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A path(-integral) toward non-perturbative effects in Hawking radiation

Pisin Chena,b,c,d∗, Misao Sasakia,e,f †, and Dong-han Yeomg,h‡
aLeung Center for Cosmology and Particle Astrophysics,

National Taiwan University, Taipei 10617, Taiwan
bDepartment of Physics, National Taiwan University, Taipei 10617, Taiwan

cGraduate Institute of Astrophysics, National Taiwan University, Taipei 10617, Taiwan
dKavli Institute for Particle Astrophysics and Cosmology,

SLAC National Accelerator Laboratory, Stanford University, Stanford, California 94305, USA
eKavli Institute for the Physics and Mathematics of the Universe (WPI), University of Tokyo, Chiba 277-8583, Japan

fYukawa Institute for Theoretical Physics, Kyoto University, Kyoto 606-8502, Japan
gDepartment of Physics Education, Pusan National University, Busan 46241, Republic of Korea

hResearch Center for Dielectric and Advanced Matter Physics,
Pusan National University, Busan 46241, Republic of Korea

Hawking’s seminal discovery of black hole evaporation was based on the semi-classical, pertur-
bative method. Whether black hole evaporation may result in the loss of information remains
undetermined. The solution to this paradox would most likely rely on the knowledge of the end-life
of the evaporation, which evidently must be in the non-perturbative regime. Here we reinterpret the
Hawking radiation as the tunneling of instantons, which is inherently non-perturbative. For defini-
tiveness, we invoke the picture of shell-anti-shell pair production and show that it is equivalent to
that of instanton tunneling. We find that such a shell pair production picture can help to elucidate
firewalls and ER=EPR conjectures that attempt to solve the information paradox, and may be able
to address the end-life issue toward an ultimate resolution.

There have been several approaches to justify the existence of Hawking radiation. The original Hawking
derivation was based on the Bogoliubov transformation between the past infinity and the future infinity [1].
Then the renormalized energy-momentum tensor was evaluated in order to better understand the physics
near the horizon [2]. In addition to these two approaches, the particle tunneling picture was investigated
[3, 4]. These descriptions are either consistent or equivalent. However, they are all based on the semi-classical,
perturbative methods. One important consequence of black hole Hawking evaporation is the possible loss of
information [5]. This paradox has been under debate for more than 40 years without a clear resolution. One
thing appears certain is that the final resolution relies on the knowledge of the black hole evaporation beyond
the Page time [6] and even toward its end-life (For a review, see, for example [7]). Since Hawking temperature
is inversely proportional to the black hole mass, it is inevitable that there exists a crossing point beyond which
the perturbative description becomes invalid and therefore a generalized description of Hawking radiation that
encompasses both the perturbative and non-perturbative regimes is essential to provide us insights toward the
final resolution of the information loss paradox.

In principle, a non-perturbative description can be accomplished via the Euclidean path-integral approach
[8]. The transition amplitude from the in-state (hinab, φ

in) to the out-state (houtab , φ
out) can be described by the

Euclidean path-integral [8]

Ψ
[
houtab , φ

out;hinab, φ
in
]

=

∫
DgµνDφ e−SE[gµν ,φ] '

∑
on−shell

e−S
on−shell
E , (1)

where all possible metric gµν and field φ configurations are summed over and the last expression (') is due to
the steepest-descent approximation of summing over the on-shell solutions.

Let us consider the Einstein gravity with a free scalar field and its small fluctuations:

SE = −
∫
dx4
√
g

[
1

16π
R− 1

2
(∇φ)

2

]
+

∫
∂M

K −Ko
8π

√
hdx3, (2)

where R is the Ricci scalar, K and Ko are the Gibbons-Hawking boundary term and that with the periodically
identified Minkowski spacetime [9], respectively. Note that this is a free scalar field without a potential. Since
the Einstein equation for this system is simply R = 8π(∇φ)2, the on-shell action of the volume integration
should vanish. Therefore the boundary term is the only non-vanishing contribution to the on-shell Euclidean
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action. For an out-state, one can consider an out-going wave packet of the scalar field in the Lorentzian region.
Then in general, a real-valued instanton that connects in- and out-states does not exist, and the scalar field
becomes complex-valued. However, in order to satisfy the classicality condition at the future infinity [10], one
can impose the constraint that only the real part of the scalar field can reach the future infinity [12]. As a result,
this complex-valued scalar field will be hidden outside the Euclidean region. After subtracting the boundary
contribution at infinity and regularizing the cusp contribution at the horizon [13], one obtains the probability
of the process [12]:

P ' e4π(M−ω)
2−4πM2

(3)

where M is the mass of the black hole and ω is the emitted energy. Assuming that the metric back-reaction is
small, the condition ω � M must be satisfied. One then recovers the correct Boltzmann factor P ∼ e−8πMω

and Hawking temperature T = 1/8πM .
One very important lesson from this investigation is that the matter field can in general be complexified

[10, 11]. Thus the imaginary part of the matter field can effectively be identified as a negative energy flux
[14] and be defined as the anti-matter field even for non-perturbative processes. Specifically, as a first step
toward a fully non-perturbative treatment, we consider a non-perturbative shell, which is the thin-wall limit of
a domain-wall structure of a scalar field, and its emission from a black hole, where the imaginary part of the
complexified matter field can be treated as an anti-shell with a negative tension.

