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Abstract. For primordial perturbations, deviations from Gaussian statistics on the tail of the
probability distribution can be associated with non-perturbative effects of inflation. In this
paper, we present some particular examples in which the tail of the distribution becomes highly
non-Gaussian although the statistics remains almost Gaussian in the perturbative regime. We
begin with an extension of the ultra-slow-roll inflation that incorporates a transition process,
where the inflaton climbs up a tiny potential step at the end of the non-attractor stage before
it converges to the slow-roll attractor. Through this example, we identify the key role of the
off-attractor behaviour for the upward-step transition, and then extend the analysis to another
type of the transition with two slow-roll stages connected by a tiny step. We perform both the
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perturbative and non-perturbative analyses of primordial fluctuations generated around the
step in detail, and show that the tiny but nontrivial transition may affect large perturbations in
the tail of the distribution, while the perturbative non-Gaussianity remains small. Our result
indicates that the non-Gaussian tails can have rich phenomenology which has been overlooked
in conventional analyses. We also study the implications of this non-Gaussian tail for the
formation of primordial black holes, and find that their mass fraction can be parametrically
amplified by several orders of magnitudes in comparison with the case of the Gaussian
distribution. Additionally, we also discuss a mechanism of primordial black holes formation
for this upward step inflation model by trapping the inflaton in the bottom of the step.
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1 Introduction

The latest cosmological observations suggest that the primordial curvature perturbation
R is nearly Gaussian [1, 2], which is in agreement with the predictions of the single-field
slow-roll inflation [3]. For future cosmological surveys, any detection of deviations from the
Gaussian statistics will reveal important information about the primordial universe. Therefore,
primordial non-Gaussianity is one of the major targets in upcoming experiments [4, 5]. So
far theoretical studies on primordial non-Gaussianity have been mostly performed in the
framework of cosmological perturbation theory, where cosmological correlators, such as the
bispectrum and trispectrum, are examined by using perturbative approaches (see [6] for a
review). These correlation functions provide a good description of the non-Gaussian statistics
when the perturbation is small.

Except for the n-point correlators, there in principle exist significant phenomenological
implications in the probability distribution of curvature perturbations that are not captured
by perturbative approaches (see [7–17] for recent discussions). In particular, the perturbation
theory breaks down at the tail of the distribution where fluctuations are large and rare.
Therefore, if deviations from Gaussianity appear in the tail, cosmological correlators are
no longer appropriate in describing the physics involving large and rare fluctuations. The
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Figure 1. A speculative probability distribution of the curvature perturbation R, where the dotted
orange curve is the Gaussian distribution which fits well at small R but not at the tail.

nontrivial behaviour in the tail of the distribution, dubbed the non-Gaussian tail, has been
actively discussed in connection with primordial black holes (PBHs). It is speculated that
black holes may have formed in the early Universe due to the presence of large curvature
fluctuations [18] and these objects could serve an inspiring tool to probe the unknown physics
in the very early universe [19–21]. Since the large fluctuations are highly sensitive to the
tail of the probability distribution function, non-Gaussianities in the initial condition from
inflation may play a crucial role in determining the abundance of PBHs [22–33].

In most of previous studies, both perturbative and non-perturbative regimes are governed
by the same physics, and thus the non-Gaussian tails always have an exponential form. For
instance, ultra-slow-roll (USR) inflation is one of the well-studied models in which the inflaton
undergoes a period when the slow-roll (SR) conditions are violated and an O(1) local non-
Gaussianity is generated [34–37]. In the simplest model of USR inflation, it was shown that
the resulting non-Gaussian tail is determined by the amplitude of the bispectrum represented
by the parameter fNL, which is defined in the perturbative analysis. In principle, however, we
remind that one should go beyond perturbation theory to properly understand the behaviour
of the tail of distribution. For example, if there are some non-perturbative effects that affect
only large fluctuations, it is very likely that one gets a large non-Gaussian tail even if the
perturbative non-Gaussian parameters like fNL, gnl, τnl, etc. are small. In other words, the
behaviour of the distribution function at |R| � 1 and that at |R| ∼ 1 can be uncorrelated.
Interestingly, this gives rise to a hypothetical possibility that the distribution may be perfectly
Gaussian at |R| is small, while it could have a highly non-Gaussian bump at the tail, as
sketched in figure 1.

Recently we proposed a specific realization of the above phenomenon [38], where an up-
ward step in the inflaton potential generates a highly non-Gaussian tail while the perturbative
non-Gaussianity remains small. In this paper, we extend the study upon the aforementioned
interesting phenomenon into more general examples by performing much comprehensive
and detailed analyses. In particular, we consider the canonical single-field inflation with a
tiny upward step in the potential and investigate both the USR-SR and SR-SR transitions.
In both cases, by deriving the exact background solutions, we identify the crucial role of
off-attractor phase trajectories around the upward-step transition. Afterwards, we perform
the analysis of perturbations via the δN formalism, which can clearly reveal the essential
role of the off-attractor trajectories around the step with a quantitative description. To be
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concrete, they affect small and large fluctuations differently. The small fluctuations are still
in the perturbative regime, which can be analyzed using the conventional approach for the
power spectrum, the bispectrum, etc. However, the large fluctuations are non-perturbatively
affected by the step. That is to say, the inflaton field may not be able to move forward if
the field fluctuation is so large that it makes the forward momentum too small to climb the
step. This effect gives rise to the non-perturbative expression of the curvature perturbation,
which consequently leads to nontrivial shape at the tail of the probability distribution. As an
application, we also estimate how this novel non-Gaussian tail affects the abundance of PBHs.

We mention that we exclusively rely on the δN formalism in this paper, while the
stochastic δN formalism [39] is a powerful tool for analyzing non-perturbative features of
inflatinary perturbations, particularly when the quantum diffusion effects are significant [15, 40–
46]. In this paper, our interest is mainly in the case when the quantum diffusion effects are
small. However, depending on the choice of the model parameters, it may play an important
role. This point is further discussed in section 3.

The paper is organized as follows. In section 2, we discuss the background dynamics of
two models of upward-step transition in canonical single-field inflation, with a focus on the
off-attractor trajectories. Then we present the detailed analyses of perturbations by using
the δN formalism. Section 3 comprises the major part of this paper, in which we discuss
the nontrivial tail behaviour in the probability distribution of the curvature perturbation.
Applying the results of section 2 in a concrete example, we demonstrate how a non-perturbative
effect during inflation (a tiny upward step here) can lead to a significant modification in
the non-Gaussian tail. In section 4, we consider the corresponding implications into the
formation of PBHs. We analyse the curvature perturbation in a much realistic model with
an inflection-point potential, and compute the mass fraction of PBHs in the presence of
the non-perturbative non-Gaussian tail. We also briefly discuss another mechanism for the
PBH formation, i.e. the formation of PBHs due to trapping of the inflaton field at the local
minimum of the potential at the step. We conclude in section 5 with an outlook of future
directions. Throughout the whole paper, we use the natural units c = ~ = 1, and the reduced
Planck mass M2

pl = 1/8πG.

2 Upward-step transitions

In this section we investigate the background evolution of canonical single-field inflation with
an upward step in the potential, and then derive the δN formula based on the background
solutions. First, we perform a detailed analysis of a simple model of USR-SR upward-step
transition. We adopt non-attractor initial conditions and evolve them through the step to the
slow-roll phase after the transition. With this concrete example, we illustrate the nontrivial
effect of the off-attractor phase-space trajectories around the step. After that, we extend the
analysis into an SR-SR upward-step transition model where non-attractor trajectories also
play a crucial role because of the quantum fluctuations, even though the fiducial, classical
trajectory is a slow-roll one before the step.

2.1 USR-SR transition

2.1.1 A recap of USR inflation
Let us begin with a brief review of the simplest USR inflation, where the inflaton rolls on a
constant potential V (φ) = V0,

φ̈+ 3Hφ̇ = 0 . (2.1)
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Unlike the conventional slow-roll inflation in which the inflaton is in an attractor phase with
φ̇ being determined by the value of φ, there is no attractor phase in this case and hence φ̇
remains to be a dynamical degree of freedom, independent of φ.

Using the number of e-folds n as the time variable via dn = Hdt, the background
equations can be approximately written as

d2φ

dn2 + 3dφ
dn

= 0 , 3H2 ' V0 . (2.2)

We denote the initial values at n = ni by φ(ni) and π(ni) = dφ/dn(ni). Then, we have

φ(n) = φ(ni) + π(ni)
3 (1− e−3(n−ni)) , (2.3)

π(n) = dφ
dni

= π(ni)e−3(n−ni) . (2.4)

Note that we have the following relation,

π(n) + 3φ(n) = π(ni) + 3φ(ni). (2.5)

Fixing the final values as φ(nc) = φc and π(nc) = πc, the number of e-folds NUSR ≡ nc − ni
may be expressed as a function of the initial values at n = ni, which we denote by φi and πi,

NUSR(φi, πi;φc, πc) = 1
3 log

[
πi
πc

]
= 1

3 log
[

πi
πi + 3(φi − φc)

]
. (2.6)

In the simplest case, the USR stage is assumed to end at φ = φc independent of πc which is
expected to be extremely small as π has decayed exponentially. Therefore, when we take the
variation of NUSR to evaluate the curvature perturbation, we only fix φc. As a result, the
expansion history of the Universe depends on the initial conditions of both φi and πi, which
differs from the single-clock behaviour of slow-roll inflation where φ is the only independent
degree of freedom. Because of this, the USR inflation generates O(1) local non-Gaussianity
with fNL = 5/2, and this simple model has been known as an example of canonical single-field
models that violates Maldacena’s consistency relation [34].1

Meanwhile, it has been well recognized that, this USR evolution is allowed only in a
limited period of time, and for a complete description of inflation one still needs a subsequent
slow-roll (SR) phase [37, 50]. Therefore, it is important to take into account the USR-SR
transition in the realistic model building. The consequences of both smooth and sharp
transitions have been investigated in detail in [37], which established that the final size of local
non-Gaussianity is very sensitive to the transition process. When the transition is smooth,
the USR result fNL = 5/2 will be completely erased in the subsequent evolution; while it
remains non-vanishing for sharp transitions with the maximum value of local fNL being 5/2.
These results were further confirmed by the derivation of a generalized consistency relation
using the background field method [51].

