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Abstract. The recent detection of gravitational waves from black hole coalescences and
the first image of the black hole shadow enhance the possibilities of testing gravitational
theories in the strong-field regime. In this paper, we study the physical properties and the
shadow image of a class of Kerr-like rotating black holes, whose Z2 symmetry is generically
broken. Such black hole solutions could arise in effective low-energy theories of a fundamental
quantum theory of gravity, such as string theory. Within a theory-agnostic framework, we
require that the Kerr-like solutions are asymptotically flat, and assume that a Carter-like
constant is preserved, enabling the geodesic equations to be fully separable. Subject to these
two requirements, we find that the Z2 asymmetry of the spacetime is characterized by two
arbitrary functions of polar angle. The shadow image turns out to be Z2 symmetric on the
celestial coordinates. Furthermore, the shadow is completely blind to one of the arbitrary
functions. The other function, although would affect the apparent size of the shadow, it
hardly distorts the shadow contour and has merely no degeneracy with the spin parameter.
Therefore, the parameters in this function can be constrained with black hole shadows, only
when the mass and the distance of the black hole from the earth are measured with great
precision.
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1

Introduction

Recently, with the increasing number of independent observations, it is generally believed
that there is a supermassive black hole at the center of galaxies, including the Sagittarius
A∗ (Sgr A∗ ) in our own Milky Way. One promising way of determining the existence of a
black hole is through its shadow.1 Imagine there is a background of light sources behind the
black hole. When the photons emitted from the light sources pass through the vicinity of
the black hole on their way toward the observer, the strong gravitational fields significantly
bend the photon trajectories. For the observer, there would appear a dark spot at the line
of sight to the black hole because the event horizon would capture those photons whose
trajectories are too close to the black hole. This dark spot is the so-called black hole shadow.
Essentially, the edge of a shadow is defined by the impact parameter of the photon region
around the black hole, on which photons undergo spherical motions. These spherical photon
motions within the photon region are unstable against radial perturbations in the sense that
any small perturbation on the photon would either make it fall into the black hole or escape
to spatial infinity. In ref. [2], the authors predicted the capability of observing the shadow
of Sgr A∗ with very long-baseline interferometry at sub-millimeter wavelengths. With the
global collaboration, the shadow of the supermassive black hole at the center of M87 galaxy
has been observed [3–8]. The first shadow image of Sgr A∗ is also expected in the very
near future.
Since the observation of black hole shadow is able to reveal the spacetime structure
near the black hole, it thus provides us with a potential opportunity to test the nature of
the regime with strong gravitational fields. According to Einstein’s General Relativity (GR),
the rotating black holes in our Universe can be well-described by the Kerr spacetime, which
is characterized by only two parameters: the mass and the spin of the black hole. However,
there are still some motivations to speculate whether GR is really the complete theory of
gravity, in spite of its tremendous success in describing our Universe. One of the reasons is
1

