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Cosmological stochastic gravitational waves (GWs) induced by a spectator field are usually expected 
to have an amplitude very small compared with those generated by the curvature perturbation, or 
equivalently by a field dominating the universe. On the contrary to this expectation, we show that 
a spectator field that provides a tensor perturbation, on top of the metric tensor perturbation, can 
generate a significant amount of GWs. The amplitude and frequency of the generated GWs may lie 
within the sensitivity range of future GW detectors. In particular, if the sound velocities of the two 
tensor perturbations coincide, the induced GW amplitude may become very large due to resonance by 
forced oscillation, even in the limit of small coupling between them. A distinct feature of this scenario is 
that, since tensor modes can hardly lead to the formation of primordial black holes (PBHs), we expect no 
presence of PBHs, in contrast to the usual scalar-induced case, in which the detection of strong enough 
induced GWs suggests the existence of PBHs.

© 2023 The Author(s). Published by Elsevier B.V. This is an open access article under the CC BY license 
(http://creativecommons .org /licenses /by /4 .0/). Funded by SCOAP3.
1. Introduction

The new generations of GW detectors like LIGO/VIRGO/KA-
GRA [1], ET [2], DECIGO [3–5], LISA [6–8], PTA [9,10], Taiji [11], 
and TianQin [12] can probe high frequency k ∼ 107 − 1018 Mpc−1

inflationary perturbations that are not accessible at the cosmic 
microwave background (CMB) scale kC M B ∼ 0.05 Mpc−1. In recent 
years, this opportunity is seized to probe the physics at late stages 
of inflation. In particular, a lot of attention has been paid to the 
roles of spectator fields during inflation.

Commonly, however, a spectator field can produce only a small 
amount of GWs because of its small contribution to the energy-
momentum tensor. While this is the case for typical scalar and 
vector fields, a spectator field that provides tensorial perturbations 
on top of the metric tensor perturbation can make significant con-
tributions to the GWs [13–18]. This type of spectator field shows 
up, i.e., in bi-gravity theories [18,19], when a non-Abelian gauge 
field acquires homogeneous and isotropic vev [20], in modified 
gravity theories with dynamical torsion [21], and when there will 
be a spin-2 (or higher spin) field [22].
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To see this fact, let us look at the equations of motion for 
the transverse-traceless metric tensor perturbation hij , which char-
acterizes GWs, in a spatially flat Friedmann-Lemaître-Robertson-
Walker (FLRW) background,

h′′
i j + 2

a′

a
h′

i j − ∂2hij = STT
i j , (1)

where a prime denotes derivative with respect to the conformal 
time τ , a is the scale factor and STT

i j is the transverse-traceless 
source, which may be schematically expressed in an expansion 
form,

STT
i j = O(εT ) +O(ε2

S ) +O(ε2
V ) +O(ε2

T ) + · · · , (2)

where εS , εV , and εT represent the amplitudes of scalar, vec-
tor, and tensor perturbations. In the absence of any extra tensor 
modes, the curvature perturbation, corresponding to O(ε2

S ) in the 
above, gives the dominant contribution [23–27] leading to the 
usual scenario of the secondary scalar-induced GWs [28]. However, 
if there exist extra tensor modes, they can contribute already at 
linear order. In this paper, we consider a setup that provides such 
tensor modes, and compute the corresponding primary tensor-
induced GWs.
le under the CC BY license (http://creativecommons .org /licenses /by /4 .0/). Funded by 
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2. The model

We exploit an effective field theory approach which captures 
essential and universal features of transverse-traceless extra tensor 
modes ti j . The quadratic action for ti j , which is minimally coupled 
to gravity, is given by (h̄ = 1 = c) [22]

S = 1

2

∫
d3x dτ a2

[(
γ ′

i j

)2 − (
∂iγ jk

)2
]

+ 1

2

∫
d3x dτ a2 f 2

[(
t′

i j

)2 − c2
t

(
∂it jk

)2
]

+
∫

d3x dτ a3αH
[
ti jγ ′

i j

]
, (3)

where γi j = MPlhij/2 (MPl = 1/
√

8πG) represents the standard 
metric tensor perturbation, H = a′/a2 is the Hubble parameter, and 
ct , f , α are functions of time. For the sake of simplicity, we assume 
ti j is massless.1 Note that there can be other types of linear inter-
actions between γi j and ti j (see [17]) while the α-term in (3) is 
the most relevant one for our purpose.

