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ABSTRACT

Flying plasma mirrors induced by intense lasers via laser wake field acceleration scheme have been proposed as a promising way to generate
few-cycle EUV or x-ray lasers. In addition, if such a relativistic plasma mirror can accelerate, then it would serve as an analog black hole to
investigate the information loss paradox associated with the black hole Hawking evaporation. Among these applications, the reflectivity,
which is usually frequency-dependent, would affect the outgoing photon spectrum and, therefore, impact on the analysis of the physics under
investigation. In this paper, these two issues are investigated analytically and numerically with one-dimensional particle-in-cell simulations.
Based on our simulation results, we propose a new model that provides a better estimate of the reflectivity than those studied previously.
Moreover, we found that the peak frequency of the reflected spectrum of a Gaussian incident wave deviates from the expected value, 4c2x,
due to the dependence of reflectivity on the frequency of the incident wave.

Published under an exclusive license by AIP Publishing. https://doi.org/10.1063/5.0045872

I. INTRODUCTION

In 1905, Einstein studied1 the interaction between light and a
reflecting mirror moving with arbitrary velocity in vacuum. Since
then, the concept of flying mirrors has attracted wide attention for the-
oretical and experimental applications. An optical laser pulse reflected
from such a relativistic flying plasma mirror would not only upshift its
frequency by a factor 4c2, where c is the Lorentz factor of the mirror,
into the x-ray regime, but also reduce its diffraction-limited volume
due to the much shorter reflected wavelength.

Relativistic flying mirror can be generated from irradiating an
intense laser pulse on a plasma target. Such a plasma mirror is com-
posed of a dense electron thin shell that moves with relativistic veloc-
ity. There are different mechanisms proposed to generate relativistic
flying mirrors. Among them, the idea of using the plasma wakefield2,3

in the nonlinear perturbation regime as a relativistic flying plasma
mirror4 is particularly attractive. This scheme had been experimentally
proven to be feasible by Kando et al.5–7 Other ideas include, e.g.,
double-sided mirror,8 oscillating mirror,9 sliding mirror,10 nonlinear
Langmuir waves,11,12 and electron density singularities.13

The relativistic flying mirror has wide practical applications,
ranging from high harmonic generation (HHG),11 attosecond pulse
generation,12 to XUV laser production.5,6 On the pure physics side, fly-
ing mirror with different trajectories has been theoretically investigated
as a model to mimic phenomena associated with the quantum field
theory in curved spacetime,14–16 which is closely associated with the
physics of the black hole Hawking radiation.17 On the basis of this the-
oretical analogy, an experimental scheme was recently proposed by
Chen and Mourou18,19 with the intent to investigate Hawking evapo-
ration through laser-driven relativistic flying plasma mirrors. In such
experiments, the velocity of the flying plasma mirror at different
instants (therefore, different locations), which is closely related to the
characteristic temperature of the Hawking radiation, should be mea-
sured so as to cross compared with the detected analog Hawking radi-
ation spectrum.

To reconstruct the flying mirror trajectory and its relation to the
reflected Hawking spectrum, the reflectivity and the Lorentz factor of
the plasma mirror should be carefully studied. The reflectivity highly
depends on the electron density distribution of the plasma mirror.
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Martins et al.20 have discussed the dependence of the reflectivity on
the electron density distribution of the plasma mirror. Panchenko
et al.21 and Bulanov et al.22 have analytically investigated the reflectiv-
ity of a near-wave-breaking flying plasma mirror using the collisionless
cold plasma theory. From our one-dimensional particle-in-cell (1D
PIC) simulations, we found that the reflectivity of the flying mirror is
smaller than what Bulanov et al. predicted. This is due to the fact that
the reflectivity depends sensitively on the electron density distribution
of the plasma mirror, while that invoked in the theoretical model by
Bulanov et al. differs from that in our PIC simulations. We, therefore,
propose a fitting model based on the PIC data. This model can provide
better prediction about the reflectivity of the flying plasma mirror.

