

pl

4a2

(
dTh(qτ)

dτ

)2
q3(Ph0 + Ph1 + Ph2 + · · · )

2π2
,

(155)

where Th is the linear transfer function of the tensor
mode. Given an enhancement model of the scalar am-
plitude, we can put some constraints on the parame-
ters from the current or future measurements of rNL and
ΩGW.

A remaining issue is the gauge dependence of the loop
contribution. Tensor fluctuations are gauge-independent
at linear order but are not at nonlinear order. The gauge
issue has been discussed in the context of induced GWs
in the literature [40, 43–45]. Only the propagating com-
ponent of the tensor modes can be regarded as GWs,
which are gauge independent in the subhorizon limit,
as far as we choose a gauge condition where the metric
perturbations do not diverge in the short scale. We ex-
pect similar arguments for the nonlinear interaction. We
showed that the super-horizon scalar field hardly con-
tributes to the loop correction. Therefore, as far as the
gauge-dependent component of δχ is small before horizon
exit, we expect the gauge independent loop. In the in-in
formalism, equations are expanded by the linear pertur-
bations. Therefore, gauge transformation can be trun-
cated at linear order. We can always construct the linear
gauge invariant from the gauge-dependent perturbations.
The gauge invariants can express our Hamiltonian, and
the loop correction should be gauge invariant.

IX. CONCLUSIONS

This paper presented a full-quantum calculation of the
one-loop inflationary tensor power spectrum in the pres-
ence of an excited spectator scalar field. We found that
the one-loop correction from an excited subhorizon scalar
mode may enhance or reduce the super-horizon primor-
dial tensor power spectrum scale-invariantly. The first
impression of the results is odd, as we believe that the
super-horizon tensor fluctuations should be constant un-
til horizon re-entry from causality. Our setup differs from
the previous literature about induced GWs based on the
classical equation of motion. We employed the in-in for-
malism, and the full one-loop effect was considered. Our
calculation includes the causal production of GWs, lim-
ited to the subhorizon scale, as we expected. The super
horizon loop effects are considered as Bogoliubov trans-
formation. Nonlinear interaction among the tensor and
scalar changes the definition of the vacuum, and then the
initial super horizon tensor fluctuations are observed dif-
ferently. We examined the separate Universe approach
with Bianchi type-I local universes to explain the super-
horizon evolution of tensor fluctuations. We find that the
background anisotropy reduces when a scalar field exists,
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a damping effect introduced by an effective mass. This
is the separate Universe counterpart of Ph1.

We considered several forms of enhanced scalar fields.
For example, a simple multiplication of the mode func-
tions by Ξ leads to the loop correction ofO(Ξ4). This am-
plification may happen when, e.g., we modify the sound
speed. In contrast, we found a leading order cancella-
tion for a scalar enhancement via the Bogoliubov trans-
formation, which results in O(Ξ2) in the super Hubble
region. The size of the one-loop correction is sensitive
to the amplitude and the initial and final amplification
time. We saw several physically different situations (A)
to (D) in section V B; depending on the situations, the
final spectrum varies. Hence, we need to specify a model
and parameters for quantitative analysis. We found that
the loop correction may exceed the tree level power spec-
trum, which indicates the breakdown of the perturbative
expansion in the presence of a highly enhanced scalar
field.

Once the scalar peak disappears, the super-horizon
correction is fixed, and we cannot distinguish it from the
original primordial GWs. Time evolution after the hori-
zon re-entry is linear, and observational constraints on
the linear tensor power spectrum straightforwardly ap-
ply to the corrected spectrum.

Before concluding this paper, let us discuss some inter-
esting extensions of this work. First, our calculation is
based on several toy models of an enhancement, and the
relationship between δχ and the final ζ is unknown. Con-
sidering the loop effect for a concrete model with scalar
amplitude enhancement should be interesting since we
can predict the relationship between the PBH formation
history and the one-loop inflationary spectrum (see, e.g.
recent works [29, 30].). Computing a one-loop bispec-
trum or trispectrum should also be interesting as the loop
correction suggests large non-Gaussianity for the tensor
fluctuations. This property could be useful to distin-
guish the linear tensor power spectrum from the one-
loop. As we mentioned in Section II, the (in)equivalence
of our quantum approach and classical field theory with
the stochastic initial condition is not obvious. As far
as we compute the induced GWs in the quantum ap-
proach, the spectrum looks quite similar. Solving a con-
sistent iteration in the EoM may tell us the quantum na-
ture during inflation. The loop correction for the scalar
power spectrum should be technically complicated since
it is fully model-dependent. However, we expect the
same momentum structure for the one-loop terms for the
scalar power spectrum. Our result suggests that large-
scale measurements may indirectly test the short-scale
enhancement of cosmological perturbations, so combin-
ing gravitational wave detectors at all scales is crucial for
future surveys [46–55].
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Appendix A: Operator products

