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We report a novel prediction from single-field inflation that even a tiny step in the inflaton potential can
change our perception of primordial non-Gaussianities of the curvature perturbation. Our analysis focuses
on the tail of probability distribution generated by an upward step transition between two stages of slow-
roll evolution. The nontrivial background dynamics with off-attractor behavior is identified. By using a
non-perturbative §N analysis, we explicitly show that a highly non-Gaussian tail can be generated by
a tiny upward step, even when the conventional nonlinearity parameters fi9, glocd! etc. remain small.
With this example, we demonstrate for the first time the sensitive dependence of non-perturbative effects
on the tail of probability distribution. Our scenario has an inconceivable application to primordial black
holes by either significantly boosting their abundance or completely forbidding their appearance.

© 2022 The Author(s). Published by Elsevier B.V. This is an open access article under the CC BY license

(http://creativecommons.org/licenses/by/4.0/). Funded by SCOAP3.

1. Introduction

Are primordial perturbations Gaussian? The latest cosmologi-
cal observations suggest an affirmative answer by imposing tight
constraints on primordial non-Gaussianities [1,2]. Strictly speaking,
however, the experiments of the cosmic microwave background
(CMB) and large-scale structure (LSS) mainly probe fluctuations on
large scales, while the non-Gaussian statistics on small scales is
much less constrained. In particular, the statistics for large but rare
perturbations on the tail of probability distribution remains un-
known, even for those on the CMB or LSS scales. If deviations from
the Gaussian distribution are present for these large perturbations,
we expect rich and interesting phenomenology of non-Gaussian
tails. Their implications have been actively discussed in the con-
text of primordial black holes (PBHs) [3-15].

For the theoretical study of primordial perturbations, so far
the efforts are mostly within the perturbative framework, where
lower-point correlation functions, such as the bispectrum, are used
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as diagnostics of non-Gaussianities (see [16,17] for recent reviews).
When perturbations are small, these correlation functions provide
a successful description of non-Gaussian statistics. However, per-
turbative treatments break down for large and rare fluctuations.
Accordingly, to properly understand non-Gaussian tails, in prin-
ciple one should go beyond perturbation theory, as recently dis-
cussed in [18-23]. Moreover, since non-perturbative effects may
also play a significant role, we expect the perturbative and non-
perturbative regimes are governed by different physics. Namely,
rather counterintuitively, one may find a highly non-Gaussian tail
even if the perturbative non-Gaussianities are small, which differs
from the situation for the exponential tails extensively discussed
in [4,9-11,13,15]. In those cases, fi2% and the non-Gaussian tails
are normally correlated with each other, as the same physics gov-
erns both the perturbative and non-perturbative regimes. There-
fore, while slow-roll inflation models are normally seen as pertur-
bative, it is interesting to explore non-perturbative processes that
can completely alter the simplest scenario of inflation. In fact, for
ultraviolet completions, inflationary landscapes are often expected
to contain various deviations from slow-roll potentials [24-27]. An
intriguing question follows that how sensitive the non-Gaussian
tails are to those non-perturbative effects.
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Fig. 1. A sketch of a potential for single-field inflation with a tiny upward step.

In this Letter we take one simple but concrete example to show
for the first time that, a small non-perturbative effect during in-
flation can drastically modify the tail of probability distribution.
Our proposed mechanism is to introduce a tiny upward step along
the slow-roll potential of the inflaton. When the inflaton climbs
up this step, we observe transient off-attractor behavior similar to
the non-attractor inflation [28-32]. A novel feature is that it gives
rise to a highly non-perturbative phenomenon even if the step is
extremely small. By using a non-perturbative §N analysis, we ob-
serve that the nontrivial dynamics around the upward step can
lead to a highly non-Gaussian tail while keeping the perturbative
non-Gaussianities such as the bispectrum almost unchanged from
the case without a step. As a direct application, we study PBHs
generated from the upward step transition, and show explicitly
that such a novel non-Gaussian tail can either significantly boost
the PBH formation or completely shut it off. In this Letter we take
M3 =1/87G=1.