Furthermore, we extend the previous study on the interaction
between a flying mirror and a plane wave to an incident wave with a
finite bandwidth, which is closer to a realistic experimental setup. The
peak frequency of the reflected spectrum from an incident wave with a
Gaussian temporal profile is found to be deviated from the standard
value of ½ð1þ bÞ=ð1� bÞ�xs due to the dependence of the reflectivity
on the incident wave (source) frequency xs. We suggest that the devia-
tion can be treated as a correction term, which may serve to improve
the precision of the Lorentz factor derived from the reflection
spectrum.

This article is organized as follows: In Sec. II, we review previous
studies on the reflectivity and propose a new model based on the
numerical fitting of our PIC simulation data, which is different from
that based on the near-wave-breaking condition. The validity of differ-
ent density models is examined by analyzing the reflectivity of the fly-
ing mirror through 1D PIC simulations. Furthermore, we briefly
describe the feasibility of generating water window x-ray from a rela-
tivistic flying mirror in underdense plasma. In Sec. III, we discuss the
reflected spectrum of the incident wave with Gaussian temporal profile
and compare theoretical calculations with 1D PIC simulation results.
Conclusions are given in Sec. IV.

II. REFLECTIVITY OF A FLYING PLASMA MIRROR

The reflectivity of a relativistic flying plasma mirror has been
studied by Martins,20 Bulanov,22 and Wu and Meyer-ter Vehn.23

Their procedure can be briefly described as follows. Consider a z-
polarized planar electromagnetic wave with the vector potential
Az ¼ A0 exp ½iðxst � ksxÞ�, where A0, xs, and ks are the amplitude,
angular frequency, and wave number of the incident wave, respec-
tively. The vector potential satisfies the wave equation

@2

@t2
� c2

@2

@x2

� �
Az þ x2

pAz ¼ 0; (1)

where x2
pðxÞ � nðxÞe2l0c

2=mecph is the plasma oscillatory frequency
associated with the electron density distribution of the flying plasma
mirror n(x) with relativistic gamma factor cph. Specifically, since the
reflectivity is small, Az can be obtained perturbatively by either consid-
ering the system as weak reflection from a potential barrier22,24 or
using Green’s function method.23 We briefly describe the derivation
using the Green’s function method. In the calculation, it is convenient
to perform Lorentz transformation from the lab frame to the mirror’s
proper frame, where “0” denotes quantities in the mirror’s proper
frame. The solution of Eq. (1) can be expressed in the form

A0zðx; tÞ ¼ A0ð0Þz þ
ð ð

dx0dt0Gðx � x0; t � t0ÞS0ðx0; t0Þ; (2)

where A0ð0Þz is the zeroth order solution that corresponds to the
source-free solution, S0ðx; tÞ ¼ x02p ðxÞA0ðx; tÞ=c2 is the source,
Gðx � x0; t � t0Þ ¼ ð�c=2ÞH½ðt � t0Þ � jx � x0j=c� is the Green’s
function and H is the Heaviside step function. In the low-reflectivity
limit, for an incident wave moving in the þx direction, the reflected
wave can be expressed as the first order solution in the�1 limit.

A0r � A0ð1Þz ðx! �1; tÞ

¼ lim
x!�1

ð1
�1

dx0
ð1
�1

dt0Gðx � x0; t � t0Þ
x02p
c2

A0ð0Þz : (3)

After substituting Green’s function and carrying out the integration,
the solution of the reflected wave can be found. The amplitude ratio of
the reflected wave to the incident one is

A0r0
A00
¼ i

2ks

ð1
�1

dx0
x02p
c2

e�2ik
0
sx
0
: (4)

It should be noted that different derivation methods22–24 give the same
result. After substituting the definition of xp, the ratio of the reflected
electric field to the incident one is

jE0r j
jE00j
¼ l0ce

2

2mex0s

ð1
�1

dx n0ðxÞe2ik0sx: (5)

From Eq. (5), it is clear that the reflected electric field depends on the
density distribution of the flying plasma mirror.