The equations of motion in Fourier space, Xij(τ , k) =∑
λ=+,× eλ

i j(k̂)Xλ
k(τ ) (X = γ , t), where eλ

i j(k̂) is the polarization 
tensor [29], are

γ ′′λ
k + 2

a′

a
γ ′λ

k + k2γ λ
k = −α

a′

a

[
t′λ

k + (αaa′)′

αaa′ tλ
k

]
, (4)

t′′λ
k + 2

(af )′

af
t′λ

k + c2
t k2tλ

k = α

f 2

a′

a
γ ′λ

k . (5)

3. Tensor-induced GWs

We consider the scenario in which α vanishes during inflation 
and gets a nonzero value during radiation dominance where a ∝ τ ,

αinf = 0 , αr �= 0 . (6)

The above condition is only an assumption to make the setup sim-
ple. The case αinf �= 0 is an interesting possibility in which one 
deals with GWs production at different scales during and after in-
flation. However, for our purpose in this letter, the simple subset 
of the model given by (6) is enough.

We are interested in small scales around k ∼ kp � kC M B indi-
cated in Fig. 1. The spectral density fraction of high frequency GWs 
is

	GW(k, τ ) = 1

12

(
k

aH

)2

Ph(k, τ ) , (7)

where the power spectrum is defined as Ph(k, τ ) = ∑
λ Pλ

h (k, τ )

with 〈hλ
k(τ )h∗r

q (τ )〉 = (2π2/k3)Pλ
h (k, τ )δλrδ(k + q).

Initially, all the modes are on superhorizon scales. When the 
universe becomes radiation-dominated, αr is turned on. Neverthe-
less, one can easily show that the effect of interaction is minimal 
while the modes are superhorizon. Hence, we may assume that 
both γi j and ti j are frozen until they re-enter the horizon. Namely, 
as we are interested in the tensor-induced GWs, we neglect the 
subdominant contribution from the vacuum fluctuation in compar-
ison with the contribution from the enhanced amplitude of extra 
tensor mode and we set γi j(τk,inf) ≈ 0 and ti j = ti j(τk,inf) when 

1 Indeed, action (3) represents massless limit of a massive spin-two field which 
has 5 degrees of freedom: 1 helicity-zero scalar mode, 2 helicity-one divergenceless 
vector modes and 2 helicity-two transverse-traceless tensor modes ti j . As shown in 
(2), assuming the same initial amplitudes for all 5 modes, ti j dominates at linear 
order.
2

Fig. 1. Tensor modes tλ
k and γ λ

k are decoupled αinf = 0 during inflation. tλ
k enhances 

at τ ∼ τp and sources γ λ
k later during radiation dominance τ ∼ τ f � τk as αr �= 0. 

Thus, primary GWs with a peak at k ∼ kp � kC M B will be generated from tλ
k .

kτ < 1, where ti j(τk,inf) is the amplitude of the tensor mode when 
it left the horizon during inflation. We then solve (4) and (5) in-
side the horizon during the radiation dominance under the WKB 
approximation.

Deep inside the radiation-dominated τ ∼ τ f with kτ � 1, Eqs. 
(4) and (5) simplify to

H ′′
k + ω2

h Hk = −αrHT ′
k ; ωh ≡ k , (8)

T ′′
k + ω2

t Tk = αrHH ′
k ; ωt ≡ ctk , (9)

where we dropped polarization indices for notational simplicity, 
H = a′/a is the conformal Hubble parameter, and

Hk = a γk , Tk = a tk . (10)

Substituting Hk and Tk given by

Hk = −i

ωh
(cω+ Xk + dω−Yk) , Tk = −dXk + cYk , (11)

in (8) and (9), and setting c2 + d2 = 1, we have

X ′′
k + ω2+ Xk = 0 , Y ′′

k + ω2−Yk = 0 , (12)

where

ω2± = 1

2

[
ω2

h + ω2
t + α2

r H2 ± √
�

]
, (13)

c ≡ 1√
2

[
1 + ω2

h − ω2
t − α2

r H2

√
�

]1/2

, (14)

d ≡ 1√
2

[
1 − ω2

h − ω2
t − α2

r H2

√
�

]1/2

, (15)

and

� ≡
[
ω2

h − ω2
t − α2

r H2
]2 + 4α2

r H2ω2
h . (16)

For the modes deep inside the horizon, the positive frequency WKB 
solutions of (12) are

Xk = i A
ωh

ω+
e−i

∫ τ
ω+(τ̃ )dτ̃

√
2ω+

, Yk = B
e−i

∫ τ
ω−(τ̃ )dτ̃

√
2ω−

, (17)

where A and B are constants. Substituting (17) in (11), we find 
explicit WKB solutions of Hk and Tk .