2. When the inflaton climbs up a step

We begin with a concrete example of single-field inflation
where two stages of slow-roll evolution are connected by a tiny
upward step in the potential, as shown in Fig. 1. In this scenario,
the inflaton starts rolling on the first slow-roll potential before
reaching the step at ¢.. Afterwards, ¢ climbs up at a cost of partly
losing its kinetic energy, and then undergoes a relaxation phase to
initiate the second slow-roll stage. As the transition process around
the upward step is of the core interest, it is convenient to formu-
late the potential around the step by slow-roll parameters defined
as €y = (V//V)2 /2 and ny = V”/V. The slow-roll parameters of
the first and second stages may be discretely different from each
other. For simplicity, however, we denote the slow-roll parameters
by ey and ny for both stages unless confusion may arise. The
background dynamics of this scenario can be solved straightfor-
wardly. Here we use the number of e-folds n as the time variable
via dn = Hdt. At Stage-1l, ¢ > ¢, we have

() +v2€y +nv (P —¢c) =05 ¢>dc, (1)

where m =d¢/dn is the field velocity, which is completely deter-
mined by ¢, corresponding to an attractor trajectory in the phase-
space diagram of (¢, ).

At the transition, ¢ = ¢, denoting the field velocities before
and after the step by m. and 74, respectively, the energy conserva-
tion leads to the relation,

Tg=—y T2 —6(AV/V). (2)

One sees that the inflaton can climb up the potential only if the
step is small enough, AV/V < 72/6. For later convenience, we
denote the ratio of these two velocities by g = mg/m.. It depicts
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Fig. 2. Phase-space diagram (¢, |7r|) near the step. The dashed red line is the slow-
roll attractor. The thick blue curve is the base trajectory with slow-roll initial con-
dition, while the light blue curves are the ones with off-attractor field velocities.

how drastically the upward step affects the field velocity. The step
is negligible for g — 1, while it causes a significant drop in 7 for
g« 1.

At the beginning of Stage-II, since the value of my is different
from the slow-roll attractor value, there appears a relaxation phase
where the phase-space trajectory deviates from the attractor for a
while. Correspondingly, = cannot be fully determined by ¢. Within
a few e-folds, however, the system approaches a slow-roll attractor
phase again, which is given by

by — e T [(1 +2nTv)e_""("f_”” —1} (3)

nv

where ¢y = ¢ (ny) with ny being an epoch after the system has
reached the attractor phase, and

Nerm
pe SY2ev 6T (4)
g4 g4

Note that €y in h is the one at the beginning of Stage-II. The evo-
lution of Stage-II is demonstrated by the phase-space trajectory in
thick blue in Fig. 2.

From the above background analysis, one might speculate that
the cosmic expansion history is fully determined by a single dy-
namical degree of freedom ¢ (n), alike the standard slow-roll infla-
tion. At first glance this seems reasonable, since during the whole
evolution w may be regarded as a function of ¢, which gives a
fixed trajectory as shown by the thick blue curve in Fig. 2. Even for
the off-attractor phase at the beginning of Stage-II, r is completely
determined by the initial condition at ¢ = ¢, which is determined
by the attractor solution at ¢ > ¢.. Thus, one might conclude that
the thick blue line in Fig. 2, which we refer to the base trajectory,
is the unique background trajectory for the upward step transi-
tion, and the corresponding prediction is not much different from
the standard slow-roll inflation, apart from the transition effects
on the vacuum fluctuations. However, the aforementioned argu-
ment has overlooked what may happen around the step. To see
this clearly, we consider a perturbation of 7 around the attractor
solution at ¢ > ¢.. These off-attractor trajectories converge quickly
to the slow-roll attractor, but there always exist off-attractor tra-
jectories with 7, not equal to the attractor value at ¢ = ¢.. Hence,
7. is no longer fixed by the slow-roll dynamics in (1), and 74 be-
comes a function of the off-attractor field velocity right before the
step.

e + 3¢ = 7 + 3¢;. (5)

Since 7y provides the initial condition for the subsequent stages,
the full evolution also becomes r-dependent, as demonstrated by
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light blue curves in Fig. 2. Therefore, the base trajectory alone can-
not provide a complete description of the whole dynamics. In the
following, we testify the key role played by the off-attractor trajec-
tories with the detailed perturbation analysis.