We now investigate three different density distributions: Slab,23

Cusp,25 and Square-Root Lorentzian Distribution (SRLD), defined as

Slab :
nslabðxÞ

n0
¼ Cslab

D
c

xp
Hðx þ 2DÞ �HðxÞ½ �; (6)

Cusp :
ncuspðxÞ

n0
¼ 21=3c 3x

xp

bphc

� ��2=3

� 1
60
ðc4 þ 2c3 þ 71c2 � 20c� 60Þ; (7)

SRLD :
nsrldðxÞ
n0

¼ Csrld

L
c

xp

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
L2

x2 þ L2

r
; (8)

where n0 and xp are the unperturbed background plasma density and
the angular frequency, separately. To compare the results from differ-
ent density distributions, we unify the definition of mirror density in
these three distributions. For Slab and SRLD, the peak density and
thickness of the mirror are associated with the wave-breaking limit of
the background plasma under which the flying mirror contains half of
the total electrons within the volume encompassed by the nonlinear
plasma wavelength. The normalization constants are defined as Cslab

�
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ a20=2

p
and Csrld �

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ a20=2

p
=½arsinhðkNP=4LÞ�, respec-

tively. kNP is the nonlinear plasma wavelength defined as
kNP � ð2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ a20=2

p
=pÞkp,26 where kp is the canonical plasma wave-

length and a0 � eE0=mex0c is the normalized vector potential of a
linearly polarized driver pulse.

The respective parameters used and suitable scene of these differ-
ent distributions are explained as below. The Slab Distribution is a
simplified model to describe the flying mirror, where H(x) is the
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Heaviside step function and the thickness of the slab is defined as 2D.
The Cusp Distribution is derived from the 1D cold, collisionless
plasma theory, and the nonlinear coupled wave equation at the wave
breaking situation.22 c and b are the Lorentz factor and the normalized
velocity, respectively, calculated from the phase velocity of the flying
mirror. The SRLD is a fitting function that we deduced from the PIC
simulation. From 1D PIC simulations, the peak density of the flying
mirror was found to be not as spiky as the Cusp Distribution but more
rounded instead. Actually, the singularity in the Cusp Distribution at
the wave-breaking point may suggest the breakdown of the cold
plasma description. For a typical Laser Wakefield Accelerator scheme,
warm plasma theory should take place as the flying mirror approaches
the wave-breaking point, which in turn renders the maximum density
finite.27–29 Without solving the complex equations based on the warm
plasma theory, we deduced the SRLD distribution as a good approxi-
mation to the flying mirror density near the wave-breaking limit (see
Fig. 1). Here, L is the characteristic thickness, which should be
obtained from the simulation results.

The reflectivity in terms of the photon number can be calculated
from Eq. (5), and the result for the three different distributions is sum-
marized as follows:22,23

Slab : RslabðxsÞ ¼
xpCslab

4cxs
sincð4c2xsD=cÞ

� �2
; (9)

Cusp : RcuspðxsÞ ¼
C2ð2=3Þ
22 � 34=3

xp

xs

� �8=3 1
c4=3

; (10)

SRLD : RsrldðxsÞ ¼
xpCsrld

2cxs
K0ð4c2Lxs=cÞ

� �2
; (11)

where the sinc function is defined as sincðxÞ � sin ðxÞ=x, C is the
gamma function, and K0 is modified Bessel function of the second

kind.30 From Eqs. (9)–(11), it is clear that the reflectivity quickly
decays as the frequency of incident wave xs increases. In addition, the
reflectivity decreases as c increases. This means that there exists a
trade-off between high reflectivity and high frequency in the reflected
wave.

The tendencies of such decrease in reflectivity are different
among the three different density distributions of the sinc, the expo-
nential (x�8=3s ), and the K0 functions, respectively. The decaying and
oscillating behavior of the sinc function has been explained as the
result of the modulations due to the constructive and destructive inter-
ferences.23 It should be noted that the argument in the sinc function
and K0 are of the same form, defined as s � 4c2Lxs=c ¼ 2pL=kr ,
where kr � 2pc=ð4c2xsÞ is the reflected wavelength in the lab frame.
As s� 1, both sinc and K0 functions decay quickly, which in turn
highly suppress the reflectivity. Therefore, s can serve as a parameter
to define the quality of the flying mirror. A good mirror is one whose
thickness is roughly the same order of magnitude as the doubly
Doppler shifted wavelength, i.e., L � OðkrÞ. This explains why in an
experiment one usually tunes the collision point at the wave-breaking
limit so as to minimize the thickness of the flying mirror,5,6 which is
an optimum point for trade-off between the reflectivity and the fre-
quency of the reflected wave. It is worthy to mention that there exists a
connection among the flying plasma mirror model in this paper, the
relativistic oscillating mirror (ROM) model regarding the solid target
HHG generation,31 and the relativistic mirror model in a thin foil.32,33