Strictly speaking, the existence of a shadow is just a necessary condition for the existence of a black hole.
In fact, any compact object could cast its own shadow as long as the gravitational field at its vicinity is strong
enough, such that there is a photon region around the object [1].
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that GR predicts the existence of spacetime singularities, where the theory itself inevitably
ceases to be valid. Also, GR is incompatible with quantum mechanics, which means that it
would be improper to describe the physics with extremely high energies and small scales in the
framework of GR only. In principle, any modifications of GR would change the spacetime
structure of Kerr black holes. These deviations from the Kerr spacetime are likely to be
significant only inside the event horizon, while remain small at the exterior side. In any case,
it is very interesting to see whether these Kerr-like black holes can be tested by observing
their shadow images [9, 106], investigating the gravitational waves [10, 11], or using other
astrophysical tests [12].
The investigation of black hole shadows has been a very intensive field of research in
the last decades, which was preceded by the seminal studies of the shadows of Schwarzschild
black holes [13], Kerr black holes [14], and Kerr-Newman black holes [15]. In the literature,
the scrutiny following this direction includes, but is not limited to, the shadow of regular
black holes [16–23], wormholes [24–27], black holes coupled with additional fields [28–39,
107], black holes with non-commutative geometry [40–42], black holes in modified theories of
gravity [43–54], black holes in higher dimensions [55–58, 108], and black holes surrounded by
dark matter [59–62]. Furthermore, the effects from cosmic expansion on black hole shadows
have recently been investigated [63–69]. In addition to studying black holes of some specific
models, one could consider testing black hole solutions from a theory-agnostic perspective.
More precisely, one could construct a Kerr-like spacetime which is characterized by some
deviation functions. These functions and their parameters essentially parametrize possible
deviations of the spacetime from its Kerr counterpart. Although such parametrized Kerrlike black holes may not be solutions to any particular gravitational theory, constraining
the deviation functions would enable us to test the Kerr spacetime, as well as the no-hair
theorem. Such a post-Kerr approach has been widely adopted to test Kerr spacetime by
using astrophysical observations. There have been various parametrized Kerr-like spacetimes
in the literature [70–80]. For some scrutinies of these parametrized Kerr-like black holes and
their shadows, we refer the readers to refs. [81–86].
In this paper, we will study the shadow of a class of Kerr-like black holes, in which the
deviation functions generically break the Z2 symmetry of the spacetime. In the literature,
we find that less attention has been paid to this particular class of Kerr-like black holes.
However, black hole solutions whose Z2 symmetry is broken would generically appear in
gravitational theories containing parity-violating terms. In the effective field theory approach
toward quantum gravity, one considers a series of correction terms on top of the EinsteinHilbert action. In general, these correction terms contain higher order terms of curvature
which, at the level of field equations, appear in the form of higher-derivative interactions.
The parity-violating corrections are generally possible and they are characterized by higher
order curvature terms consisting of the dual Riemann tensor:
1
R̃µναβ ≡ µνρσ Rρσ αβ .
(1.1)
2
In ref. [87], it has been shown that when the Chern-Simons term is coupled with the GaussBonnet term through the dynamical Chern-Simons scalar field, the Z2 symmetry of a rotating
black hole solution would be broken. In addition, such a Z2 symmetry violation is also found
in the effective field theory containing higher order of curvature invariants constructed by
R̃µναβ [88].
In this paper, within a theory-agnostic framework and starting with a general metric
given in ref. [89], we will construct a set of Kerr-like black holes, whose deviation functions

2

The PK metric and the null geodesic equations

As we have mentioned in the Introduction, we will investigate the shadow of a class of Kerrlike black holes, whose Z2 symmetry is generically broken. In the construction of such a class
of spacetimes, we will respect one of the important symmetries in the original Kerr spacetime:
the existence of a Carter-like constant (refs. [109, 110]). Subject to this assumption, the null
geodesic equations are then completely separable. In ref. [89], Papadopoulos and Kokkotas
developed an innovative approach to construct the most general axisymmetric spacetime
(the PK metric) which preserves the Carter-like constant and the separability of the geodesic
equations. In the theory-agnostic framework, the PK metric turns out to be a suitable metric
to parametrize the possible deviations in the Kerr-like spacetime of our interest.
In the Boyer-Lindquist coordinate system (t, r, y, ψ) where y ≡ cos θ, the contravariant
form of the PK metric can be written as [89]
A5 (r) + B5 (y)
,
A1 (r) + B1 (y)
A3 (r) + B3 (y)
=
,
A1 (r) + B1 (y)
A2 (r)
=
.
A1 (r) + B1 (y)

g tt =
g ψψ
g rr

A4 (r) + B4 (y)
,
A1 (r) + B1 (y)
B2 (y)
=
,
A1 (r) + B1 (y)

g tψ =
g yy

(2.1)