The constants A and B should be fixed by the initial conditions 
which are generated during inflation. Since we assume (6), γk and 
tk are decoupled during inflation. While γk has the conventional 
vacuum fluctuation amplitude (∼ H inf), which we ignore in this 
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paper, tk can be enhanced due to a dip in f [30] and/or ct [15,16]
around τ = τp (see Fig. 1) without affecting γk . We assume f = 1
and ct is constant or only slowly varying in time during radiation 
dominance.

As we mentioned before, γk ≈ 0 and tk ≈ const . on superhori-
zon scales kτ 
 1. We may assume this is a good approximation 
until the horizon crossing at τ = τk , and match them to subhori-
zon solutions given by (11) at τ = τk or ak = k/Hk ,

−i

akωh
[(cω+ Xk + dω−Yk)]τ=τk

= γk(τk) = 0 , (18)

1

ck
[−dXk + cYk]τ=τk

= tk(τk) , (19)

where tk(τk) is given by the amplitude determined from inflation. 
Substituting (17) in the above, we find A and B in terms of tk(τk). 
Then the power spectra of hij and ti j during radiation dominance 
are given in terms of the power spectrum of ti j at τ = τk , Pt,k , as

Ph(k, τ ) =
(ak

a

)2
Kh(k, τ )α2

r c2
t

4Pt,k(k)

M2
Pl

, (20)

Pt(k, τ ) =
(ak

a

)2
Kt(k, τ )Pt,k(k) , (21)

where we have defined the kernels,

Kh(k, τ ) = 1

α2
r c2

t ω
2
h

[
ckdkω−,kω+,k

d2
kω−,k + c2

kω+,k

]2

×
[

c2ω+,k

c2
kω+

+ d2ω−
d2

kω−,k
− 2cd

ckdk

√
ω−ω+,k

ω−,kω+
cos θ

]
, (22)

Kt(k, τ ) = 1

ω2−

[
ckdkω−,kω+,k

d2
kω−,k + c2

kω+,k

]2

×
[

c2

d2
k

ω−
ω−,k

+ d2

c2
k

ω2−ω+,k

ω3+
+ 2cd

ckdk

ω
3/2
−

ω
3/2
+

√
ω+,k

ω−,k
cos θ

]
, (23)

with

θ ≡
∫

dτ
[
(ω+ − ω−) − (ω+,k − ω−,k)

]
, (24)

and the subscript k denoting the quantity evaluated at τ = τk . It 
is easy to check that Kt(k, τk) = 1 and Kh(k, τk) = 0 as desired by 
the initial conditions (18) and (19).

Here, one interesting comment is in order. In principle, the cou-
pled linear system (4) and (5) can always be diagonalized as (12). 
There are no oscillatory features in the spectrum of the decoupled 
modes |Xk|2 and |Yk|2, as determined by the WKB solutions (17). 
However, as can be seen from the definition of the angle θ in (24), 
oscillatory features in (22) and (23) emerge as long as ω+ �= ω− . 
Since the coupled system (4) and (5) and (12) are mathematically 
equivalent, one might question whether these oscillatory features 
are physical or not. The answer is that they are physical, as the 
observable quantity by the GW detectors is the amplitude of hij , 
which characterizes the fluctuation of spacetime. This process is 
very similar to the well-known phenomenon of neutrino oscillation 
when the system is decoupled in mass basis, while it is coupled in 
the flavor basis, which is the basis in which the detectors look.