3. A non-perturbative § N analysis

We employ the SN formalism [33-39] to study the curvature
perturbation to fully nonlinear order. This formalism is, by con-
struction, applicable to any local type non-Gaussianities, which
means that it can be used to compute the non-Gaussianities from
classical dynamics both in perturbative and non-perturbative
regimes. We focus on the modes which exit the Hubble radius be-
fore the transition. What we need is the total number of e-folds
Nt from an epoch n; at Stage-I until n =ny when the inflaton
has converged to the slow-roll attractor at Stage-II. Adding contri-
butions from the first and second stages, that are computed from
the background solutions (5) and (3), one gets

1 T log(—2nymg — 6+/2€
Nt ~ —log[—'} . Jog(=2ny nd V2€ev)
1%

As noted before, it is crucial that 74 is not a fixed parameter but a
function of ¢; and ;. For a perturbed trajectory with initial con-
dition, (¢; + 8¢, i + 87r), the relation (2) gives

2
nd+87rd:nd\/1+§6—¢+9<8—¢> . (7)

& T4 T4

+ const . (6)

Tc

Varying Ngt with respect to ¢; and 7r; by using (7) yields the co-
moving curvature perturbation as

2
1= eS8 ®
& TTd Tq
where the step effects are mainly reflected in the square root.
When the step vanishes (g = 1), the square root disappears and
we are left with R = —(1 + 6/|h|)d¢/m4. But with the presence
of a step (g < 1), R becomes a nonlinear function of the inflaton
fluctuation 8¢, which describes the fully non-perturbative regime
as well as the perturbative regime.

In the perturbative regime where |R| « 1, the Taylor expansion
yields:

8¢ 2
R~ ——+ —
e |h]

6 3¢
et 2
g=(h+2nv) T
N [Q(gZ—l)thv (82-2) +§]<%)2+_“
g4(h+2ny)? 2\ 7c '
The leading terms consist of two contributions: one is the standard
slow-roll result —38¢ /7., and the other due to the upward step.
The latter dominates for the parameter regime, g%|h| < 6. Assum-
ing g2 « 1, the local non-Gaussianity parameter fllf’fal is given by
fiocal ~ 5|n|/12. Since h = —67 /74 can be any negative value, it
is possible to have large fll\f’Lcal in the upward step transition of
single-field inflation.

Next, we consider the non-perturbative regime where |R| is
large. Introducing the Gaussian part of curvature perturbation
R¢ = (6/gh)(8¢/mg) and assuming g2 <« 1, R can be approxi-
mated as

R~ i(1 —V1-|hRg) . (10)

||

An intriguing fact is that R cannot be larger than 2/|h|. Physically,
this cutoff is due to the fact that the inflaton cannot climb up the

(9)
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Fig. 3. Comparison among non-Gaussian and Gaussian R with different h. The dots
represent the PDF from Monte Carlo simulation (g = 0.1) based on the exact ex-
pression of R in Eq. (8).

step if the perturbation renders the absolute value of 7. smaller
than the critical value, |7t = (AV /6V)1/2,

4. Non-Gaussian tails

The above result has a remarkable implication. In the pertur-
bative regime, one can always do Taylor expansions for small R¢.
In the limit |h| < 1, the non-Gaussian coefficient at order R]G+” is
O (Jh|™) for all n > 1, which implies perturbative non-Gaussianities
remain small in all orders.