The energy transfer efficiency in the ROM model decays with a differ-
ent polynomial power from that of the model shown in this paper
[Eqs. (9)–(11)]. Note that to compare the reflectivity in this paper and
the efficiency in the ROM model, the reflectivity should be expressed
in terms of energy and the corresponding harmonic order should be
defined as n � xref =xs � 4c2 with the scaling laws gcusp / n1=3 and
gSRLD / K2

0 ðnÞ, which are different from the one predicted by the
ROMmodel (g / n�1:5).34

To examine the validity of Eqs. (9)–(11), we numerically study
the property of relativistic flying mirror traversing a uniform plasma
in the underdense regime with PIC simulations in 1D Cartesian geom-
etry. The 1D configuration is a good approximation to the case of a
driver pulse with a large focal spot in a higher dimension. This corre-
sponds to the condition that r � kp where r is the spot radius of the
driver pulse and kp is the wavelength of the background plasma. The
simulations are performed with the fully relativistic electromagnetic
PIC code EPOCH.35

In our simulation, the relativistic flying mirror is generated by a
highly intense driver pulse (referred to as the “driver” from here on),
which enters from the left boundary and propagates in the þx direc-
tion. Along its way, the driver induces a flying mirror (wakefield) that
follows behind it. The incident wave (referred to as the “source”)
enters, on the other hand, from the right boundary and propagates in
the –x direction. The collision point between the flying mirror and the
source is tuned in such a way that the wave-breaking condition is
reached with the flying mirror thickness minimized. Below we use
subscripts “m,” “d,” “s,” and “r” to denote quantities that are associ-
ated with the flying mirror, the driver, the source, and the reflected
pulse, respectively.

The driver is characterized by the wavelength kd ¼ 800 nm and
the normalized vector potential ad ¼ 5:0. The temporal profile is
Gaussian with full-width-at-half-maximum (FWHM) duration of

FIG. 1. Comparison between three density distribution models [Eqs. (6)–(8)] and
the electron density at the wave breaking point from PIC simulations. The PIC data
(squares) agree well with SRLD (blue line). The detailed simulation parameters can
be found in the text around Fig. 3.
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sd � kp=2c, which is chosen to excite the wakefield resonantly. The
driver is linearly polarized with the electric field pointing in the y
direction.

To study the dependence of reflectivity on the source frequency,
xs. Planar wave source with several wavelengths is chosen: 266;
400; 800; 1600; 2400; and 3200 nm. The normalized vector potential
as ¼ 0:004 is set to be small enough to prevent the recoil effect.11,36 To
distinguish the reflected pulse from the driver, we set the source line-
arly polarized in the z direction.

The background plasma density is uniform with a density n0
¼ 0:025nc, where nc � me�0x2

d=e
2 is the critical plasma density with

respect to the driver. The simulation box size is 80lm in the x direction
with 160 000 cells. For shorter ks, the finer the grid size so as to guaran-
tee the spatial resolution is sufficient for tracking the blue-shifted
reflected pulse. In our strictest case, the resolution of the Cartesian grid
size is roughly 8.3 cells per reflected wavelength kr, which is estimated
by kr � ks=4c2m. Outflow conditions are applied to each simulation
boundary for both electromagnetic waves and quasi-particles.

In the simulation, the wave breaking point is characterized by the
position where the peak density of the flying plasma mirror reaches its
maximum (as shown in the black dashed line in Fig. 2). The reflectivity
at different positions can be derived from local the Lorentz factor cm
and the thickness of the flying mirror Lm. Based on the information of
the mirror thickness, one can make a reasonable estimate of the reflec-
tivity away from the wave breaking point. It should be noted that a
modified Cusp model was proposed in Ref. 22 and recovers Eq. (7) at
the wave breaking point. Since the mirror is optimal at the point where
wave breaks, we focus our discussion in this paper around that point.
The PIC results in this section are all referred to the data at where
wave breaks.