2.1.2 USR-SR transition with an upward step
Now we consider a USR-SR transition with an upward step at φ = φc, whose potential is
illustrated in figure 2. Initially, the inflaton is in the USR phase at φ > φc, moving toward the

1The same dominant mode of primordial perturbations was obtained as well in the single-field matter
bounce cosmology [47–49].
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Figure 2. A sketch plot of the potential for an upward step transition.

negative φ direction. The USR phase ends at φ = φc, and the inflaton climbs up the upward
step ∆V at a cost of spending some of its kinetic energy πc, assuming that πc is large enough
to allow the upward jump. After the step, there is a short relaxation stage of a non-attractor
phase, and the inflaton eventually reaches the slow-roll attractor after the relaxation stage.
For simplicity we assume that inflation ends at φ = φf .

Background dynamics. With the above picture in mind, let us derive the background
solution of φ(t) from the USR stage to the final SR stage.

At φc, the inflaton velocity drops instantly in order to climb up the step. According to
energy conservation the velocity right after the step is determined as

πd = −

√
π2
c − 6∆V

V
, (2.7)

which serves as the initial condition for the subsequent stage. The minus sign comes from the
assumption that the inflaton evolves toward the negative φ direction. For later convenience,
we define the ratio of these two velocities as follows,

g ≡ πd
πc

(0 < g < 1) . (2.8)

This will be the key parameter in our analysis below. When ∆V → 0, we have g → 1, and
the system goes back to the cases discussed in ref. [37]. For g � 1, the effects of the step at
the transition become significant.

Afterwards, the inflaton spends a few e-folds in a non-attractor, relaxation phase before
it enters the slow-roll attractor stage. For the purpose of describing this transition process,
we focus on small inflaton displacements, and parameterise the potential as

V (φ) = (V0 + ∆V )
[
1 +
√

2εV (φ− φc) + 1
2ηV (φ− φc)2

]
; φ < φc , (2.9)

where εV and ηV are the slow-roll parameters defined at φc. For simplicity, we assume the
above form is valid until the inflaton reaches φf . Then, the equation of motion for φ is given by

d2φ

dn2 + 3dφ
dn

+ 3
√

2εV + 3ηV (φ− φc) = 0 , (2.10)

where we have approximated the Hubble parameter to be a constant given by 3H2 = V0 + ∆V .
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Setting n = nc at φ = φc and π = πd, we obtain the analytical solution to be

φ(n) = s− 3− h
s(s− 3) πde

1
2 (s−3)(n−nc) − s+ 3 + h

s(s+ 3) πde
− 1

2 (s+3)(n−nc) + 2πdh
s2 − 9 + φc . (2.11)

π(n) = dφ(n)
dn

= s− 3− h
2s πde

1
2 (s−3)(n−nc) + s+ 3 + h

2s πde
− 1

2 (s+3)(n−nc) , (2.12)

where we have defined

h ≡ 6
√

2εV /πd, s ≡ 3
√

1− 4ηV /3 ' 3− 2ηV . (2.13)

Note that, h is negative and can be written in terms of the ratio of two field velocities
h = −6πf/πd, where πf ' −

√
2εV is the velocity at φ = φf . The h parameter can be any

negative real number. For h = −6, we have πf = πd and thus the inflaton evolution joins the
slow-roll attractor immediately after the step. For other values of h, a relaxation phase is
expected before the inflaton reaches the slow-roll attractor. From the solution given by (2.11)
and (2.12), we observe that there exists an equality,

π(n) + s+ 3
2 φ(n) = πd

[(
1− h

s− 3

)
e

1
2 (s−3)(n−nc) + h

s− 3

]
+ s+ 3

2 φc , (2.14)

which is an analog of the relation (2.5) for the USR inflation.

Number of e-folds. With the exact background solution, it is possible to obtain an
expression for the number of e-folds, which plays the central role in the perturbation analysis
in subsection 2.1.4. Let nf be the number of e-folds at φf , φ(nf ) = φf . We consider
nf − nc � 1 so that the second term in (2.11) can be neglected. Accordingly, we have

φf '
s− 3− h
s(s− 3) πde

1
2 (s−3)(nf−nc) + 2πdh

s2 − 9 + φc . (2.15)

This gives the number of e-folds after the step NSR ≡ nf − nc as a function of πd,

NSR(πd;φf ) = 2
s− 3 log

{
s(s− 3)
s− 3− h

[(φf − φc)
πd

− 2h
s2 − 9

]}
' 1
ηV

log
(
−2ηV πd − 6

√
2εV

)
+ const. , (2.16)

where we have separated the piece that does not depend on πd as a constant as it does not
contribute to the δN computation. Note that, although NSR is also a function of φc, its
dependence is fixed as it is a parameter of the model. In other words, instead of φ as an
independent variable to be varied for the computation of δN , the independent variable is πd
in the present case.

Adding NUSR in (2.6) and NSR in (2.16) together, we obtain the total number of e-folds
from the USR phase to the end of inflation specified by φ = φf . Removing the index i from
the initial values φi and πi, we obtain

N(φ, π;φf ) = NUSR +NSR = 1
ηV

log
(
−2ηV πd − 6

√
2εV

)
+ 1

3 log
(
π

πc

)
+ const. , (2.17)

where πd is a function of πc given by (2.7), and πc is a function of the initial φ and π as
πc = π + 3(φ − φc) through (2.5). The constant part refers to the terms without φ and π
dependence.
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To illustrate the effects of the step, it is helpful to make a comparison with the case
without a step. When ∆V = 0, or equivalently g = πd/πc = 1, we have πc = πd and the above
analysis simply goes back to the smooth transition (for h = 0) or the sharp transition (for
h < 0) discussed in ref. [37]. The effect of a step is to render πd a nonlinear function of πc
given by (2.7). As we shall see below, this gives rise to a distinctive non-perturbative feature
in the distribution function of the curvature perturbation.

Finally, let us consider the number of e-folds when the initial value of φ is after the step,
φ < φc. In this case we have the standard slow-roll result,

N(φ;φf ) = 1
ηV

log
[
1 + ηV√

2εV
(φf − φ)

]
+ const. , (2.18)

where the validity of the expansion in potential (2.9) implies the condition ηV/
√

2εV (φf−φ)� 1.

2.1.3 Off-attractor trajectories

In a more realistic model, an initial SR phase is expected before the USR stage. This
corresponds to attaching a SR potential at φ > φs to the right of the USR potential shown in
figure 2 (see also the potential in 7). The model is similar to the inflection-point inflation, which
have been extensively discussed in literature as one of possible mechanisms for producing PBHs.

Now, let us consider the role of off-attractor trajectories at an initial SR stage prior to
the USR stage. At first glance, it seems that the background evolution is fully determined by
the value of φ because the universe must have already arrived at the attractor stage during
the initial slow-roll stage. Then the momentum π at the beginning of the USR stage, which
is the one at the end of the first SR phase, is fixed by the attractor solution π(ns) = πs. As a
result, although subsequent stages may have non-attractor stages, π can still be expressed as
a function of the inflaton φ like in the conventional slow-roll inflation.

Thus, one might conclude that there exits a unique phase-space trajectory, as shown
by the thick blue line in figure 3, just like the conventional slow-roll inflation, and the non-
attractor nature of the trajectory at the intermediate stage would not affect the properties of
the perturbation. Let us name this trajectory the base trajectory.

A crucial point that has been missed in the above argument is the effect of off-attractor
trajectories near the end of the first SR stage. These trajectories are always present when we
consider possible deviations of φ and π. At the SR stage, they can be normally neglected, as
any deviations from the attractor trajectory vanishes within a couple of e-folds and the SR
evolution is quickly recovered.

But the situation may become different when there is a transition. In the SR-USR
transition around φs, quantum fluctuations may take the trajectory away to an off-attractor
one, and some of these off-attractor trajectories may not have enough time to converge to
the slow-roll attractor before the USR phase starts. These trajectories, which are shown by
light blue curves in figure 3, deviate from the base trajectory. Hence, we may have the field
velocity π(ns) 6= πs at φs, which depends on the off-attractor field velocity π at the initial SR
stage. Since π(ns) provides the initial condition for the subsequent stages, this π-dependence
becomes a crucial factor for the whole evolution of the system. In appendix A, we provide
detailed computations and clarify the π-dependence of the background solution by solving
the full dynamics of the initial SR phase.