In the above expression, Ai (r) and Bi (y) are arbitrary functions of r and y, respectively. It
has been proven that the PK metric (2.1) allows for the existence of a Cater-like constant and
the null geodesic equations as well as the corresponding Hamilton-Jacobi equation are fully
separable. In the following discussion, we will exhibit the separability of the null geodesic
equations of this general spacetime. It should be emphasized that in the literature, several
parametrized Kerr-like metrics [71, 73, 79, 80], whose geodesic equations are required to
be separable, are actually subclasses of the PK metric. The relation among some of these
parametrized metrics is discussed in ref. [90].
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generically break the Z2 symmetry of the spacetime. We will require that the spacetime
reduces to the Kerr solution at a far distance from the black hole, and that there exists a
Carter-like constant in the spacetime. As in the Kerr spacetime in which the existence of a
Carter constant corresponds to a hidden symmetry characterized by the Killing tensor, we
expect that this property of the Kerr-like spacetime is preserved. In addition, the existence of
a Carter-like constant allows for the full separability of the geodesic equations. We will show
that the Kerr-like spacetime is characterized by two arbitrary functions of polar angle, which
generically break the Z2 symmetry of the spacetime. It turns out that the shadow contour is
completely blind to one of the deviation functions. Also, the other deviation function seems
not to alter the overall shape of the shadow, but it does change the apparent size of the
silhouette.
This paper is outlined as follows. Before formulating the Kerr-like solutions, in section 2
we briefly review the general axisymmetric metric proposed in ref. [89] and then derive its null
geodesic equations. In section 3, we construct a class of Kerr-like black hole metrics, focusing
on the deviations that break the Z2 symmetry of the spacetime. We will also exhibit how
the Z2 asymmetry appears near the horizon and the ergosurface. In section 4, we investigate
the shadow contour of the Kerr-like black hole and see how the deviation function change
the size and the shape of the shadow. We finally present our conclusions in section 5.

2.1

Null geodesic equations

In this subsection, we will derive the null geodesic equations of the general PK metric (2.1)
and exhibit their separability by using the Hamilton-Jacobi approach. The set of geodesic
equations of the metric (2.1) is described by the following Lagrangian:

1
1 2
L = gµν ẋµ ẋν =
gtt ṫ + grr ṙ2 + gyy ẏ 2 + gψψ ψ̇ 2 + 2gtψ ṫψ̇ ,
2
2

(2.2)

ṫ =

Egψψ + Lz gtψ
,
2 −g g
gtψ
tt ψψ

(2.3)

Egtψ + Lz gtt
.
2 −g g
gtψ
tt ψψ

(2.4)

ψ̇ = −

Using the PK metric coefficients given in eqs. (2.1), the geodesic equations (2.3) and (2.4)
can be rewritten as
(A1 + B1 ) ṫ = −E (A5 + B5 ) + Lz (A4 + B4 ) ,

(2.5)

(A1 + B1 ) ψ̇ = −E (A4 + B4 ) + Lz (A3 + B3 ) ,

(2.6)

respectively.
Then, we consider the geodesic equations of r and y. In the general PK spacetime,
there exists a Carter-like constant and this ensures the separability of these two geodesic
equations. The geodesic equations for r and y can be derived by considering the HamiltonJacobi equation
∂S
+ H = 0,
(2.7)
∂τ
where S is the Jacobi action and H is the Hamiltonian. The Hamiltonian associated with
the Lagrangian (2.2) can be written as
1
H = pµ pµ ,
2

(2.8)

where pµ is the conjugate momentum and it can be expressed as follows
pµ ≡

∂L
∂S
= gµν ẋν =
.
µ
∂ ẋ
∂xµ

(2.9)

Therefore, the Hamilton-Jacobi equation (2.7) can be written as
∂S
1
∂S ∂S
= − g µν µ ν .
∂τ
2
∂x ∂x

(2.10)