A comparison between the analytic formula and the simulation
result on reflectivity is shown in Fig. 3. Parameters used in the analytic

formulas [Eqs. (9)–(11)] are xp ¼ 3:72	 1014 s�1, ad¼ 5,
n0 ¼ 4:35	 1025m�3; c ¼ 3:96, and L ¼ 0:96 nm. The first three
parameters are fixed in the simulation setup, while the last two are the
values of the flying mirror at the wave breaking point. The rightmost
PIC data point is the one with the source wavelength ks ¼ 266 nm,
which corresponds to the frequency tripling of the frequency of the
conventional 800 nm Ti:Sapphire laser. In this setup, the double-
Doppler-shifted wavelength kr � 4 nm corresponds to the water-
window x-ray wavelength, which can be a useful tool for life science
research. A promising way to generate an attosecond pulse in this
spectral range is through high harmonic generation in gaseous target.
Recently, the pulse energy of 71 pJ37 and 3:5 nJ38 in this spectral range
is reported. On the other hand, according to the experimental results
about light reflection from a flying plasma mirror,6 the energy of the
reflected XUV pulse (12:8� 22:0 nm) is 12:3 nJ within the acceptance
angle 5:7msr of the detector. In that spectral range, the reflectivity in
terms of photon number is estimated to be 3	 10�6–2	 10�5. From
our simulation results, the reflectivity for a reflected pulse with wave-
length kr � 4 nm is R � 2	 10�7, which is deduced from the electric
field ratio of the reflected wave to the incident one. If the scaling law
holds, this corresponds to a sub-nJ to nJ water-window x-ray pulse.
We, therefore, think that the relativistic flying plasma mirror may be
an alternative method to generate water-window x rays.

We found that the reflectivity formula associated with the Cusp
Distribution [Eq. (10)] approaches the simulation results in the long-
wavelength limit of the sources (ks 
 kd) where the Cusp and the
SRLD curves converge, as indicated by the leftmost point in Fig. 3 or
the case in Ref. 36 with ks ¼ 5kd . However, as shown in Fig. 3, the dis-
crepancy between Eq. (10) and the PIC result grows as xs increases.
With ks ¼ 266 nm (ks ¼ kd=3), we found that two orders of magni-
tude difference exist between Eq. (10) and the PIC data. This is

FIG. 2. The evolution of parameters of the flying plasma mirror. (a)The peak density
and (b) the instantaneous reflectivity of the plasma mirror for a source with
ks ¼ 800 nm. In (b), the solid lines are the analytically predicted reflectivity based
on Eqs. (10) and (11). Squares are the PIC simulation results. The black dashed
line marks the position where wave breaks.

FIG. 3. Reflectivity of the relativistic flying mirror as a function of the source fre-
quency xs. Solid lines are calculated from different reflectivity models [Eqs.
(9)–(11)]. Distinct symbols are PIC simulation results with different ks. The SRLD
model agrees well with PIC results, and the Cusp model approaches SRLD in the
long-wavelength limit of the source.

Physics of Plasmas ARTICLE scitation.org/journal/php

Phys. Plasmas 28, 103301 (2021); doi: 10.1063/5.0045872 28, 103301-4

Published under an exclusive license by AIP Publishing

https://scitation.org/journal/php


because the infinite electron density occurring at x¼ 0 in Eq. (7) can
in principle reflect higher frequency modes more effectively than those
from finite peak densities, such as that in Eqs. (6) and (8). Within these
three different models, the SRLD reflectivity formula gives the best
agreement with the simulation results. This may not be surprising
because one additional parameter, the thickness of the mirror, was
introduced in SRLD. To sum up, both Cusp and SRLD models can
help to estimate the reflectivity with respective pros and cons. The
SRLD model can provide better estimation with wider incident wave
frequency or for the mirror away from the wave breaking point.
However, its drawback is that the extra degree of freedom, Lm, should
be fixed with the help of simulations.