Apparently, the off-attractor behaviour around the transition plays an important role
in the δN analysis, as the background evolution of inflation cannot be fully determined by

– 7 –
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Figure 3. Off-attractor trajectories in the phase diagram (φ, |π|) of the SR-USR-SR transition.
Slow-roll attractors are depicted in red line. The thick blue line describes the base trajectory while the
thin blue lines represent off-attractor trajectories.

the base trajectory and the initial π-dependence should also be taken into account. Namely,
when computing δN , it is crucial to include the π-dependence as well as the φ-dependence.

Interestingly, we find that the above analysis of the off-attractor behaviour may also
apply to transitions without an intermediate USR stage. We shall consider such a case, that
is, an SR-SR transition with an upward step in section 2.2.

2.1.4 Local non-Gaussianity from the δN formalism
As has been mentioned previously, the original USR model with a constant potential is able
to generate O(1) local non-Gaussianity of primordial curvature perturbations within the
framework of single-field inflation. There have been various methods to derive this result in the
literature, such as the in-in formalism [34–37], the background wave method [52], the operator
product expansion [53]. Among them, the δN formalism provides a simple and intuitive
way. This method is based on the separate universe assumption and successfully captures the
non-linear evolution of perturbations on super-Hubble scales [54–60]. Previously this approach
has also been used in the analysis of both smooth and sharp USR-SR transitions [37]. In this
section, we apply the δN computation to our two models to compute the local non-Gaussianity
generated from the transition with an upward step.

First, we consider the USR-SR transition. At the USR stage, the inflaton fluctuation δφ
behaves like a massless scalar with no interactions in pure de Sitter space, and its probability
distribution is Gaussian. For the perturbation mode which exits the Hubble radius during
USR at n = ni, we can simply use the number of e-folds derived in (2.17), and get the
following δN formula from the definition:

δN = N(φi + δφ, πi + δπ)−N(φi, πi) '
1
ηV

log
[
1 + 2ηV δπd

6
√

2εV + 2ηV πd

]
− 1

3 log
[
1 + 3δφ

πc

]
,

(2.19)

where we have neglected δπ due to its exponential decay on super-Hubble scales, and δπd is
given by

δπd = πd

√1 + 6
g

δφ

πd
+ 9

(
δφ

πd

)2
− 1

 . (2.20)
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With R = δN , the formula in (2.19) yields a non-perturbative mapping between the
curvature perturbation R and the Gaussian field fluctuation δφ. This relation not only
captures the case when |R| is small, but also remains valid for the tail of the probability
distribution with rare but large |R|. We shall elaborate on the implications of the non-Gaussian
tail in the next section. Before that, let us first perform the analysis in the perturbative
regime |R| � 1.

When perturbation theory is valid, we can expand the formula in δφ. Up to second order
we get

R '
[ 6
g2(h+ 2ηV ) − 1

]
δφ

πc
+
[
9
(
g2 − 1

)
h+ 2ηV

(
g2 − 2

)
g4(h+ 2ηV )2 + 3

2

](
δφ

πc

)2
. (2.21)

The linear term corresponds to the Gaussian part

RG ≡
[ 6
g2(h+ 2ηV ) − 1

]
δφ

πc
'
( 6
g2h
− 1

)
δφ

πc
. (2.22)

This part of the contribution determines the amplitude of the power spectrum, the evaluation
of which is deferred to section 4.1. Notice that, the second term in the bracket is the size of R
at the end of the USR phase, while the first term is related to the step transition. If g2|h| � 6,
the upward step does not change the USR result; but for g2|h| � 6 the effect of the step
becomes dominant. This can happen when the step size is big enough to significantly reduce
the kinetic energy of the inflaton, i.e. g2 � 1. In that limit we have RG ' δφ/(g

√
2εV ).

Following the standard treatment, the leading order local non-Gaussianity generated in
this model is given by

fNL = 5
6
∂2N

∂φ2

/(
∂N

∂φ

)2
' 5

(
g4h2 + 6g2h− 6h

)
2(6− g2h)2 , (2.23)

where we have ignored the correction of O(ηV ) to simplify the result. Again the final result
depends on two independent parameters g and h. In general h ' −6πe/πd can be any negative
value, while 0 < g ≤ 1 reflects how significant the effect of the upward step is. The size of
fNL is shown by the contour plot of the (g, h) parameter space in figure 4. In the following,
we study two particular cases.

For g = 1, which means no step, we reproduce the results of the smooth and sharp
transitions discussed in ref. [37]. One finds fNL = 5h2/[2(6− h)2], and its maximum value is
fNL = 5/2 in the limit of h→ −∞, which corresponds to an infinitely sharp transition. On
the other hand, for g � 1 where the step becomes important, it is possible to have a large
local non-Gaussianity with fNL � 5/2, as seen in figure 4. In the limit g2|h| � 6 where the
contribution from the step dominates the curvature perturbation, as seen from eq. (2.22), fNL
eq. (2.23) can be approximated as

fNL '
5
12 |h| . (2.24)

Thus, as long as g2|h| � 1, fNL is determined by the value of h. This result shows that even
in the framework of canonical single-field inflation, we can achieve large local non-Gaussianity
with fNL � O(1), which easily breaks the upper limit of 5/2 in sharp and smooth transitions.
This serves as an intriguing counterexample that violates Maldacena’s consistency relation in
single-field inflation [3].
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Figure 4. The size of fNL in the (g, h) parameter space. (The white region corresponds to fNL > 15.)

At first sight, it also seems possible to have infinitely large local fNL in this model by
finely tuning the model parameters. However, we should note that the perturbative treatment
breaks down when |fNLR| & 1. In particular this corresponds to the situation where Taylor
expansion of the δN formula in (2.21) becomes invalid, and thus we need to reconsider the full
expression in (2.19). An intriguing fact is that, as the validity of the perturbative expansion
is controlled by the amplitude of |fNLR| � 1, we may encounter the non-perturbative regime
when |fNLR| = O(1), that is, when we look at the rare and large perturbations at the tail of
the probability distribution even if |fNL| � 1. A detailed analysis of the non-Gaussian tail is
discussed in the next section.

Finally let us consider the perturbation modes which exit the Hubble radius after the
step transition. With the number of e-folds in (2.18), we derive

δN = δφ√
2εV
− ηV

2

(
δφ√
2εV

)2
+ . . . . (2.25)

This gives us the standard results of slow-roll inflation for the amplitude of curvature
perturbation with fNL = −5ηV /12. It may be noted that even though there is a non-attractor
stage where slow-roll conditions are violated, the curvature perturbation is still given by the
slow-roll attractor formula as if there were no non-attractor stage [61]. As a result, the local
non-Gaussianity remains the same as that for the slow-roll case.2

2.2 SR-SR transition with an upward step
So far, we have focused on the upward-step transition from an USR stage. In this subsection
we consider an upward step in the SR-SR transition. The model is the one proposed in [38].
Here we analyse it in more detail.

We consider the two-stage slow-roll inflation with two distinct slow-roll potentials joined
at φ = φc with an upward step. The inflaton initially rolls on a slow-roll potential from φ > φc

2For these small-scale modes, there may be large intrinsic non-Gaussianities in the inflaton fluctuations
(hence they would not be of the local type) due to the discontinuity in the potential. This part of the analysis
is beyond the scope of the present paper.

– 10 –



J
C
A
P
1
2
(
2
0
2
2
)
0
3
4

𝑽(𝝓)

𝝓𝜙!

Slow-roll Stage-Ⅱ Slow-roll Stage-Ⅰ

(𝜙! , 𝜋!)

(𝜙", 𝜋")

(𝜙# , 𝜋#)

(𝜙# , 𝜋$)
𝚫𝑽

Figure 5. A sketch of the inflaton potential for the SR-SR transition, where two stages of slow-roll
inflation are connected by an upward step.

(Stage-I), and climbs up an upward step at φc, as shown in figure 5, and rolls down on the
second slow-roll potential after a short relaxation time (Stage-II). To solve the background
dynamics of this model, we first parametrize the two slow-roll potentials as

V (φ) =


V0

[
1 +
√

2εI (φ− φc) + 1
2ηI (φ− φc)2

]
, φ ≥ φc

(V0 + ∆V )
[
1 +
√

2εII (φ− φc) + 1
2ηII (φ− φc)2

]
, φ < φc

, (2.26)

where ∆V is the size of the step, and εI,II and ηI,II are the Stage-I and Stage-II slow-roll
parameters defined at φc.

Following section 2.1.2, we denote the field velocities before and after the step by πc
and πd, respectively. For the evolution in Stage-II, the background solutions are the same
with what found in section 2.1.2. We may simply use the results there, by replacing εV → εII
and ηV → ηII . It is a bit nontrivial to derive the full evolution in Stage-I with arbitrary
initial conditions. This background analysis is essential for the studies of long wavelength
perturbations which exit the horizon during Stage-I. We leave the detailed computation in
appendix A. Here we present a simple analysis with major results. For the Stage-I evolution
with non-slow-roll initial conditions, there can be two different situations:

(a) For the initial condition (φi, πi) sufficiently far from the step, the trajectory quickly
approaches the slow-roll trajectory, and starts following the attractor evolution. Thus
the conventional slow-roll approximations can still apply, and we find

dφ
dn +

√
2εI + ηI (φ− φc) = 0 , φc < φ . (2.27)

At the end of Stage-I, the field momentum is given by πc = −
√

2εI , which is fully
fixed by the shape of the slow-roll potential at Stage-I. This corresponds to the base
trajectory whose dynamics is determined regardless of initial conditions. Then the
number of e-folds in this stage NI can be directly solved from (2.27):

NI = nc − ni = 1
ηI

log
[
1 + ηI√

2εI
(φi − φc)

]
. (2.28)
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After the step, NII ≡ nf − nc is essentially the same as (2.16). So in this case the total
number of e-folds is given by

Ntotal = NI +NII

' 1√
2εI

(φi − φc) + 1
ηII

log
[
−2ηIIπd − 6

√
2εII

]
+ constant .