In this paper, we often use the following products of
the scalar and tensor fluctuations:

〈0|δχp1δχp2 |0〉 = (2π)3δ(p1 + p2)up1u
∗
p2
, (A1)

〈0|hs1p1
hs2p2
|0〉 = (2π)3δ(p1 + p2)δs1s2vp1v

∗
p2
. (A2)

Also, the products of the four operators are given as

〈0|δχp1δχp2δχp3δχp4 |0〉
=(2π)6δ(p1 + p2)δ(p3 + p4)up1u

∗
p2
up3u

∗
p4

+(2π)6δ(p1 + p3)δ(p2 + p4)up1
u∗p3

up2
u∗p4

+(2π)6δ(p1 + p4)δ(p2 + p3)up1
u∗p4

up2
u∗p3

, (A3)

and

〈0|hs1p1
hs2p2

hs3p3
hs4p4
|0〉

=(2π)6δ(p1 + p2)δ(p3 + p4)δs1s2δs3s4vp1
v∗p2

vp3
v∗p4

+(2π)6δ(p1 + p3)δ(p2 + p4)δs1s3δs2s4vp1v
∗
p3
vp2v

∗
p4

+(2π)6δ(p1 + p4)δ(p2 + p3)δs1s4δs2s3vp1v
∗
p4
vp2v

∗
p3
.

(A4)

Appendix B: Angular integrals

In this appendix, we discuss the treatment for the po-
larization sum and the angular dependence in the loop
integrals. Eq. (66) can be computed in a convenient co-
ordinate system where q̂ = (0, 0, 1). In this frame, the
polarization tensor can be written as (up to a phase fac-
tor)

e±2
ij (q̂) ≡ 1

2

 1 ±i 0
±i −1 0
0 0 0

 , (B1)

and then the rest of the momentum vectors are

pA = pA
(
sin θA cosφA sin θA sinφA cos θA

)
(B2)
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Using these specific representations, we find∑
s=±2

|eij,s(q̂)p2ip3j |2 =
p2

2p
2
3

2
sin2 θ2 sin2 θ3, (B3)

which can be written by p2 and p3 since we have

sin2 θ2 sin2 θ3 =
1

16p2
2p

2
3q

4
(p2 + p3 + q)2(p2 + p3 − q)2

× (p2 − p3 + q)2(−p2 + p3 + q)2. (B4)

Thus, momentum integrals in Eq. (66) is only a function
of p2 and p3. When the integrand is independent of the
angular coordinates, we have∫

d3p2d
3p3

(2π)6
(2π)3δ(q− p2 − p3)

=
1

(2π)2q

∫ ∞
0

dp2

∫ p2+q

|p2−q|
dp3p2p3. (B5)

Combining Eqs. (B3), (B4), and (B5), we integrate out
the angular coordinates. A derivation of Eq. (B5) is given
as ∫

d3p2d
3p3

(2π)6
(2π)3δ(q− p2 − p3)

=

∫
d3xeiq·x

∫
d3p2d

3p3

(2π)6
eip2·xeip3·x

=(4π)2
∑

``2`3mm2m3

i`2+`3

∫
d3x

∫
d3p2d

3p3

(2π)6

× Y`m(x̂)Y`2m2(x̂)Y`3m3(x̂)Y ?`m(q̂)Y`2m2(p̂2)Y`3m3(p̂3)

× j`(qx)j`2(p2x)j`3(p3x)

=4π

∫
p2

2dp2

2π2

∫
p2

3dp3

2π2

∫
x2dx

× j0(qx)j0(p2x)j0(p3x)

=4π

∫
p2

2dp2

2π2

∫
p2

3dp3

2π2

π

8p2p3q

(
1

sgn(p2 − p3 + q)

+
1

sgn(−p2 + p3 + q)
+

1

sgn(p2 + p3 − q)
− 1

)
, (B6)

where we used the partial wave expansion for the plain
waves in the third line. The bracket in the last line re-
duces to a top hat filter for |q − p3| ≤ p3 ≤ q + p3.
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