The working parameter regime of the SRLDmodel is investigated
by performing simulations with various normalized vector potential of
the driver ad ¼ 2; 3; 4; 5; 10 and background plasma density
n0 ¼ 0:01nc; 0:02nc; 0:05nc. Source wavelength ks ¼ 1:6lm is used.
The resolution of computational grids and the boundary condition
remains the same as previously described. The validity of this model is
evaluated by the difference of estimated reflectivity from PIC results.
We found that SRLD agrees well with chosen parameters except two
points: ad¼ 2 with n0 ¼ 0:01nc and n0 ¼ 0:02nc (see Fig. 4). In these
two cases, SRLD model predicts extremely small reflectivity value such
as 10�20. From the simulation, electrons in these two cases do not
form a dense electron sheet. Therefore, we conclude that the SRLD
model provides a good approximation for the electron density distri-
bution of highly non-linear plasma mirrors. While the excited wake-
field becomes linear, SRLD is not a suitable model to describe the
electron distribution.

In the simulation, the resolution of the cell depends on the
reflected wavelength kr. For a higher source frequency, a higher resolu-
tion is needed. However, with the help of Eq. (11), one can estimate
the reflectivity directly from the property of the flying mirror. This

helps to greatly accelerate the process to search for an appropriate
experimental parameter space.

III. REFLECTED SPECTRUM AND DEVIATION
OF SPECTRAL PEAK

In Sec. II, the incident wave was assumed to be a plane wave. In
an actual experiment for XUV or attosecond pulse production, how-
ever, the incident laser pulses are expected to be short and, therefore,
has a broad bandwidth. We shall model such a situation by a Gaussian
wave packet with a central frequency xs and a pulse duration ss,

Einðx; tÞ ¼ E0e
�t2=s2s eiðksx�xstÞ: (12)

With Eqs. (5) and (8), the electric field of the reflected wave from a fly-
ing mirror with a square-root Lorentzian distribution in the mirror’s
proper frame can be calculated. After transforming back to the lab
frame, the reflected electric field is

ErðxÞ
E0
¼ 2

ffiffiffi
p
p

ssLcmCcrld
xp

x
K0ðLx=cÞ

	 exp
�ðx� 4c2mxsÞ2

4
ss
4c2m

� �2
( )

; (13)

where the ultra-relativistic limit is assumed, i.e., ð1þ bmÞ=ð1� bmÞ
! 4c2m, in order to simplify the equation. It should be noted that
when the background plasma density is sufficiently low (np=nc � 1),
the parametric Doppler effect22 due to the frequency dispersion in the
background medium can be ignored. The exponential term describes a
pulse with the central frequency at 4c2mxs and the pulse duration that
is compressed by a factor 4c2m. However, the x-dependent and decay-
ing term, i.e., K0ðLx=cÞ=x, will distort the reflected spectrum. To
clearly explain the distortion, Fig. 5 shows the normalized reflected
spectrum with cm ¼ 5; L ¼ 15 nm; ss ¼ 6 fs and ks ¼ 800 nm. The
red curve is the normalized exponential term. The blue curve is calcu-
lated from Eq. (13), and the black curve is the value of the decaying
term. The distortion of the spectral shape, shown in the blue curve, is
not evident, while both the frequency and the amplitude at the peak of
the spectrum clearly deviate from the red curve. It should be noted
that the deviation of the peak is always a red-shift effect. This is result-
ing from the fact that reflectivity decays exponentially with an increase
in incident wave frequency.

The deviation ratio between the frequency associated with the
maximum amplitude, xpeak, and the naively estimated frequency,
xest � 4c2mxs, is defined as

d � xpeak � xest

xest
: (14)

From Eq. (13), d depends mainly on three parameters: the pulse dura-
tion of source ss, the Lorentz factor of the flying mirror cm, and the
characteristic thickness of the mirror Lm. To have a sense about the
amount of deviation, we make an estimation with Eq. (13) based on
the typical parameters of intense lasers: 30 fs pulse duration and the
flying mirror parameters from the simulation in Sec. II: cm ¼ 4 and
Lm ¼ 0:96 nm, d is found to be roughly –0.1%, which may be hard to
detect.