(2.29)

Here we notice that there is a major difference with the USR-SR transition discussed in
section 2.1.2. For the total number of e-folds N in (2.17), πd is a function of the initial
conditions (φi, πi) in the USR stage. However, here the field momentum πd is fully fixed
by πc = −

√
2εI and the size of the step. Therefore in this case, NII can also be seen as

a constant, which is independent of initial conditions. For perturbation modes which
exit the horizon at φ = φi, the δN formula simply gives us the standard slow-roll result,

R = δN = − δφ√
2εI

. (2.30)

(b) For the initial condition (φi, πi) close to the step, there may not be enough time for the
trajectory to converge to the slow-roll trajectory before it encounters the step. This
corresponds to the off-attractor trajectories we discussed in section 2.1.3. Thus the
dependence on πi in the initial condition becomes crucially important.
As shown in appendix A, the off-attractor trajectories demonstrate the non-attractor
behaviour just like the USR case,

3φ(n) + π(n) = 3φi + πi . (2.31)

Then the number of e-folds NI until the step is given by

NI = 1
3 log

[
πi
πc

]
= 1

3 log
[

πi
πi + 3(φi − φc)

]
. (2.32)

Adding the number of e-folds of Stage-II to the above, we find

Ntotal = NI +NII

' 1
3 log

[
πi

πi + 3(φi − φc)

]
+ 1
ηII

log
[
−2ηIIπd − 6

√
2εII

]
+ constant .

(2.33)

Now, contrary to the case (a), πd in this case depends on the initial condition through (2.7)
and πc = 3(φi − φc) + πi. For the perturbation modes which exit horizon close to the
end of Stage-I, we find the δN result identical to the one for the USR-SR transition,

R = N(φi + δφ, πi + δπ)−N(φi, πi)

' −1
3 log

[
1 + 3δφ

πc

]
+ 1
ηII

log
[
1 + 2ηIIδπd

6
√

2εII + 2ηIIπd

]
,

(2.34)

where δπd is given by (2.20).

With the above analysis, we now have a good description of the non-Gaussianity generated
in the SR-SR transition with an upward step. For a broad range of perturbation modes
which exit the horizon during Stage-I, the standard slow-roll result in (2.30) still applies,
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and thus the local fNL is slow-roll suppressed. However, for a narrow range of modes which
exit the horizon right before the step, the off-attractor trajectories become important, and
thus we should resort to (2.34) to study the nonlinear perturbations. Here we focus on the
perturbative regime |R| � 1, and leave the discussion of non-Gaussian tails around |R| ∼ 1
in the next section.

The δN expansion for the case (b) is the same as that for the USR-SR transition,
eq. (2.21),

R '
[ 6
g2(h+ 2ηII)

− 1
]
δφ

πc
+
[
9
(
g2 − 1

)
h+ 2ηII

(
g2 − 2

)
g4(h+ 2ηII)2 + 3

2

](
δφ

πc

)2
, (2.35)

with the linear term being the Gaussian part,

RG ≡
[ 6
g2(h+ 2ηII)

− 1
]
δφ

πc
'
( 6
g2h
− 1

)
δφ

πc
. (2.36)

Again, as in the case of the USR-SR transition, this part of the contribution determines
the amplitude of the power spectrum, which will be evaluated in section 4.1. The local
non-Gaussianity generated in this model is given by

fNL = 5
6
∂2N

∂φ2

/(
∂N

∂φ

)2
' 5

(
g4h2 + 6g2h− 6h

)
2(6− g2h)2 , (2.37)

which exactly agrees with the one in the USR-SR case given in eq. (2.23). Again, in the limit
when the effect of the step is significant, g2 � 1, the above reduces to f local

NL ' 5|h|/12, as
given by eq. (2.24) for the USR-SR transition.

3 A tale of the non-Gaussian tail

Now we study the probability distribution of the curvature perturbation beyond the pertur-
bative regime. We focus on the behaviour of the tail due to the upward step transition.

Here we are interested in the local non-Gaussianity, which in general arises when the
curvature perturbation is a function of a Gaussian random field RG as

R(x) = f (RG(x)) . (3.1)

This function is arbitrary in principle apart from the condition that f(0) = 0. Further, if
we assume that R is linear in RG in the limit RG → 0, we can also rescale RG such that
f ′(0) = 1. Then, in perturbation theory, we have the Taylor expansion as |RG| � 1,

R(x) = RG(x) + 1
2f
′′ (0)RG(x)2 + . . . (3.2)

which gives us fNL = 5f ′′(0)/6. Note that the nonlinear relation (3.1) and its perturbative
expansion (3.2) are exactly what we obtain from the δN formalism. When we look at the
probability distribution of the curvature perturbation, normally a positive fNL means that
the probability is higher than the Gaussian distribution for positive values of R. However
this naive expectation is only valid in the perturbative regime. As we have argued previously,
when we consider large values of |R|, the perturbative expansion (3.2) may break down, and
we may need a full nonlinear expression of f (RG(x)) to capture non-perturbative effects.
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One of well-studied examples in the literature is based on the original USR scenario.
From the analytical expression of N in (2.6), one easily finds that the nonlinear mapping from
δφ to R is given by R = δN = −1

3 log (1 + 3δφ/πc). In the perturbative regime, this yields
fNL = 5/2, while the non-Gaussian probability distribution is enhanced at large R. Thus in
this example, one finds that a positive fNL leads to more distribution of large perturbations
on the tail, which agrees with the naive expectation from the perturbative analysis.

Now let us go back to the USR-SR transition with an upward step. The non-perturbative
relation between R and δφ is given in (2.19). We may further simplify the expression by
taking the ηV → 0 limit,

R ' −1
3 log

(
1 + 3δφ

πc

)
+ 2
h

√1 + 6
g

δφ

πd
+ 9

(
δφ

πd

)2
− 1

 . (3.3)

Here the first term with a logarithmic function is contribution from the USR stage, whose
effects on the probability distribution have been discussed in the literature [22–27, 29–31].
The second term with the square root is the new contribution caused by the upward step.
Here let us focus on the case when g2|h| � 1 where the curvature perturbation is dominated
by the effect of the step. In this parameter regime, one can neglect the logarithmic term
to obtain

R ' − 2
|h|

[√
1− |h|RG − 1

]
, (3.4)

whereRG = 6 δφ/(ghπd) is the Gaussian part of the curvature perturbation when |R| � 1. We
immediately notice the presence of a cutoff at R = 2/|h|. This is a genuine non-perturbative
effect. Physically, it corresponds to the situation when the inflaton fluctuation is too large to
render the field momentum too small to climb the upward step. The formula (3.4) is one of
our major results of this paper.

It should be noted that the sharp cutoff in R is obtained without taking the quantum
diffusion effect into account. In particular, we neglected the first term in (3.3), retaining
which would recover the leading order quantum diffusion effect obtained in the stocastic δN
formalism [15, 41, 43, 46]. Thus quantum diffusion may smooth the cutoff and lead to a
non-vanishing tail of probability distribution function (PDF) at R > 2/|h| as it allows the
inflaton to climb the step. It may become important if the step height is low, g2 = O(1),
and the number of e-folds of the USR stage is large, NUSR � 1. However, in our case of
interest, we have g2 � 1 and NUSR = O(1). Hence its effect is exponentially suppressed, i.e.
the step height is so high that the probability of the inflaton to climb up the step by quantum
diffusion is exponentially small. This justifies the approximate solution given by (3.4).

One might worry what would happen to a region which fails to climbe up the step due
to quantum fluctuations. In this case, the region trapped at the bottom will keep inflating
forever, and the probability of the whole region to climb up the step becomes completely
negligible. However, seen from outside of the region, it will eventually collapse when the
potential energy of the surrounding region becomes smaller than that of the trapped region.
This means the formation of a black hole. We will discuss it separately in section 4.3.

To see the non-Gaussian feature of the tail more clearly, let us compute the probability
distribution function (PDF) of R. For the Gaussian perturbation RG, the PDF is given by

P [RG] = 1√
2πσR

e−R
2
G/2σ2

R , (3.5)
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Figure 6. The PDF in (3.7) compared with a Gaussian distribution.

where σ2
R is the variance of the Gaussian perturbation RG,

σ2
R =

∫
d log kPRG(k) , (3.6)

where we have implicitly assumed that the power spectrum of RG is peaked at a certain scale,
say at k = k∗, and ignored the contribution from the spectrum far away from the peak. From
eq. (3.4), the PDF of the curvature perturbation is derived as

P [R] = P [RG]
∣∣∣∣dRG
dR

∣∣∣∣ = 2− |h|R
Ω exp

[
−R

2(4− |h|R)2

32σ2
R

]
; R ≤ 2

|h|
, (3.7)

where the Ω is a normalization coefficient:

Ω ≡
√

2πσ2
R

1 + Erf

 1
|h|
√

2σ2
R

 . (3.8)

The comparison between this PDF and the Gaussian one is shown in figure 6, where σ2
R = 0.02

for a demonstration. It may be noted that the expectation value 〈R〉 is non-zero. Nevertheless
it is found to be too small to be seen in the figure for the current choice of σR. As we can
see, in the perturbative regime the probability distribution behaves like Gaussian. But as
|R| becomes large, the deviation from the Gaussian distribution becomes more and more
significant, and there appears a sudden cutoff at R = 2/|h|.