However, once the non-perturbative regime is considered, R
automatically becomes highly non-Gaussian. To demonstrate the
non-Gaussianity clearly, we examine the probability distribu-
tion function (PDF) of the curvature perturbation. Using the fact
that P[R]dR = P[R¢ldR¢ where P[R¢] = exp[-RE/(204)1/
(vV2moR) with 0% = [dlogk Pr, (k), the PDF of R is given by

P[R]=

— 204 _ 2
2 |h|ReXp[_R(4 |h|R)]’ (11

Q 320%

for R < 2/lh|. Here Q is a normalization coefficient, Q =
V2moA[1+Erf(1/(Jh|,/20%))]. The comparison between this PDF

and the Gaussian one is shown in Fig. 3, where we have chosen
0723 = 0.02 for demonstration. As one can see, in the perturba-
tive regime the PDF behaves like Gaussian. When |R| is large, the
non-Gaussianity becomes prominent, with a cutoff at R = 2/|h|.
The parameter h plays an important role in the non-Gaussian
PDE. For |h| > 1, one gets a large local non-Gaussianity around
R ~ 0, as shown by the black curve in Fig. 3, and the tail of
the distribution is highly suppressed as R — 2/|h|. For |h| <1,
the non-Gaussianity in the perturbative regime is small. However,
the non-Gaussian tail can be substantially enhanced for moder-
ately large values of R, while the cutoff appears rather abruptly at
R =2/]h|, as shown by the red curve in Fig. 3. The lesson here is
that even if the non-Gaussianity is perturbatively small, the behav-
ior for large and rare perturbations at the tail of the distribution
can be highly non-perturbative, leading to a completely different
picture from what one would expect in perturbative analysis.

5. Formation of PBHs

An interesting application of the non-Gaussian tail is the PBH
formation. As is well-known, PBHs are formed when a density
perturbation exceeds a critical value when the scale re-enters the
Hubble radius. Thus their abundance is highly sensitive to the PDF
tail for the density perturbation. To estimate the abundance of
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Fig. 4. The power spectra from transitions with (orange) and without (green) an
upward step. Except for the height of the step, the potential parameters are the
same for both cases.

PBHs, one needs to first compute the power spectrum of R in the
upward step transition. Such enhanced power spectra have been
obtained in [40,41] for generating PBHs from potential steps. Here
we particularly focus the effect of the non-Gaussian tail on the PBH
formation.

As one may anticipate from the PDF in (11), or from Fig. 3, the
curvature perturbation spectrum can be well approximated by that
of the Gaussian part as long as |h|or is small. Then it can be com-
puted straightforwardly by solving the linear perturbation equation
for R in Fourier space. During inflation, the initial condition for
the mode Ry is identified well as the adiabatic vacuum positive
frequency function, Ry (t) = e~ /(2a+/€k), where a = (—Ht)~ 1.
The upward step at ¢ induces a sudden change of in the time
derivative of the slow-roll parameter €, which causes a mixing of
positive and negative frequencies. Denoting the slow-roll value of
n = é/(eH) right before the step at ¢ by 1,

(ne + 2k272)° + 12k 72
4g2k678 (12)

x [ sin(kte) — ke cos(kﬂcc)]2 ,

Pr (k) ~ P33 (k)

where P;{(k) = H?/(872%€ey) and 7. is the conformal time at ¢.
The k-dependence of the power spectrum can be analyzed in three
different scales. The first one corresponds to the long wavelength
modes with kzrcz < |n¢] < 1, which gives a nearly scale-invariant
power spectrum P (k) ~ P55 (k)(n2/36g%). For the short wave-
length modes —kt. > 1, we find Pr (k) ~ P53 (k) cos? (ktc)/g>.
Here the constant oscillation is caused by the instantaneous tran-
sition and is expected to damp out as soon as we consider a
nonzero duration of the transition. There is also an intermedi-
ate regime with |nc| < k?t? <1, and Pr (k) =~ PH kk*r/(9g%)
which demonstrates the k* growth of the power spectrum in
canonical single-field inflation [42-44]. A full numerical compu-
tation of the power spectrum is given in Fig. 4, which confirms
the above arguments. Note also that the power spectrum is peaked
around k¢ = —1/7, with the amplitude P (kc) = Px (k) /g%. Com-
pared with the spectrum at long wavelength modes, the amplitude
at the peak is enhanced by the factor 36/n2.