For a separable Hamilton-Jacobi equation, we can write the Jacobi action as follows
1
S = τ − Et + Lz ψ + Sr (r) + Sy (y) ,
2
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where the dot denotes the derivative with respect to an affine parameter τ . It can be immediately seen from the Lagrangian (2.2) that there are two constants of motion in the
system: the conserved energy E ≡ −∂L/∂ ṫ and the conserved azimuthal angular momentum
Lz ≡ ∂L/∂ ψ̇. Using these conserved quantities, one gets the following two geodesic equations

where  = 0 for photon geodesics. Note that the geodesic equations for massive particles ( =
1) are also separable. Inserting the ansatz (2.11) into the Hamilton-Jacobi equation (2.10),
one obtains




dSy 2
dSr 2
A5 E 2 − 2A4 ELz + A3 L2z + A2
= −B5 E 2 + 2B4 ELz − B3 L2z − B2
. (2.12)
dr
dy

where
h
i
R(r) ≡ A2 −A5 E 2 + 2A4 ELz − A3 L2z − K − (Lz − aE)2 ,
h
i B 
2
2
2
2
,
Θ(θ) ≡ −B5 E + 2B4 ELz − B3 Lz + K + (Lz − aE)
2
sin θ

(2.15)
(2.16)

where a stands for the spin of the spacetime. Note that Bi are functions of y, which are also
functions of polar angle θ via y = cos θ. In the derivation of eqs. (2.13) and (2.14), we have
used the last equality in eq. (2.9).
For the sake of later convenience, we define the following parameters: ξ ≡ Lz /E and
η ≡ K/E 2 , such that
h
i
R(r)
2
2
=
A
−A
+
2A
ξ
−
A
ξ
−
η
−
(ξ
−
a)
,
2
5
4
3
E2


i
Θ(θ) h
B2
2
2
= −B5 + 2B4 ξ − B3 ξ + η + (ξ − a)
.
E2
sin2 θ

(2.17)
(2.18)

The geodesic equations for ṫ and ψ̇, i.e., eqs. (2.5) and (2.6), can then be written as
(A1 + B1 ) ṫ/E = − (A5 + B5 ) + ξ (A4 + B4 ) ,

(2.19)

(A1 + B1 ) ψ̇/E = − (A4 + B4 ) + ξ (A3 + B3 ) .

(2.20)

It should be highlighted that eqs. (2.13), (2.14), (2.19), and (2.20), with the functions R(r)
and Θ(θ) given in eqs. (2.17) and (2.18), stand for the null geodesic equations of the general
PK metric (2.1). They are completely separable and can be written in first-order form. Also,
as we have mentioned, the geodesic equations for massive particles ( = 1) are still fully
separable. Since in this paper, we will investigate the shadow contour generated by photons,
we will only focus on the photon geodesics ( = 0).

3

Kerr-like black holes without Z2 symmetry

The PK metric (2.1) is described by five arbitrary functions of r and five arbitrary functions
of y, that is Ai (r) and Bi (y), respectively. In order to focus on the Kerr-like black holes of our
interest, these arbitrary functions should be fixed to some extent such that they can properly
parametrize how the spacetime deviates from the Kerr geometry. As we have mentioned in
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It can be seen that the left-hand side of eq. (2.12) only depends on r, while the right-hand
side only depends on y. Therefore, this equation is separable by introducing a decoupling
constant (the Carter-like constant K) and we obtain:
p
(A1 + B1 ) ṙ = ± R(r) ,
(2.13)
p
(A1 + B1 ) θ̇ = ± Θ(θ) ,
(2.14)

A1 = r2 ,

A2 = ∆ ,

A4 = −

aX
,
∆

a2
,
∆
X2
A5 = −
,
∆
A3 = −

(3.1)

and
B1 = a2 y 2 + ˜1 (y) ,

1
+ ˜3 (y) ,
1 − y2
B5 = a2 (1 − y 2 ) + ˜5 (y) ,

B2 = 1 − y 2 + ˜2 (y) ,
B4 = a + ˜4 (y) ,

B3 =

(3.2)

where ˜i (y) quantify the deviations from Kerr spacetime in terms of the polar angle θ. Note
that we keep the radial dependence in the mass function M (r). In the absence of ˜i (y) and
when M (r) = M , the Kerr spacetime is recovered.
Another important requirement for a valid isolated black hole spacetime is asymptotic
flatness. We require that the Kerr-like spacetime should reduce to Kerr spacetime when
r → ∞. To implement this, we assume M (∞) → M and interpret M as the mass of the
black hole. In the asymptotic region, we find that