As we see from eq. (3.4), the parameter h determines the non-Gaussian nature of the
PDF in the limit g2|h| � 1. Recalling that h is inversely proportional to the ratio of the
field velocity after the step and that for the slow-roll attractor h = −6πe/πd, it can take any
negative number. Depending on the values of h, there are at least two interesting cases:

• For |h| � 1, eq. (3.4) implies that there are large deviations from the Gaussian PDF
even at |R| � 1, and the upper limit of R becomes small. Namely, the probability of
large R vanishes completely. Thus we find a highly suppressed non-Gaussian tail at
R . 2/|h|, as shown by the orange curve in figure 6.
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• For |h| . O(1), the deviation from the Gaussian distribution at |R| � 1 is small. In
terms of fNL, we have fNL = 5|h|/12 . 1. On the other hand, the tail of the distribution
at large R is significantly enhanced, up to its upper limit R = 2/|h| & 1, where there
is a sharp cutoff. An example of this case is shown by the dark blue curve in figure 6.
This rather counter-intuitive result provides a clear demonstration that the sizes of the
perturbative non-Gaussianity and the non-Gaussianity at the tail are not necessarily
related to each other.

4 Power spectrum and implications to the PBH formation

In this section, we first compute the curvature perturbation power spectrum, and study how
the non-Gaussian tail may affect the formation of PBHs. A concrete, more realistic inflation
model with an upward step transition can be constructed within the context of inflation with
an inflection-point potential, which has been extensively studied in the literature [62–66]. In
this scenario, the inflaton field undergoes SR-USR-SR transitions, and certain modes of the
curvature perturbation are enhanced at the USR phase. This leads to an amplified power
spectrum on small scales which can efficiently generate PBHs.

As an analytic approximation for an inflection-point potential with an upward step, we
consider the form,

V (φ) = V0
[
1 +
√

2εS (φ− φs) Θ (φ− φs)
]

Θ (φ− φc)

+ (V0 + ∆V )
[
1 +
√

2εV (φ− φc) + 1
2ηV (φ− φc)2

]
Θ (φc − φ) .

(4.1)

Here φs is the field value at the beginning of the USR stage, φc is that at the step, which also
marks the end of the USR stage, εS is the potential slow-roll parameter of the first SR stage,
while (εV , ηV ) are the potential slow-roll parameters of the last SR stage. A sketch of this
potential is given in figure 7. Following the notation used in the previous sections, we denote the
comoving wavenumber which crosses the Hubble radius at φ = φs by ks and that at φc by kc.

4.1 The power spectrum from matching

We study the inflaton field fluctuations and derive the curvature perturbation power spectrum
for the potential provided in eq. (4.1). We also consider a special limiting case where there is
no USR state, that is, φc = φs. We present an analytical computation of the power spectrum
on large scales k . ks first and then of that on small scales k ∼ kc.

SR-USR-SR model. We begin with computing the power spectrum of the extremely long
wavelength modes k � ks. In this limit, the standard slow-roll result applies, and the Gaussian
approximation to the curvature perturbation is valid, with the Gaussian part given by

RG = δφ√
2εS

, k � ks , (4.2)

and the power spectrum by

PRG(k � ks) = 1
2εS

(
H

2π

)2
. (4.3)

This large scale part may be made to fit the current CMB data with an appropriate choice of εS .
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Figure 7. A sketch plot of the inflection-point potential with an upward step. The inflaton starts
rolling at a linear potential from φ > φs, and then goes through a flat platform which gives the USR
phase and re-enters the slow-roll phase after climbing over the upward step.

For the long wavelength modes k . ks, the power spectrum shows power-law behaviour
with the spectrum index given by

ns − 1 = d logPR(k)
d log k ' 4 . (4.4)

The details are discussed in appendix B.3. This power-law behaviour agrees with the typical
growth rate of a power spectrum in single-field inflation when there is a stage where the
friction-dominated evolution is violated due to a sudden change in the derivative of the
potential [67].

Next, we consider the spectrum around the step at φc. During the USR stage, the mode
function for the field fluctuation δφ is given by the standard adiabatic vacuum solution,

δφk(τ) = H√
2k3

(1 + ikτ)e−ikτ ; τ < τc , (4.5)

where τc is the conformal time at the time of the upward step transition.
For modes k . kc, assuming that the perturbative non-Gaussianity is not extremely

large (i.e., |h| is not extremely large), we can use the linear δN formula to compute the power
spectrum. From (2.17), the Gaussian part of the curvature perturbation is

RG = ∂N

∂φ
δφ '

(1
g
− gh

6

)
δφ√
2εV

; k . kc . (4.6)

This yields the power spectrum,

PRG(k . kc) = 1
2εV

(1
g
− gh

6

)2
Pδφ(k . kc) = 1

2εV g2

(
1− g2h

6

)2 (
H

2π

)2
. (4.7)

Here we mention that the above scale invariant spectrum is obtained under the assumption
that the initial stage is USR. If the initial stage is SR, followed by a quickly flattening
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potential as in the inflection-point inflation, the perturbation modes which exit the Hubble
horizon when the inflaton is decelerated by the flattening potential becomes scale-dependent
due to the mixing of positive and negative frequencies. In this case, and the spectral index is
given by ns − 1 = 4 [67]. The detailed discussion is deferred to appendix B.3.

For modes k & kc, eq. (2.18) yields

δNG = δφ√
2εV

, k & kc . (4.8)

Here, however, the spectrum of δφ would not be given by (H/(2π))2. Similar to the effect of
the SR-USR transition, the upward transition induces the mixing of positive and negative
frequencies due to a large change in the derivative of the potential. The resultant power
spectrum takes the form,

PRG(k & kc) = 1
2εV
Pδφ(k & kc) = 1

2εV
∣∣αk + βk

∣∣2 (H
2π

)2
, (4.9)

where αk and βk are the Bogoliubov coefficients due to the upward step transition. A detailed
derivation of the coefficients is given in appendix B.1. Here we provide an approximate
expression of the power spectrum at the short wavelengths,

PRG(k & kc) '
1

2εV
g4 + 1 +

(
1− g4) cos(2kτc)

2g2

(
H

2π

)2
≤ 1

2εV
1
g2

(
H

2π

)2
. (4.10)

Thus the power spectrum scales with the parameter g as

PR(k) ∝ g−2 . (4.11)

Recall that g defined in (2.8) parametrizes the size of the upward step; g becomes smaller as
the step becomes higher. Thus a higher step amplifies the power spectrum and boosts the
production of PBHs.

Another feature in the above spectrum is an oscillating feature with period 2τc. Notice
that the amplitude of these oscillations is almost constant. This result is agreement with
the comoving slicing computation where R is quantized in appendix B.2. The constancy of
the amplitue is an artifact due to our sudden step approximation. Since the step is infinitely
sharp, it affects all the comoving wavenumbers up to infinitely large k. In reality, the spectrum
settles down to the standard slow-roll expression as we shall shortly see below.

To confirm our analytical estimates, we numerically computed the power spectrum by
smoothing the step with the function,

Θ(φ) ≡ 1
2 (tanh [λ(φ− φc)] + 1) , (4.12)

where λ controls the steepness of the step. The left panel in figure 8 shows the result, where we
chose a steep step transition λ = 5× 104M−1

pl , with the energy scale V0 = 7× 10−10M4
pl. The

resulting field velocity at the step is πc = −0.00233Mpl. The values of the other parametes
we chose are ∆V = 6.4× 10−16M4

pl, εS = 2.551× 10−3, εV = 3.673× 10−7, ηV = 7.143× 10−3

and the field range of USR ∆φUSR = φs − φc = 0.023Mpl. This gives λ|πc| ≈ 116, which
means the step is quite sharp. Here we mention a difference from the analytical result. The
analytical power spectrum oscillates with a constant amplitude as shown in (4.10), while
the numerical result shows damped oscillations, which is due to the finiteness of the step.
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Figure 8. The enhancement of the power spectrum from both the USR phase and the upward step.
The left panel shows the power spectrum of inflection-point model with USR phase which start at
φ = φs in figure 7. The right panel is the power spectrum without USR phase. The remaining
parameters of the potential are the same except for ∆V = 5.85 × 10−13M4

pl to keep g = 0.11. The
orange and blue curve corresponds to g = 1 and g = 0.11 respectively. All the scaling properties match
the behaviours displayed in eq. (4.4) and (4.11) very well.

In contrast to the infinitely sharp approximation for the analytical computation, the width
of the step determines the maximum wavenumber affected by the step, kmax ∼ λπckc. The
modes k � kmax are not affected by the transition.

To summarize, the analytical formula for the power spectrum for the potential (4.1)
takes the form,

PR(k) '



1
2εS

(
H

2π

)2
; k � ks ,

1
2εV g2

(
1− g2h

6

)2 (
H

2π

)2
; k . kc ,

1
2εV

g4 + 1 + (1− g4) cos(2kτc)
2g2

(
H

2π

)2
; k & kc ,

(4.13)

with the spectrum at k . ks having the power-law index ns − 1 ' 4.