In general, Kh and Kt have complicated forms. We thus try to 
understand their asymptotic behavior. Considering τ/τk = a/ak =
exp(�N ), where �N = ln(a/ak) is the number of e-folds after the 
horizon crossing during the radiation dominance, Kh and Kt can be 
written as functions of �N and two constant parameters αr and 
ct . Taking the limit αr 
 1 and look at two interesting different 
regimes, we find the following simple expressions
3

Fig. 2. Kernels (22) and (23) as functions of sound speed ct for �N ∼ 30 around 
the LISA bound and αr ∼ �N−1 ∼ 3 ×10−2. For ct close enough to unity, Khα

2
r c2

t =
O(1) can be achieved. For larger values αr � �N−1, Khα

2
r c2

t = O(1) will be sooner 
achieved.

Fig. 3. Kernels (22) and (23) as functions of number of e-folds for ct = 1 and 
αr ∼ 3 × 10−2. Due to the initial conditions (18) and (19), Kh = 0 and Kt = 1 at 
the time of horizon crossing τ = τk when �N = 0. Kh increases in time while Kt

decreases due to the GWs production from the extra tensor perturbation ti j through 
the mixing αr �= 0. At some point, Kh and Kt start to oscillate (as approximated in 
(25) and (26)) and, finally, their average amplitudes become of the order of unity 
Khα

2
r c2

t ∼ 1 ∼ Kt . The large values Khα
2
r c2

t = O(1) can be achieved due to the res-
onance by forced oscillation which only happens for ct ∼ 1.

Kh(k, τ )α2
r ≈

{
α2

r (1 − c2
t )−2 ct < 1 ,

sin2(αr�N /2) ct = 1 ,
(25)

Kt(k, τ ) ≈
{

1 ct < 1 ,

cos2(αr�N /2) ct = 1 ,
(26)

for the modes deep inside the radiation dominated era kτ � 1.
The expression for ct < 1 in the first line of (25) is valid only 

up to ct for which its value becomes equal to that of the second 
line. We have illustrated the full expressions of Kh and Kt , given 
by (22) and (23) respectively, as functions of ct in Fig. 2 for the 
fixed value of �N ∼ 30 which is around the LISA band. For ct 

1, we find Khα

2
r ∼ α2

r 
 1 and Kt ∼ 1 while Khα
2
r ∼ 1 ∼ Kt for 

ct ∼ 1. The large values Khα
2
r ∼ 1 correspond to a very efficient 

GWs production which happens for ct = 1 especially when αr �
�N−1. In Fig. 3, we have plotted the full expressions of Kh and 
Kt , given by (22) and (23) respectively, for this interesting case. As 
it can be seen, due to the initial conditions (18) and (19), Kh = 0
and Kt = 1 at the time of horizon crossing τ = τk when �N = 0. 
When the modes re-enter the horizon τ > τk , Kh increases while 
Kt decreases due to the GWs production from the enhanced extra 
tensor mode ti j through the mixing αr �= 0. For τ � τk , Kh and 
Kt start to oscillate (as approximated in (25) and (26)) and their 
average amplitudes become of the order of unity Khα

2
r c2

t ∼ 1 ∼
Kt . The large values Khα

2
r c2

t = O(1) can be achieved due to the 
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resonance by forced oscillation which only happens for ct ∼ 1. As 
this case may have important observational consequences, we will 
discuss it in detail later.

Substituting (20) in (7) yields the following expression for the 
energy density of GW in radiation dominated era

	GW,r(k) = 1

3
Kh(k, τ )α2

r c2
t
Pt,k(k)

M2
Pl

. (27)

Or, in terms of the fractional energy density of ti j

	t(k, τ ) = 1

3

(
ctk

aH

)2 Pt(k, τ )

M2
Pl

, (28)

which is obtained in the similar way as (7), we find

	GW,r(k, τ ) = Kh(k, τ )α2
r 	t,r(k) , (29)

where 	t,r(k) ≈c2
t Pt,k(k)/3M2

Pl. Thus, apart from the k-dependence 
of Kh , the shape of 	GW,r(k) directly reflects that of 	t,r(k). This is 
a direct consequence of the linearity in our setup, and is in sharp 
contrast with the case of the scalar-induced GWs where the re-
sultant shape has a rather non-trivial dependence on the original 
shape of the curvature perturbation power spectrum [27,28].