2M
2M
gtt = −1 +
grr = 1 +
+ O r−2 ,
+ O r−2 ,
 r

 r



1
1 − y2
−2
2
−2
gyy = r2
+
O
r
,
g
=
r
+
O
r
,
ψψ
1 − y 2 + ˜2
1 + ˜3 − y 2 ˜3


2M 1 − y 2 (a + ˜4 )
˜4
gtψ = 1
+ O r−2 .
(3.3)
−
2
r [1 + (1 − y ) ˜3 ]
+ ˜3
1−y 2
It turns out that one can redefine the coordinate y such that ˜2 = 0. Also, we have to
assume ˜3 = ˜4 = 0 to respect the asymptotic flatness of the spacetime. After taking these
conditions into account, the Kerr-like spacetime is characterized by ˜1 (y), ˜5 (y), and the mass
function M (r).2
Before proceeding further, we would like to mention that the Z2 asymmetry also exists
for Kerr-NUT black holes [93], in which the symmetry is broken due to a non-vanishing
2

In fact, if the mass function is a constant (M (r) = M ), the coefficient of the 1/r2 term in the expansion of
gtt is proportional to ˜1 +˜
5 . Therefore, the Solar System tests [92] would give a further constraint: ˜1 +˜
5 ≈ 0.
Since we have kept a general radial dependence in the mass function, for the time being we will keep ˜1 (y)
and ˜5 (y) as two independent functions for the sake of generality.
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the introduction, the formulation of black hole solutions within the effective field theories
to extend GR [87, 88], or in the generic presence of non-minimal matter couplings [91],
strongly motivate the consideration of black hole spacetimes without Z2 symmetry. In this
paper, we study the physical properties of such black hole spacetimes in a theory-agnostic
framework. More precisely, we construct the Kerr-like black hole metric by assigning properly
the functions Ai (r) and Bi (y). In particular, we will focus on those deviations that break the
Z2 symmetry of the original Kerr spacetime. Such deviations are encoded in the functions
Bi (y). In principle, if functions Bi (y) are not even under the parity change, for example, if
they contain odd powers of y, the spacetime structure would not be invariant under y ↔ −y
exchange and the Z2 symmetry is broken.
For the sake of abbreviation, we define ∆ ≡ r2 − 2M (r)r + a2 and X ≡ r2 + a2 . Then,
we construct a Kerr-like black hole by assuming the PK metric functions to be

gravitomagnetic charge l. The geodesic equations of the Kerr-NUT spacetime are separable
as well [94]. Furthermore, the geodesic equations are also separable for the Kerr-NewmanNUT black hole [95] and its generalization with cosmological constant [96]. However, this
class of spacetimes is not asymptotically flat in general. In addition, the metric has singularity
on the axis of symmetry (y = ±1). This can be seen by mapping the Kerr-NUT metric into
the PK metric. We find that
2ly
,
1 − y2

4l2 y 2
1 − y 2 − 4aly +
,
1 − y2

B1 = a2 y 2 + 2lay ,

(3.4)

for the Kerr-NUT black hole. In the presence of terms linear in y, the Z2 symmetry is
broken. The singularity on the axis of symmetry is due to the 1 − y 2 factors appearing in the
denominator of B4 and B5 . In addition, the spacetime is not asymptotically flat due to the
second term of B4 , which corresponds to a non-vanishing ˜4 . For the Kerr-like metric given
in eqs. (3.1) and (3.2), we require ˜4 = 0. Also, the singularity on the axis of symmetry can
be easily avoided by choosing ˜1 and ˜5 properly.
3.1