SR-SR model. The calculations for the SR-SR case are similar to those for the SR-USR-SR
case discussed above. Before the step, the behaviour of the curvature perturbation is well
approximated by the adiabatic mode function (4.5). When the inflaton goes through the
step, the negative frequency modes are excited as in the previous case. Following the same
technical details for the SR-USR-SR case, as given in appendix B, the power spectrum for
the parameter range of our interest, g2 � |ηc| � 1 and |h| ∼ O(1), is given by

PR(k) = H2

8π2εk
|αk + βk|2

' H2

32π2εkg2

(
ηc + 2k2τ2

c

)2 + η2
ck

2τ2
c

k6τ6
c

[
sin(kτc)− kτc cos(kτc)

]2
.

(4.14)

Here the εk is the slow-roll parameter of the potential εV when k modes crossing the Hubble
horizon. The k-dependence of the power spectrum can be analyzed in three different scales.
For the long wavelength modes with k2τ2

c � |ηc| � 1, we have

PR(k) ' H2

8π2εk

η2
c

36g2 , (4.15)
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while for the short wavelength modes −kτc � 1, we find

PR(k) ' H2

8π2εkg2

[
cos(kτc)−

1
kτc

sin(kτc)
]2
' H2

8π2εkg2 cos2(kτc). (4.16)

For the intermediate frequencies with |ηc| < k2τ2
c < 1, we obtain the k4 growth behavior [67],

PR(k) ' H2

8π2εk

k4τ4
c

9g2 . (4.17)

At k ∼ kc, the amplitude of the power spectrum is also proportional to g−2.
To summarize, an approximate analytical formula for the power spectrum for the SR-SR

transition model takes the form,

PR(k) '



H

8π2εk

η2

36g2 ; k2τ2
c � |ηc| � 1 ,

H2

8π2εk

k4τ4
c

9g2 ; |ηc| < k2τ2
c < 1 ,

H2

8π2εkg2 cos2 (kτc) ; k2τ2
c � 1 ,

(4.18)

The right panel in figure 8 shows the corresponding numerical result. In this case, we have
πc = −0.071Mpl, hence λ|πc| = 710. Thus the step is much steeper than the SR-USR-SR case.
This is the reason why we do not see the decrease in the oscillation amplitude.

4.2 Non-Gaussian imprints on PBH mass fraction

With the above results at hand, we consider the implications of the non-Gaussian tail to the
generation of PBHs. It is well-known that PBHs are formed from rare and large perturbations
on the tail of the probability distribution. To estimate the PBH abundance, it is customary
to compute the fraction of the perturbation that turns into PBHs by integrating the PDF of
the density perturbation P (δ) above a certain critical value δc of order unity,

βPBH =
∫ +∞

δc

dδ P (δ) . (4.19)

We note that, for a Gaussian distribution with a small variance,
〈
δ2〉� 1, βPBH is extremely

sensitive to the behaviour of the PDF at the tail. Although it is non-trivial in general to
translate the critical value of the density perturbation to that of the curvature perturbation
as the relation involves the Laplacian operator, for a peaked power spectrum, one may
approximately evaluate βPBH by introducing a critical value Rc corresponding to δc which is
also O(1) [68]. Thus we have

βPBH =
∫ +∞

Rc

dRP (R) , (4.20)

where Rc = Cδc + 〈R〉, where C is a constant of order unity. As we are mainly interested
in the primordial non-Gaussian tail, this simple approximation is good enough to show its
effects on the PBH formation.
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Figure 9. The ratio of PBH mass fractions from non-Gaussian and Gaussian tails.

Using the PDF for R in (3.7), we obtain the mass fraction of PBHs at the time of
formation,

βNG
PBH =

∫ 2/|h|

Rc

P (R)dR

=

√
2πσ2

R

Ω

Erf
 1
|h|
√

2σ2
R

− Erf

Rc (4− |h|Rc)
4
√

2σ2
R

Θ
( 2
|h|
− Rc

)
. (4.21)

An intriguing fact is that there will be exactly no PBH if 2/|h| < Rc. For comparison, the
mass fraction for the Gaussian PDF (3.5) is given by

βG
PBH =

∫
Rc

P (RG)dRG = 1
2

1− Erf

 Rc√
2σ2
R

 . (4.22)

As a demonstration of the enhancement of the PBH mass fraction, we plot the ratio of βPBH
for the non-Gaussian case to the Gaussian case as a function of the critical value RC in
figure 9, for σ2

R = 0.02. As the purpose of the paper is not to give a detailed analysis of
the PBH formation, we ignore the ambiguities in the PBH formation critera discussed in
the literature. As we can see, for |h| & 1, the non-Gaussian tail can enhance the PBH mass
fraction by several orders of magnitude.

4.3 Inflaton trapping as another seed for PBHs

Interestingly, in addition to the enhancement from the non-Gaussian tails, there is another
effect of upward-step models that can lead to the production of PBHs. Namely the trapping of
the inflaton at the potential step [69]. When the inflaton arrives at φc, the velocity fluctuations
there may render some Hubble size regions of the universe trapped at φc due to an insufficient
momentum to climb the step. Then, such a region of the universe surrounded by the region
where the inflaton has successfully climbed up the step behaves like a true vacuum bubble
in the sea of false vacuum. Thus initially the bubble will expand exponentially. But as the
inflaton in the exterior of the bubble rolls down the potential hill, the potential energy of the
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Figure 10. A sketch plot of inflaton trapping as the seeds of PBHs. When inflaton of region A is
trapped in the bottom of the step, a bubble universe forms and begins to expand. Only when the
potential energy of outside lower than V (φ+

c ), the bubble universe start to collapse into a black hole.

outer universe becomes smaller than that of the trapped region. Then the roles are reversed.
That is, the trapped universe now behaves like false vacuum surrounded by true vacuum. Then,
the bubble wall will be pushed toward the false vacuum side direction, and the trapped region
will become a black hole. This process is depicted in figure 10. In passing it is interesting
to note that inside the bubble will still be expanding exponentially [70, 71]. Thus it gives
rise to a wormhole-like spacetime geometry with two causally disconnected universes [72, 73].

We can estimate the mass of such PBHs as

MPBH = ρ
4
3πR

3 '
4πM2

pl
H

e3∆N , (4.23)

where ∆N is the number of e-folds for the potential energy of the inflaton in the exterior of
the bubble to become equal to that inside the bubble. We can also estimate the probability
of forming such PBHs. From eq. (3.4), we can determine the trapping condition to be

RG ≥
1
|h|

. (4.24)

Thus, the inflaton trapping probability, and hence the associated PBH formation probability
is estimated as

βtrap
PBH = 1

2

1 + Erf

 1√
2σ2
R|h|

 . (4.25)

Finally, let us mention the possibility that, due to quantum tunneling effects, the region
trapped by the false vacuum may eventually tunnel to the true vacuum and thus destroying
the PBH. According to [74], the tunneling rate are actually exponentially suppressed by the
Euclidean action Γ ∝ e−SE . Typically, we would expect that, compared with the expansion
rate of the universe, the tunneling probability is actually negligible, i.e. Γ/H4 � 1. The
detailed computation here is actually model-dependent and we refer to readers to a specific
example mentioned in [69].

5 Conclusions and outlook

In the study of the primordial curvature perturbation, the tail of the probability distribution
is a wonderland where the conventional perturbative approaches break down, and large but
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rare fluctuations can lead to plentiful phenomenological consequences such as the abundant
PBH formation. Interestingly, deviations from the Gaussian distribution of the tail may
not be necessarily related to the lower-order moments computed in the perturbative regime.
Therefore, non-Gaussian tails may provide us with a novel and crucial window for probing
non-perturbative effects during inflation.

In this paper, we argued that the tail of the probability distribution of the curvature per-
turbation can be highly non-Gaussian even if the perturbative non-Gaussianity remains small.
In particular, we constructed a specific model of single-field inflation with an upward step in
the potential that supports our argument. We performed a detailed analysis of the background
evolution with an upward-step transition, with or without an USR stage, and identified the
important role played by off-attractor trajectories in the phase space. Then through a pertur-
bative computation, we find that the local non-Gaussianity in these models depends on the
details of the upward step transition, which can be either large or small. In particular, the local
fNL parameter can become much bigger than the one for the original USR inflation fNL = 5/2.

Then focusing on the non-Gaussian tail from the step transition, which is the key part
of this work, we derived a non-perturbative δN formula, and identified a nonlinear mapping
from the Gaussian inflaton fluctuation to the curvature perturbation. This relation leads
to highly nontrivial tail behaviour of the non-Gaussian PDF of the curvature perturbation.
Intriguingly, we found that the tail of the distribution is significantly suppressed in the case
of large fNL, while it is exponentially enhanced in the case of small fNL. This result, in
apparent contradiction with the naive speculation from the perturbative analysis, is due to the
non-perturbative effects caused by the upward step in both the USR-SR and SR-SR transitions.