However, for a shorter pulse duration, which implies a broader
bandwidth, the low-frequency components increase. This makes the

FIG. 4. Investigation of the working parameter regime of the SRLD model. The
reflectivity predicted from the SRLD model (dots) is compared to PIC results (dia-
monds) under different normalized potential of the driver ad and background plasma
density n0.
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deviation more significant. Moreover, with higher Lorentz factor, the
reflectivity curve moves toward the exponentially decay tail. This sup-
presses the high frequency part more and therefore shifts the peak of
the reflected spectrum to the lower frequency regime. In Fig. 6, we
show the dependence of d on ss and cm, which are accessible in an
experiment. ss can be measured with an auto-correlator and cm can be
estimated by the background plasma density, cm � x0=xp,

2 or the
energy of the accelerated electrons.6,39 The parameters used in the cal-
culation are cm ¼ 5; L ¼ 0:96 nm; ss ¼ 6 fs, and ks ¼ 800 nm when
not specified. From the figure, it can be seen that the deviation is more
significant for fewer-cycle sources and flying mirrors with higher
Lorentz factors. This implies that the correction cannot be neglected

when few-cycle pulses are employed or high blue-shift reflections are
demanded, such as the situation for generating attosecond pulses with
relativistic flying mirrors.12 We also include the deviation ratio pre-
dicted by the Cusp model in Fig. 6. Since the reflectivity in Cusp model
also decays exponentially with the incident wave frequency, the same
tendency of deviation ratio on the source pulse cycle period is observed
as in the SRLD model. The smaller deviation amplitude results from
the smaller decaying speed of the reflectivity. An interesting feature is
that the deviation ratio predicted by Cusp model does not depend on
the Lorentz factor. Although the difference is not evident, this may
provide a way to distinguish the electron distribution of the flying
plasma mirror.

To study the validity of Eq. (13), the code EPOCH35 was used.
Instead of flying mirrors induced by a driver laser, we imposed the
mirror as an initial condition. The flying mirror was constructed as an
electron sheet with a given longitudinal density distribution and prop-
agating in the þx direction with an initially assigned velocity. To pre-
vent electrons from expelling each other during propagation, positive
charge (proton) was introduced to co-move with the relativistic elec-
tron sheet. The interaction between protons and the source is negligi-
ble because of their large mass. In this setup, this idealized mirror
remains stable during the interaction with the incident wave.
Furthermore, the parameters of such a mirror can be easily controlled.

We used the simplified Square-Root Lorentzian Distribution,
nmðxÞ ¼ nm;0

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
L2m=ðx2 þ L2mÞ

p
, to characterize the density distribu-

tion of the flying mirror. There are three parameters to be determined:
the peak density nm;0, the characteristic thickness Lm, and the Lorentz
factor of flying mirror cm. The peak density only affects the reflectivity.
We, therefore, chose nm;0 ¼ 3nc, where nc is the critical density for an
800 nm electromagnetic wave, to guarantee that the reflected pulse is
intense enough for observation. cm ¼ 4 and Lm range from 1 to 20 nm
according to the PIC results from the laser-driven flying mirror. The
source is a linearly polarized pulse with a wavelength ks ¼ 1:6 lm,
which is long enough to increase the reflectivity. The normalized vec-
tor potential is as ¼ 0:004. The temporal profile is Gaussian with
FWHM duration ss ¼ 1:66Ts where Ts ¼ ks=c is the source cycle
period. The source enters from right boundary and propagates in the

FIG. 6. Dependences of d on the pulse duration T and the Lorentz factor c with other parameters fixed. With the prediction of SRLD model, the deviation is found to be evident
for source pulses with few cycles or flying mirrors with high Lorentz factors. The Cusp model describes a completely different tendency on the Lorentz factor.

FIG. 5. Normalized reflected electric field amplitude calculated by Eq. (13) (blue
curve) and the naive estimation with x ¼ 4c2mxs (red curve). The black curve
shows the decaying term in Eq. (13), which is normalized to the value calculated
with x ¼ 4c2mxs. The deviations of both frequency and amplitude at the peak of
the spectrum are clearly seen.