Keeping this in mind, let us consider the shell emission from a black hole. We consider the metric inside (−)
and outside (+) the thin-shell as

ds2± = −f±(R)dT 2 +
1

f±(R)
dR2 +R2dΩ2, (4)

while the thin-shell itself has the metric

ds2shell = −dt2 + r2(t)dΩ2. (5)

The Israel junction equation is then

ε−
√
ṙ2 + f−(r)− ε+

√
ṙ2 + f+(r) = 4πrσ, (6)

where ε± = +1 if the area increases along the outward normal direction and σ is the tension of the shell [15].
One can easily verify that if the junction equation is satisfied by a positive tension shell (σ > 0), then the
same equation is also satisfied by a negative tension shell (σ < 0) under the flipping between the inside (−)
and the outside (+). After simple calculations, the junction equation can be reduced to a simpler expression,
ṙ2 + V (r) = 0 [16], where the effective potential V (r) is

V (r) = f+(r)−
(
f−(r)− f+(r)− 16π2σ2r2

)2
64π2σ2r2

. (7)

Note that the domain for V (r) < 0 follows the Lorentzian dynamics, while that for V (r) > 0 follows the
Euclidean dynamics (lower right of Fig. 1). In addition, if there exists a Euclidean domain in the system, then
there must be two turning points (say, r1 < r2).

Now the probability can be evaluated by the Euclidean action integral over the Euclidean manifold and the
shell (upper right of Fig. 1). In general, the action is composed of the following four parts [13]:

SE = (boundary term at infinity) + (bulk integration) + (contribution at horizon) + (shell integration), (8)

where the contribution at horizon is due to the regularization of the cusp of the Euclidean manifold and the
part for the shell integration has the form

(shell integration) = 2

∫ r2

r1

drr

∣∣∣∣∣cos−1

(
f+ + f− − 16π2σ2r2

2
√
f+f−

)∣∣∣∣∣ . (9)

If one chooses the Euclidean time period as that where the shell bounces between the two turning points, then
a cusp would emerge at the horizon. After performing the regularization [13], one obtains the contributions
from the boundary term, the bulk term, and the horizon. The final result becomes

∆SE = −πr2f + πr2i + (shell contribution), (10)
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FIG. 1: (Upper left) Shell-antishell pair-creation, where the two shells are created at different locations. (Upper right)
The corresponding tunneling picture. (Lower left) This process can be interpreted as shell-anti-shell pair created at rc
in the deep Euclidean regime. (Lower right) The effective potential, V (r), with two turning points r1 and r2.

where ri,f correspond to the initial and final horizon radius, respectively.
This process can be equally appreciated from the shell-anti-shell pair production picture (upper left of Fig. 1).

Since in general the shell and the anti-shell are disconnected (lower left of Fig. 1), the probability of this process
should be given by the Euclidean solution that connects them. In this shell-anti-shell process over the Euclidean
manifold, there must exist a point rc where the two shells collide. Since Eq. (9) is invariant under the exchange
of σ → −σ and (±) → (∓), the anti-shell integration from r1 to rc plus the shell integration from rc to r2 is
the same as that resulted from the shell tunneling picture. As the anti-shell with negative tension falls into
the black hole, the black hole area will decrease, which results in the change of the action. On the other
hand, the outgoing positive tension shell satisfies the classical junction equation, so it will not contribute to the
probability of the process. One thus concludes that the probability for the infalling anti-shell to happen equals to
the exponential with a negative exponent given by the difference between the initial and final black hole states,
plus the Euclidean shell-anti-shell contribution [17]. It is important to remark that in this interpretation,
we compare the action between that at the past infinity (initial state) and the future infinity (final state);
therefore, regarding the final state, what we will evaluate is the black hole after the antishell collapsed. The
shell-anti-shell and the tunneling interpretations (upper left and upper right of Fig. 1) of Hawking radiation
(in the non-perturbative regime) are therefore equivalent.

The notion of the negative tension shell makes easy the drawing of Penrose diagrams for various non-adiabatic
quantum fluctuations [18] or non-perturbative processes [19]. This would help clarify several conjectures about
the information loss paradox such as the firewalls [20] and the ER=EPR [21] conjectures. While the “naked
firewalls” counter-argument [18] did not explicitly rely on non-perturbative effects, the notion of infalling
negative tension anti-shells does help to make the argument of the detachment of the event horizon from
the firewall more transparent (left of Fig. 2), which indicates that firewalls would become visible to distant
observers, and therefore it may not be as conservative as the original proponents claimed [20]. As for the
ER=EPR conjecture [21], under the shell-anti-shell pair creation picture (right of Fig. 2), one can see more
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FIG. 2: (Left) Criticism of the firewall proposal based on the shell-anti-shell pair creation picture of Hawking radiation,
which argues that the firewall would become “naked”. (Right) Criticism of the ER=EPR conjecture based on the same
picture, which argues that probability of traversing the Einstein-Rosen bridge is non-vanishing.

explicitly that the communication between the two sides of the Einstein-Rosen bridge is actually possible (gray
colored region) albeit with a very small probability. This renders the ER=EPR conjecture questionable.

The Euclidean path-integral approach via the non-perturbative shell-anti-shell pair production interpretation
of Hawking radiation may help to reach the ultimate resolution to the information loss paradox. For example,
the exponentially scrambled but non-vanishing correlations may help to recover the original information [22],
following the intuitions of Hawking [23]. When the mass of the black hole reduces to the Planck scale, the non-

perturbative processes, which typically has the probability ∼ e−M
2/M2

Pl , would become comparable with that
for the Hawking radiation. We speculate that this may provide a smooth transition of the geometry and the
topology from a black hole to either a regular center, or an inert remnant at Planck size [24], while in contrast
the extrapolation of the perturbative description would predict a divergent and singular Hawking temperature
toward the end-life of evaporation.
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