Lastly, we studied the implications of our results to the formation of PBHs. For this
purpose, we explicitly computed the curvature perturbation spectrum for an inflection-point
potential model in which inflation begins with a SR stage, goes through an USR stage, and
makes a transition to another SR stage with an upward step in the potential. Our analysis
shows that due to the highly non-perturbative non-Gaussian tail, the mass fraction of PBHs can
be boosted by several orders of magnitudes. In addition, in such a kind of single-field inflation
models with an upward step, we showed that there exists another possibility of producing
PBHs by trapping the inflaton at the bottom of the step. Namely, some regions of the space
where the inflaton failed to climb up the upward step would eventually collapse to black holes.

The above results can also inspire new lines of research for novel phenomenologies of
non-Gaussian tails. Here we close by listing several possible directions for future investigations.
First of all, it would be interesting to further explore various non-Gaussian tails in other
scenarios with non-perturbative effects. As demonstrated in our study, the fully nonlinear
mapping between R and δφ plays a key role for the tail of the PDF. Meanwhile, the
stochastic effects during inflation may also lead to nontrivial non-Gaussian tails [13–17]. Thus
it is encouraging to extend our current analysis to incorporate more general considerations.
Secondly, for the studies on PBHs, there are various mechanisms in the literature for their
formation, such as resonance effects during inflation [75–82] and multifield dynamics [32,
83]. Richer behaviours of non-Gaussian tails may be expected in these scenarios, which
deserve a closer look. At last, in addition to PBHs, it would also be crucial to study other
phenomenological implications of the non-Gaussian tail. One possibility is the scalar-induced
Gravitational Waves during inflation. Normally their amplitudes are also amplified when
there are enhanced curvature perturbations for generating PBHs. Then the presence of a
highly non-Gaussian tail could lead to distinct signals in these induced tensor modes. These
open questions deserve a closer look in future research.
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A The π-dependence at the end of the initial SR stage

In this appendix, we examine the π-dependence of phase-space trajectories on a SR potential
with detailed computations. In particular, we distinguish between the converging and the
non-converging regimes of these trajectories, and highlight the importance of the off-attractor
behaviour around the end of the SR phase.

To explain how the expansion history of the Universe depends on the initial condition
(φi, πi) at the slow-roll phase before the step, we need to look at the full equation of motion
of the inflaton φ without slow-roll approximations. Consider the inflaton starts rolling with
the initial condition (φi, πi) on a SR potential parameterized by

V (φ) = V0

[
1 +
√

2εI (φ− φc) + 1
2ηI (φ− φc)2

]
, for φ > φc . (A.1)

For a small range of field excursion before the end of this SR stage at φc, we have 3H2 ' V0,
and the full equation of motion,

d2φ

dn2 + 3dφ
dn

+ 3
√

2εI + 3ηI (φ− φc) = 0 , for φ > φc , (A.2)

which has the general solution,

φ(n) =C1e
1
2 (s−3)(n−ni) − C2e

− 1
2 (s+3)(n−ni) + 12

√
2εI

s2 − 9 + φc . (A.3)

The parameter s is defined in the same way as in (2.13), s ≡
√

9− 12ηI ' 3 − 2ηI . The
dependence of initial condition (φi, πi) is contained in two coefficients C1 and C2, with

C1 =
[
− 6
√

2εI
s(s− 3) + 1

2s (2πi + (s+ 3)(φi − φc))
]
' 1

6

[
πi + 6(φi − φc) + 12

√
2εI

ηI

]
,

C2 =
[

6
√

2εI
s(s+ 3) + 1

2s (2πi − (s− 3)(φi − φc))
]
' 1

6
[
πi + ηI(φi − φc) +

√
2εI
]
.

(A.4)
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Meanwhile, π(n) can be computed by taking the derivative of (A.3)

π(n) = s− 3
2 C1e

1
2 (s−3)(n−ni) + s+ 3

2 C2e
− 1

2 (s+3)(n−ni) . (A.5)

The solutions (A.3) and (A.5) give us all the possible phase-space trajectories without
slow-roll approximations. There are two parts in these solutions: the one with the coefficient
C1 is a nearly constant piece; while the one with C2 is rapidly decaying one. When the initial
condition (φi, πi) is on the slow-roll attractor, one can simply check that C2 ' 0 and the C1
piece of the solution reproduces the slow-roll results.

Here we would like to consider in general how trajectories with arbitrary initial conditions
(φi, πi) converge into the slow-roll attractor, and identify how the number of e-folds depends
on the non-slow-roll initial conditions. We first perform the analytical computation in two
different regimes of these trajectories:

• The converging regime, for n− ni & O(1). By using (A.3) and (A.5), and eliminating
the C1 terms, we find these trajectories satisfy the relation,

φ(n) = −π(n)
ηI
− −
√

2εI
ηI

+ φc + e−(3−ηI)(n−ni)
[
(φi − φc) + πi

ηI
−
√

2εI
ηI

]
. (A.6)

Thus, when the duration is long enough n − ni & O(1), the dependence on πi from
the last term is exponentially suppressed. This corresponds to the situation where the
trajectories have converged into the slow-roll attractor. If we neglect this last term
in (A.6), it simply reduces to the result with slow-roll conditions,

π(n) ' −
√

2εI + ηI [φc − φ(n)] . (A.7)

If we assume the SR stage ends in this regime, i.e. φ(nc) = φc with nc − ni & O(1), the
number of e-folds NI = nc − ni can be solved from (A.5) analytically by dropping the
C2 term

NI = nc − ni = − 1
ηI

log
[

π(nc)
ηIC1(φi, πi)

]
' 1
ηI

log
[
1 + ηI√

2εI
(φi − φc)

]
. (A.8)

• The non-converging regime, for n−ni � O(1). Now we eliminate the C2 terms in (A.3)
and (A.5), and then find

s+ 3
2 φ(n) + π(n) = C1se

1
2 (s−3)(n−ni) + 6

√
2εI

s− 3 + s+ 3
2 φc . (A.9)

This regime corresponds to the initial evolution with non-slow-roll initial conditions
before the attractor is reached. Its duration is expected to be very short, and from (A.9)
we find approximately

3φ(n) + π(n) ' 3φi + πi , (A.10)
which has the non-attractor dynamics. We are interested in trajectories that are still in
this non-converging regime when the inflaton reaches the end of the SR potential at φc.
In such a situation, we find the number of e-folds NI is given by

NI = 1
3 log

[
πi
πc

]
= 1

3 log
[

πi
πi + 3(φi − φc)

]
. (A.11)

These are the off-attractor trajectories at the end of the initial SR stage discussed in
section 2.1 and 2.2.
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Figure 11. The contours of NI in the phase space which demonstrates its dependence on the initial
conditions (φi, πi). In this numerical result, we set the end of the initial SR stage is φc = 3. As shown
in (A.8), there is mild πi-dependence in NI in the NI & O(1) region. Red line is the slow-roll attractor
given by (A.7) with ηI = 0.01, εI = 0.01. The blue line shows how trajectories converge to slow-roll
attractor with different initial conditions.

In general, there is no explicit formula for the number of e-folds NI beyond the two
limiting regimes above. We solve (A.3) and (A.5) numerically and demonstrate how NI

depends on initial conditions (φi, πi) in figure 11.

B Mode function matching

B.1 δφ gauge

In the analytical model of the upward step transition studied in section 2, the evolution of the
mode function δφ can be determined straightforwardly. In the conformal time, the standard
perturbation equation takes the form as follows,

δφ′′ + 2Hδφ′ + (k2 + a2V,φφ)δφ = 0 . (B.1)

Both in the USR and SR stages, V,φφ is expected to be small enough to be negligible. As a
result, this leads to the field perturbation mode function as

δφk(τ) = H√
2k3

(1 + ikτ)e−ikτ , (B.2)

and its conformal derivative takes

δφ′k(τ) = H√
2k3

k2τe−ikτ . (B.3)

However, here V,φφ is not well-defined at the transition stage. We need to look for
a certain regularization procedure to tackle this problem. In our case, we choose a linear

– 26 –



J
C
A
P
1
2
(
2
0
2
2
)
0
3
4

slow-roll
or

ultra slow-roll

𝜙

𝑉(𝜙)

slow-roll

𝜙!𝜙"

regularized 
potential

Δ𝑉 = 2𝜖!𝑉(𝜙")(𝜙" − 𝜙#)

Figure 12. A sketch figure showed our regularization method. A linear potential connects φc and
φd instead of a step. The slope of potential in this stage depends on φc − φd, with a fixed ∆V in a
concrete case. Therefore, the result calculated in this case depends on φc − φd. When choosing step
limit, means to take φc − φd go to 0, correct solution for the step case get. Dashed lines of different
transparencies in the figure illustrate this process.

potential to connect φc and φd as figure 12 shows. More concretely, let us suppose that the
potential connects φc and φd

V (φ) = V (φc)−
√

2εrV (φc)(φ− φc) , (B.4)

which leads to the background equation

d2φ

dN2 + 3 dφ
dN
− 3
√

2εr ' 0 . (B.5)

Without losing generality, we set N = 0 at φc. Then, for given |πc| > |πd| > 0, we have the
following solution

φ = 1
3e
−3N

(√
2εr − e3N√2εr + 3e3NN

√
2εr − πc + e3Nπc + 3e3Nφc

)
, (B.6)

and the duration between φc and φd is given by

Nd = 1
3 log

[
2εr −

√
2εr(πc − πd)− πcπd

2εr − π2
d

]
. (B.7)

After computing the mode function, we take φc → φd in the end. In this case, we can write
V,φφ as

V,φφ '
[
V ′(φd+)− V ′(φd−)