Horizon

Due to the presence of the arbitrary functions ˜1 (y) and ˜5 (y), the black hole spacetime under
consideration is generically not Z2 symmetric. This can happen whenever ˜1 (y) or ˜5 (y) is
not even under y ↔ −y exchange. Such Z2 asymmetry in the spacetime structure can be
visualized near the event horizon and the ergosurface. In this subsection, we first elucidate
the spacetime structure on the event horizon in more details.
The event horizon rh of the Kerr-like black hole is defined by the surface r = rh such
that ∆(rh ) = 0.3 On this surface, we define the mass function as M (rh ) ≡ Mh . In order to
prove that r = rh is indeed the event horizon, we follow the procedure in ref. [87] and first
consider the determinant of the (t, ψ) metric:
gtt gψψ −

2
gtψ

=−

1 − y2

 2
2
r + y 2 a2 + ˜1 (y) ∆(r)

(r2 + y 2 a2 )2 − (r2 − 2M (r)r + y 2 a2 ) ˜5 (y)

.

(3.5)

It can be seen that the determinant vanishes when ∆ = 0, indicating that the corresponding
surface r = rh is null-like. In addition, the surface r = rh is a Killing horizon since on this
surface there exists a Killing vector ζ ≡ ∂t + Ω∂ψ , where
Ω≡

|gtψ |
gψψ

=
r=rh

a
,
2Mh rh

(3.6)

is a constant, such that the norm of ζ vanishes. As a result, the surface r = rh is indeed the
event horizon of the black hole.
Since the most important features of the Kerr-like black hole considered in this paper
is the violation of its Z2 symmetry, it could be interesting to visualize it and see how the
spacetime structure is modified when changing ˜1 (y) and ˜5 (y). In order to visualize the
3

There can be multiple roots for the equation ∆ = 0. We shall regard the outermost one as the event
horizon in the following discussions.
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B5 = a2

B4 = a −

horizon structure, we use an isometric embedding to map the horizon geometry into a 3dimensional Euclidean space. The induced metric on the horizon is


rh2 + y 2 a2 + ˜1 (y) 2 4Mh2 rh2 1 − y 2 rh2 + y 2 a2 + ˜1 (y)
2
dsh =
dy +
dψ 2 .
(3.7)
2
2
2
2
2
2
1 − y2
r +y a
+ a (1 − y ) ˜5 (y)
h

The standard
 procedure [97] of the embedding starts with a coordinate mapping from (y, ψ) →
x1 , x2 , x3 by
x1 = F (y) cos ψ , x2 = F (y) sin ψ , x3 = G(y) .
(3.8)


ds2 = d(x1 )2 + d(x2 )2 + d(x3 )2 = F,y2 + G2,y dy 2 + F 2 dψ 2 .

(3.9)

Equating eq. (3.7) to eq. (3.9), we get
 2
 )1/2
rh + y 2 a2 + ˜1 (y)
F (y) = 2Mh rh
,
2
rh2 + y 2 a2 + a2 (1 − y 2 ) ˜5 (y)
1/2
Z  2
rh + y 2 a2 + ˜1 (y)
2
G(y) =
− F,y
dy .
1 − y2
(

1 − y2

(3.10)

(3.11)

In figure 1, we assume M (r) = M , ˜1 (y) = 1 M 2 y, and ˜5 (y) = 5 M 2 y, where 1
and 5 are dimensionless constants. The embeddings of the event horizon in 3-dimensional
Euclidean space are shown. In the left panel, we fix 1 = 0 and a/M = 0.6, and show the
embeddings for different values of 5 . In the right panel, we fix 5 = 0 and again a/M = 0.6,
then show the results for different values of 1 . The black contours in both panels correspond
to the event horizon of the Kerr black hole. In addition, for each contour in the figure, we
have shifted the contour vertically such that the origin of the vertical axis is located at the
value of θm which maximizes the proper length of a constant-θ circle on the horizon. When
increasing 5 from zero, one can see from the left panel of figure 1 that both the upper and
lower poles are shifted upward. This gives rise to asymmetry of the contour between the
upper and lower half-planes. The Z2 symmetry is therefore broken. In the right panel, on
the other hand, one can see that when increasing 1 from zero, the upper pole of the contour
remains almost intact, while the lower pole is shifted upward by a comparable amount. The
violation of Z2 symmetry in this case is more transparent. It should be emphasized that the
consideration of a negative value of 1 or 5 induces the same shifts of the poles as what are
induced for positive values of them, while toward the opposite direction. As a consequence,
the non-vanishing functions ˜1 (y) or ˜5 (y) could break the Z2 symmetry of the spacetime.
3.2