The GW density spectrum today is obtained from that during 
radiation dominance (29). For ct < 1 [28,29]

	GW,0(k) ∼ 10−5α2
r 	t,r(k) ; ct < 1, (30)

where we have assumed Kh(k, τ ) = O(1). On the other hand, in 
the case of ct = 1, Kh may become very large to cancel the α2

r
factor. In the limit αr 
 1, we have Kh = �N 2/4. Therefore,

	GW,0(k) ∼ 10−5α2
r �N 2	t,r(k) ; ct = 1, αr � �N−1. (31)

We note, however, since �N � 50 in the actual universe, Kh can-
not be arbitrarily large. For k around the LISA band, �N ∼ 30, we 
find Kh = �N 2/4 ∼ 220.

Another case of interest is ct = 1 and αr � �N−1. In this case, 
the sinusoidal oscillation in Kh persists, and we have

	GW,0(k) ∼ 10−5 sin2 [
(αr/2)(�Np + ln(k/kp)

]
×	t,r(k) ; ct = 1, αr � �N−1, (32)

where �Np is the number of e-folds from the horizon crossing 
for the mode k = kp . This leads to two interesting consequences. 
First, let us fix k = kp and vary αr. Then the sine function is 
maximum at αr = (2n + 1)π/�Np (n = 0, ±1, · · · ). Thus, one ob-
tains a significant enhancement for models with these values of 
αr. For example, assuming |αr| < 1, this happens at αr ∼ ±0.1, 
±0.3, ±0.5, for �Np ∼ 30. Second, let us fix the coupling to αr =
2π/�Np . Then there appear maxima at ln(k/kp) = (2n + 1)π/αr. 
For αr = 2π/�Np , this implies the appearance of adjacent peaks 
at k = kp exp[±2π/αr]. These additional peaks are, unfortunately, 
physically irrelevant within the applicability of effective field the-
ory, in which one should assume αr 
 1. Nevertheless, it is in-
triguing to note that, if we consider the case αr � 1 from a purely 
phenomenological point of view, such a model predicts multiple 
peaks in the GW spectrum.

4. Observational constraints

Here we consider constraints on 	t,r(k). First, we note that 
there is a theoretical constraint that the energy density of the 
additional tensor field should be subdominant during inflation. It 
is easy to see that this is satisfied if Pt(k, τ ) 
 M2

Pl, which im-
plies 	t,r(k) 
 1 for all k. Moreover, enhanced superhorizon tk
modes provide nonlinear source for the linear equation of energy 
4

density scalar perturbations at small scales k ∼ kp . Avoidance of 
overproduction of PBHs then gives another theoretical bound [31]. 
However, this bound is very weak since ti j is a spectator field [32]. 
Other constraints on the energy density scalar perturbations will 
also lead to bounds on 	t,k(k) at different scales.2

Now let us turn to observational constraints. For scales close to 
the CMB scale, it seems there exists no apparent constraint. Since 
the modes k ∼ kC M B come inside the horizon after the universe 
has become matter-dominated, its contribution to the energy den-
sity of the universe seems very small. Then the question is how 
large the induced metric tensor perturbation would be on those 
scales. But the answer depends very much on what we assume for 
the coupling α. Depending on the behavior of α around and after 
the matter-radiation equality,3 the value as large as 	t,r(k) = O (1)

could be allowed. In any case, since such scales are beyond the 
scope of the current paper, we leave it for future studies.

For much smaller scales, kp =O(107 − 1018)Mpc−1 (see Fig. 1), 
the energy density of the tensor perturbation makes an additional 
contribution to relativistic degrees of freedom �Neff during ra-
diation dominance. This affects the big bang nucleosynthesis as 
well as the CMB anisotropy. As their contribution is expressed 
as �Neff = 8

7

( 11
4

)4/3 (
	GW,r + 	t,r

)
[29], using 	GW,r ≤ 	t,r, the 

maximum contribution is �Neff,max = 16
7

( 11
4

)4/3
	t,r. Thus, as a 

conservative upper bound, we obtain

	t,r(k) = 7

16

(
4

11

)4/3

�Neff,max < 0.034 , (33)

where we have used the current bound �Neff < 0.3 [34]. Choosing 
	t,r � 10−2 to respect (33), we find

	GW,0(k) � 10−7 Kh(k, τm.r.)α
2
r , (34)

where τm.r. is the matter-radiation equality time.
As we have previously discussed, we have Kh =O(1) for ct < 1. 