]
δ(φ− φd) +

[
V ′(φc+)− V ′(φc−)

]
δ(φ− φc) . (B.8)

We can write eq. (B.1) in the canonical form,

δΦ′′k +
[
k2 − a′′

a
+ a2V,φφ

]
δΦk = 0 , (B.9)
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where δΦ = aδφ. Integrating this equation from τc− to τc+ , τd− to τd+ and making use of
the formula δ(φ(τ) − φd) = δ(τ − τd)/|φ′(τd)|, δ(φ(τ) − φc) = δ(τ − τc)/|φ′(τc)|, we get the
matching condition,

δφ(τc−) = δφ(τc+) , δφ′(τc−) + a2 V
′(φc−)
|φ′(τc−)| = δφ′(τc+) + a2 V

′(φc+)
|φ′(τc+)| , (B.10)

and

δφ(τd−) = δφ(τd+) , δφ′(τd−) + a2 V
′(φd−)
|φ′(τd−)| = δφ′(τd+) + a2 V

′(φd+)
|φ′(τd+)| . (B.11)

This gives the following solutions of curvature perturbations

δφk(τ) = αrk
H√
2k3

(1 + ikτ)e−ikτ + βrk
H√
2k3

(1− ikτ)eikτ ; τc < τ < τd , (B.12)

δφk(τ) = αk
H√
2k3

(1 + ikτ)e−ikτ + βk
H√
2k3

(1− ikτ)eikτ ; τ > τd , (B.13)

and their derivatives

δφ′k(τ) = αrk
H√
2k3

k2τe−ikτ + βrk
H√
2k3

k2τeikτ ; τc < τ < τd , (B.14)

δφ′k(τ) = αk
H√
2k3

k2τe−ikτ + βk
H√
2k3

k2τeikτ ; τ > τd , (B.15)

where

αrk = 1− ihc
(
1 + k2τ2

c

)
4k3τ3

c

, βrk = − ie
−2ikτchc(−i+ kτc)2

4k3τ3
c

, (B.16)

and

αk = 1
16k6τ3

c τ
3
d

e−2ikτc

[
− e2ikτd(−6 + hc − ηc)(h+ hd)(−i+ kτc)2(i+ kτd)2

+ e2ikτc

(
(−6 + hc − ηc)(1 + k2τ2

c ) + 4ik3τ3
c

) (
h+ hd + (h+ hd)k2τ2

d − 4ik3τ3
d

) ]
βk = 1

16k6τ3
c τ

3
d

e−2ik(τc+τd)
[
e2ikτc(h+ hd)((−6 + hc − ηc)(1 + k2τ2

c ) + 4ik3τ3
c )(−i+ kτd)2

− e2ikτd(−6 + hc − ηc)(−i+ kτc)2(h+ hd + (h+ hd)k2τ2
d + 4ik3τ3

d )
]
. (B.17)

For the convenience, here we introduce hc = 6
√

2εr/πc and hd = 6
√

2εr/πd. ηc ≡ ε̇c/Hεc is
the second slow roll parameter at the trasition point φ = φc. For USR to SR transition(the
model in section 2.1) ηc = −6, and for SR to SR transition(the model in section 2.2) |ηc| � 1.
In our regularization method, steepness of the upward step was described by εr.

It is also easy to find that if we take the limit φc → φd, it is equivalent to take εr → +∞
while keeping πc and πd fixed. In this limit, the matching conditions yield

αk = i
(
g2(h+ 6) + ηc

)
4gk3τ3

c

+ i
(
g2(h+ 4) + 2 + ηc

)
4gkτc

+ g2 + 1
2g ,

βk = − i
(
g2(h+ 6) + ηc

)
e−2ikτc

4gk3τ3
c

+
(
g2(h+ 6) + ηc

)
e−2ikτc

2gk2τ2
c

+ i
(
g2(h+ 8) + ηc − 2

)
e−2ikτc

4gkτc
−
(
g2 − 1

)
e−2ikτc

2g .

(B.18)
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Just as what we did in section 4.1, we introduce a reference mode kc, which satisfies
kcτc = −1. For the long wavelength modes k < kc, to the leading order, there are

αk = i
(
g2(h+ 6) + ηc

)
4gk3τ3

c

, k < kc ,

βk = − i
(
g2(h+ 6) + ηc

)
e−2ikτc

4gk3τ3
c

, k < kc .

(B.19)

Meanwhile, for the short wavelength modes k > kc, one gets

αk '
g2 + 1

2g , k > kc ,

βk ' −
(
g2 − 1

)
e−2ikτc

2g , k > kc .

(B.20)

B.2 R gauge

In this appendix, we provide the details of calculating the mode function in R gauge as a
double check of the results in appendix B.1. First of all, for the primordial perturbation R,
the Mukhanov-Sasaki equation takes the form

u′′k +
(
k2 − z′′

z

)
uk = 0 (B.21)

where uk ≡ zRk and z ≡ a
√

2ε. Following the standard treatment, the effective mass term
can be written as

z′′

z
= (aH)2

[
2− ε+ 3

2η −
1
2εη + 1

4η
2 + η̇

2H

]
. (B.22)

In the USR stage, η = −6 and thus z′′/z ' 2/τ2. As a result, this leads to the curvature
perturbation mode function as

Rk(τ) = H√
4εk3

(1 + ikτ)e−ikτ , (B.23)

and its conformal time derivative

R′k(τ) = H√
4εk3

k2τe−ikτ − η

2aH
H√
4εk3

(1 + ikτ)e−ikτ (B.24)

which shares the same form with the lowest order slow-roll approximation. Meanwhile, with
the help of eq. (2.10) we find that even though η and η̇ varies dramatically during the
transition, z′′/z = (2− 3ηV )/τ2 is always satisfied, except at φc and φd.

To tackle the problem of ill-defined η during the transition stage, we need to perform
the similar procedure as mentioned in the previous section. Due to the sudden change of η
at the transition at φc and φd, the matching conditions force the mode function and its first
derivative to be continuous, i.e. R(τc−) = R(τc+), R(τd−) = R(τd+) and R′(τc−) = R′(τc+),
R′(τd−) = R′(τd+). This gives the following behaviour of curvature perturbations

Rk(τ) = αrk
H√
4εk3

(1 + ikτ)e−ikτ + βrk
H√
4εk3

(1− ikτ)eikτ , τc < τ < τd , (B.25)

Rk(τ) = αk
H√
4εk3

(1 + ikτ)e−ikτ + βk
H√
4εk3

(1− ikτ)eikτ , τ > τd , (B.26)
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and their derivatives

R′k(τ) = αrk

[
H√
4εk3

k2τe−ikτ + η

2τ
H√
4εk3

(1 + ikτ)e−ikτ
]

+ βrk

[
H√
4εk3

k2τeikτ + η

2τ
H√
4εk3

(1− ikτ)eikτ
]
, τc < τ < τd

(B.27)

R′k(τ) = αk

[
H√
4εk3

k2τe−ikτ + η

2τ
H√
4εk3

(1 + ikτ)e−ikτ
]

+ βk

[
H√
4εk3

k2τeikτ + η

2τ
H√
4εk3

(1− ikτ)eikτ
]
, τ > τd ,

(B.28)

where αrk, αk, βrk and βk are given by eq. (B.16) and (B.17). It is now easy to check that our
results satisfy the well-known gauge transformation relation R = (H/φ̇)δφ. After taking the
εr → +∞ limit, we can directly get the long wavelength behaviour of the mode function after τc

Rk(τ) ' − H√
4εV k3

(
g2h− 6

)
6g , k < kc . (B.29)

Meanwhile, we can also get the short-wavelength behaviour

Rk(τ) = H√
4εV k3

(
g2 + 1

)
2g − H√

4εV k3

(
g2 − 1

)
e−2ikτc

2g , k > kc . (B.30)

B.3 The scaling behaviour when including an inflection points
In this appendix, we include the discussions about the much realistic model with an inflection
point as mentioned at the beginning of section 4. Following the same mode function matching
procedure, here we choose another characteristic comoving wavenumber ks which crosses the
horizon at φ = φs, i.e. τ = τs. Let us focus on the long wavelength modes k . ks, and then
the Bogolyubov coefficients can be written as

αk + βk ' −
gh

6

(
ks
kc

)3
− 2

5g
(
1 +O

(
g2|h|, (ks/kc)2

) )( k
ks

)2
+O

(
(k/ks)3

)
. (B.31)

If we further require k � ks, which means that we focus on the extremely large scale modes,
then we can successfully recover the standard power spectrum from single-field SR inflation

PRG(k) ' H2

8π2εS
, k � ks , (B.32)

where εS is the slow-roll parameter during the first SR stage in our model and RG represents
the Gaussian part curvature perturbation. Meanwhile, in the g2|h| � 1 region, where
curvature perturbation is dominated by the effects of the step, eq. (B.31) also tells us the
scaling behaviour, i.e. the spectrum index ns when k . ks

ns − 1 = d logPRG(k)
d log k ' 4 , k . ks . (B.33)

This is in agreement with the arguments from [67] that the typical possible growth in such a
transition model has a spectrum index ns − 1 = 4. A more general discussion of the steepest
growth of power spectrum in a single-field inflation scenario can be found in [84, 85].

For the short wavelength modes k � ks, the perturbations oscillate following the
frequency ω2 ∼ k2, and thus the inflection point can be ignored.
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