Ergosurface

Another crucial surface of the Kerr-like black holes is the ergosurface. This surface defines the
boundary of the so-called ergosphere in which any physical object in this region is unlikely to
appear stationary with respect to an observer far away from the black hole. Basically, given a
black hole spacetime metric in the Boyer-Lindquist coordinate system, the ergosurface r = re
is defined by gtt = 0. Using the Kerr-like metric considered in this paper, that is, eqs. (2.1)
and (3.1), the ergosurface is defined by
ergosurface:

re2 − 2Me re + a2 y 2 = 0 ,

–8–
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The resulting 2-metric reads

Event horizon (a/M=0.6, ϵ1 =0)

2

1

Kerr

0

ϵ5 =3

x 3 /M

1

x 3 /M

Event horizon (a/M=0.6, ϵ5 =0)

2

Kerr

0

ϵ1 =0.75

ϵ5 =6

-1

-1

-2

0

-1

1

2

-2

-2

x 1 /M

-1

0

1

2

x 1 /M

Figure 1. The embeddings of the event horizon in 3-dimensional Euclidean space. The black contour
is the Kerr solution. In the left panel, we fix 1 = 0 and a/M = 0.6, then show the contour for
different values of 5 . In the right panel, on the other hand, we fix 5 = 0 and a/M = 0.6, then
show the contour for different values of 1 . In both cases, the Z2 asymmetry can be easily seen when
changing 1 or 5 .

where we have defined M (re ) ≡ Me . Similar to the definition of an event horizon, the above
equation may contain multiple roots. We shall regard the outermost one as the ergosurface
re . The induced metric at the ergosurface is

 #
1
dre 2
1
+
dy 2 +
=
1 − y 2 ∆(re ) dy




1 − y 2 re2 + y 2 a2 + ˜1 (y) re4 + 2Me a2 re + re2 a2 + ∆(re ) y 2 a2 − ˜5 (y)
"

ds2e



re2

2 2


+ y a + ˜1 (y)

(re2 + y 2 a2 )2
=

dψ 2

[2Me re + ˜1 (y)] Me2 2
dy +
[Me2 − a2 y 2 ] (1 − y 2 )





1 − y 2 [2Me re + ˜1 (y)] 4Me2 re2 + 4Me a2 re 1 − y 2 − a2 1 − y 2 ˜5 (y)
dψ 2 . (3.13)
4Me2 re2

As what we have done in the previous subsection, we use an isometric embedding to
map the ergosurface into a 3-dimensional Euclidean space to visualize the ergosurface and
the embedding shape of the ergosphere. This can be achieved by inserting the induced
metric (3.13) into the metric (3.9). In figure 2, we assume M (r) = M , ˜1 (y) = 1 M 2 y, and
˜5 (y) = 5 M 2 y, and show the embedding of the ergosurface and the enclosed ergosphere in
3-dimensional Euclidean space. Similar to the case of event horizon in figure 1, the violation
of Z2 symmetry can be seen from the ergosurface structure, when 1 or 5 is not zero.

3.3

Ricci scalar

The fact that the Z2 symmetry in the Kerr-like spacetime is broken can also be seen from
the profile of the curvature invariant. The Ricci scalar R(r, y) of the Kerr-like spacetime can
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Figure 2. The embeddings of the ergosurface in 3-dimensional Euclidean space. The black contour
corresponds to the Kerr solution. In the left panel, we fix 1 = 0 and a/M = 0.6, then show the
contour for different values of 5 . In the right panel, on the other hand, we fix 5 = 0 and a/M = 0.6,
then show the contour for different values of 1 . In both cases, the Z2 asymmetry can be seen when
changing 1 or 5 .