Hence, the GW spectrum is suppressed by αr 
 1. On the other 
hand, for ct = 1, the factor Kh(k, τ f )α

2
r can be as large as unity, 

depending on the scale k and the value of the coupling αr, even 
in the case αr 
 1. In addition, if we regard the action (3) as a 
purely phenomenological model, and allow the case of αr = O(1), 
the GW spectrum is not only unsuppressed but may have multiple 
peaks due to the resonance amplification by forced oscillation.

In any case, the possibility of having a strong GW signal makes 
our model observationally distinguishable from the usual sec-
ondary scalar-induced GWs scenarios. In scalar-induced models, 
GW signals 	GW,0(k) � 10−10 usually imply the formation of PBHs. 
Conversely, too large 	GW,0(k) would imply an over production of 
PBHs. Hence, it cannot be larger than 10−10. On the other hand, in 
our scenario, we expect signals as large as 	GW,0 ∼ 10−7 without 
producing any PBHs. This is a distinct feature of our scenario.

To be more specific, let us consider the log-normal power spec-
trum [35],

	t,r(k) = At√
2π�t

exp

[
− ln2 (

k/kp
)

2�2
t

]
, (35)

where At is the dimensionless amplitude normalized as∫ ∞
0 d ln k 	t,r(k) = At and �t determines the width of the peak 

around k = kp . It is worth mentioning that we are not restricted 
to the log-normal power (35) and there are many other possibil-
ities. In this regard, (35) is not the prediction of our model but 

2 We thank Kazunori Kohri for pointing out this type of bounds.
3 It is also worth mentioning that, assuming αr does not change significantly after 

radiation dominance, one can constrain αr from the distortion of the waveform of 
hij [17]. However, the effect is negligible for αr = O(1) [33].
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Fig. 4. For αr � �N−1 
 1 and ct = 1 (see Eq. (31)), an enhancement due to the 
resonance arises. We have set �N = 30 and �t = 1.

Fig. 5. For αr � �N−1 ∼ 1 and ct = 1 (see Eq. (32)), multiple peaks show up. We 
have set �N = 30 and �t = 1.

instead a possible subset of it. If one considers a subset of action 
(3) with explicit functional forms for the couplings, there will be 
a prediction for the shape of 	t,r(k). In Fig. 4, the resulting GW 
spectra (30) and (31) for αr � �N−1 
 1 are compared. Clearly, 
there is an enhancement for ct = 1 due to the resonance. Assuming 
αr � �N−1 ∼ 1, (32) is plotted in Fig. 5 which leads to oscillatory 
multiple peaks in the GW spectrum.

Note that, although the amplitude of GW and the peak fre-
quency kp are free parameters in our effective field theory 
setup, GW observations restrict their values. For example, non-
observation of GW signals in the frequency bands of GW detectors 
such as LIGO/VIRGO/KAGRA, ET, DECIGO, LISA, PTA, Taiji, and Tian-
Qin (see, e.g., [28] for the amplitude and frequency range of GW 
detectors) imposes bounds on the amplitude and frequency range. 
Conversely, the observation of a GW signal can be utilized to de-
termine the values of the amplitude and peak frequency in our 
setup [32].

5. Summary

While it is usually expected that the contribution of a spectator 
field to the stochastic GW background is very small compared with 
the curvature-perturbation-induced GWs, we showed that this is 
not the case if it provides an extra tensor perturbation on top of 
the metric tensor perturbation. The reason is that an extra tensor 
perturbation can couple to the metric tensor perturbation at linear 
order, while the curvature perturbation couples at second order. 
Implementing the effective field theory method, we considered a 
general model which captures universal features of an extra tensor 
5

perturbation in a model-independent manner. We found a simple 
analytical expression for the corresponding energy density of the 
primordial-tensor-induced stochastic GWs. The amplitude and fre-
quency of the produced GWs lie well within the sensitivity ranges 
of the new generation of GW detectors ET, DECIGO, LISA, and PTA. 
In particular, if the sound velocities of the two tensor perturbations 
coincide, the induced GW amplitude may significantly increase due 
to resonance through forced oscillation, even in the case of a small 
coupling between them. The mechanism for this oscillation is rem-
iniscent of the well-known process of neutrino oscillation. A dis-
tinct feature of our scenario is that, since the tensor perturbation 
can hardly lead to the formation of PBHs, we expect no presence 
of PBHs, in contrast to the usual scalar-induced case, in which the 
detection of strong enough induced GWs suggests the existence of 
PBHs.
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