With the enhanced power spectrum and non-Gaussian tail, one
can estimate the mass fraction S(M) of PBHs at the formation
time. Typically, the threshold for the PBH formation is given by
a critical density perturbation on the comoving slicing, §p°™/p =

1 To avoid possible misunderstanding, we note 7. is the Hubble slow-roll param-
eter, not equal to ny defined by the potential.
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A > A, Wwhere Ag ~ 0.5. Although the relation between the cur-
vature perturbation R and density perturbation A is non-local in
the sense that A is proportional to the spatial Laplacian of R (see
[45] and [46] for more detailed discussions), assuming the spec-
trum is peaked, which is in fact the case in the current scenario,
one can approximately assume A ~ kZ/(a>H?)R, where k. is the
peak wavenumber. Thus, A ~ R at the Hubble-crossing k = aH.
For simplicity, we adopt this approximation and assume that (M)
can be estimated by introducing the corresponding threshold R,

of O(1) as Ppsn = [ dRP[R]. Using (11), we derive
2m0% 1
s = YR [
g /202
R (13)
Re(4— h|Re) 2
- Erf(ci'“)]@(m “R).

2
4,/205

For comparison, the mass fraction from the Gaussian PDF is /SS’BH =
%[1 — Erf(R¢/ 2(7721)}. It is helpful to look at the ratio of the

non-Gaussian and Gaussian results. To illustrate, we set R, = 0.7,
and then, NS, /B5ey ~ 103 for h = —2; however, pN¢ =0 if |h| >
2.8572. Thus, we find that the non-Gaussian tail can either easily
enhance the PBH mass fraction by several orders of magnitude, or
make it absolutely impossible to form PBHs.

6. Concluding remarks

In this Letter, we demonstrated for the first time that even
a tiny upward step along the potential yields a significant ef-
fect on the tail of probability distribution for the curvature per-
turbation. Our analysis differs substantially from those on fea-
tured potential models in the literature, such as step features in
[40,41,47-49], which were based on the single-clock assumption,
hence neglected the effects of off-attractor trajectories. The ori-
gin of the non-Gaussian statistics in our scenario is in analogue
with the one in non-attractor inflation [28-32], in that the po-
sition and velocity of the background field are two independent
degrees of freedom, which consequently leads to non-Gaussianities
distinct from single-clock models. One key novelty in our scenario
is that a highly non-Gaussian tail arises non-perturbatively even if
the perturbative non-Gaussianities such as fll\lofal are small, which
essentially differs from the exponential tails discussed in previous
works. While in this Letter we focused on the simplest example
to demonstrate key features, the detailed analyses of more real-
istic models are left in a follow-up study [50]. There, by taking
into account more model parameters and using detailed numerical
computations, we further confirm the robustness of main results
reported in this Letter.

Our work shed new lights on several research lines of the very
early Universe. Theoretically, the novel non-Gaussian tail identi-
fied in the PDF of our mechanism has opened up a brand new
window for theory of cosmological perturbations. With the spe-
cific example studied in this Letter, we certified that the probabil-
ity distribution tail is highly sensitive to non-perturbative effects
during inflation. Observationally, to deepen our knowledge of the
Universe, it is essential to develop new approaches to nontrivial
statistics beyond the perturbative regime to match with rapidly de-
veloping astronomical observations that could discover primordial
non-Gaussianities in the near future. Moreover, there are plentiful
non-perturbative phenomenologies to explore. For example, vari-
ous resonances during inflation have been studied extensively in
[51-58]; one may expect nontrivial signatures from stochastic ef-
fects [9-11] and multifield dynamics [59,60] during inflation. It is
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interesting to investigate rich behaviors of their non-Gaussian tails
and other cases in follow-up studies.

We end by commenting that, our proposed scenario offers new
perspectives towards the non-perturbative understanding of the
Universe. Although the specific example is merely one small step
for an inflaton, a giant leap is accomplished for the perception of
inflation by probing the rarely explored zone of non-perturbative
effects including a novel non-Gaussian tail and primordial black
holes as well as other cosmological applications.
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