Physics of Plasmas ARTICLE scitation.org/journal/php

Phys. Plasmas 28, 103301 (2021); doi: 10.1063/5.0045872 28, 103301-6

Published under an exclusive license by AIP Publishing

https://scitation.org/journal/php


–x direction. The simulation box size is 50lm in the x direction with
50 000 cells. Therefore, the resolution of the Cartesian grid is 25 cells
per reflected wavelength, kr � 4c2mks. Boundary conditions remained
the same as the setup in Sec. II.

The comparison between the theoretical prediction of the fre-
quency at the peak amplitude from Eq. (13) and the PIC simulation
results is shown in Fig. 7. The horizontal yellow line is the estimated
naive frequency 4c2mxs, and the blue one is the maximum value of Eq.
(13) solved numerically. Red circles with error bars are the PIC simula-
tion results with different characteristic thicknesses Lm. The error bars
represent the statistical fluctuations in the initialization of the SRLD
model due to the limited number of macro-particles in our PIC simu-
lations. We see that the PIC results are in reasonable agreement with
the theoretical prediction of Eq. (13). From Fig. 7, the magnitude of
the deviation, which is always negative, increases linearly as the char-
acteristic thickness of the flying mirror Lm increases, where the slope
depends on the Lorentz factor, cm, and the source pulse duration, ss.
The dependence on the mirror thickness is due to the fact that when
the thickness increases, the mirror prefers reflecting more low-
frequency parts, hence shifting the peak of reflected spectrum to lower
frequency. This contributes to the positive correlation between mirror
thickness and the deviation magnitude.

In an actual experiment, cm can be deduced through the mea-
surement of the reflected wave spectrum. Usually, this is estimated
from the peak frequency of the reflected spectrum and the naive
double-Doppler shifted relation, xpeak ¼ 4c2mxs. The deviation from
this idealized value, as we have shown, can serve as its correction that
can further improve the precision of this method.

We have shown in Sec. II that the plasma mirror thickness is an
important parameter that determines the reflectivity and the reflected
spectrum. In actual experiments, multiple tools can be employed to

diagnose the dynamics of the wakefield, i.e., the mirror, such as the rel-
ativistic electron bunch probe40 and the optical probe.41 However, the
spatial and the temporal resolutions of these methods are still not pre-
cise enough to measure the thickness of a flying mirror near the wave-
breaking condition, which is typically of tens of nanometer scale. Our
investigation shows that the frequency deviation can serve as a diagno-
sis on the thickness. As Eq. (13) shows, the peak frequency of the
reflected wave depends on xs, ss, cm, and Lm. Among them, xs and ss
are laser parameters that can be measured accurately. In principle, cm
can be determined by conventional methods, such as that based on the
background plasma density2 or the accelerated electron energy,6,39

from which the mirror thickness can be deduced. However, the diag-
nostic scheme suggested here may require highly stable condition of
lasers and plasmas.

IV. CONCLUSION

In this article, we extended previous studies on the reflectivity of
relativistic flying mirrors with incident plane waves. We showed that
the Square Root Lorentzian Distribution can accurately describe the
flying mirror density distribution and can provide a better estimation
about the reflectivity. We defined a dimensionless parameter,
s ¼ 2pLm=kr , to characterize the quality of the flying mirror. To attain
a high enough reflectivity, the condition, s � 2p, must be satisfied,
which means that the mirror must be thinner than the wavelength of
the reflected pulse. In our simulations, we demonstrated the feasibility
of the generation of the water-window x-ray through plasma mirror
reflection based on state-of-the-art laser parameters, which would pro-
vide great utility to life science research. We found that the reflectivity
in this case is �2	 10�7 in photon numbers, which is encouraging.
We also found that, for an incident wave with a Gaussian temporal
profile, the peak frequency of the reflected spectrum is red-shifted
from its expected value, 4c2mxs. The magnitude of the deviation is pos-
itively correlated with the thickness of the mirror and its Lorentz fac-
tor, but negatively correlated with the duration of the source pulse.
This deviation helps to provide a better description of the reflected
spectrum, which may serve as a diagnostic tool about the dynamics of
the wakefield. These studies about the reflectivity and the reflected
spectrum may benefit future experiments that investigate the interac-
tion between relativistic flying plasma mirror and an EM wave.
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