Figure 3. The Ricci scalar R(r, y) outside the horizon. In both panels, we assume a/M = 0.9. In
the left panel, we fix 1 = 0 and 5 = 6, while in the right panel, we assume 1 = 1.5 and 5 = 0.

be approximated as (assuming M (r) = M ):
R(r, y) ≈


y 2 − 1 (3˜
1 + ˜5 ),yy + 2y (3˜
1 + ˜5 ),y − 2 (3˜
1 + ˜5 )
r4



2M 12˜
1 + 11˜
5 − 2y˜
5,y + 1 − y 2 ˜5,yy
+
+ O(r−6 ) ,
r5

(3.14)

when r → ∞. In general, the Ricci scalar is not Z2 symmetric because of its arbitrary
dependence on y. In figure 3, we show the Ricci scalar R(r, y) outside the horizon with
respect to r and y. In both panels, we fix the spin parameter to a/M = 0.9 and assume that
M (r) = M , ˜1 (y) = 1 M 2 y, and ˜5 (y) = 5 M 2 y. In the left panel, we fix 1 = 0 and 5 = 6,
while in the right panel, we assume 1 = 1.5 and 5 = 0. It can be easily seen that the Z2
symmetry of the spacetime is broken by either changing 1 or 5 .
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-3

4

Shadows

h
i
2
R(r)
2
2
2
=
r
+
a
−
aξ
−
∆
η
+
(ξ
−
a)
,
E2


Θ(θ) 
= η + cos2 θ a2 − ξ 2 csc2 θ − ˜5 (y) .
2
E

(4.1)
(4.2)

The equations R(rp ) = 0 and dR/dr|rp = 0 give
1
ξ(rp ) =
a
η(rp ) =



4∆r
2
2
r +a −
∆0

16r2 ∆
∆02

,

(4.3)

− [ξ(rp ) − a]2 ,

(4.4)

r=rp

r=rp

where the prime stands for the derivative with respect to r. Note that Θ should not be
negative for a viable photon trajectory. Given a spherical photon orbit with a radius rp ,
the azimuthal angular momentum ξ and the Carter-like constant η of a photon moving
on this orbit are determined by eqs. (4.3) and (4.4), respectively. It can be shown that the
azimuthal angular momentum ξ and the orbital radius rp have an one-to-one correspondence.
In addition, along each spherical photon orbit, the latitude θ oscillates between its own
extreme values. Given a set of ξ and η, these extreme latitudes can be obtained by solving
the equation θ̇ = 0. In the absence of ˜5 (y), the motion on each spherical orbit is Z2
symmetric because Θ(y) contains only even functions of y. However, if ˜5 (y) is not zero,
the Z2 symmetry could be broken and the extreme latitudes on the north and the south
hemispheres could be different. Note that only the photons with a zero azimuthal angular
momentum, that is, ξ = 0, are able to reach the axis of symmetry (y = ±1). For a discussion
of the spherical photon orbits around a Kerr black hole, we refer the reader to the paper [98]
and the review [99].
In order to visualize the apparent shape of a shadow, we adopt the celestial coordinates
(α, β) which lie on the celestial plane of the observer. The illustration is depicted in figure 4.
The coordinate α is the apparent perpendicular distance between the edge of the shadow
and the axis of symmetry (z-axis). The coordinate β, on the other hand, is the apparent
perpendicular distance between the edge of the shadow and the y-axis. In an asymptotically
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In the previous section, we have shown that the near-horizon structure as well as the ergosurface of the Kerr-like black hole is different from those of the Kerr black hole when the
function ˜1 (y) or ˜5 (y) is non-zero. In the presence of these arbitrary functions, it is generically possible to break the Z2 symmetry of the spacetime, while the spacetime recovers the
Kerr spacetime in the asymptotic region. It is natural to ask whether these deviations would
leave some observational imprints, which enable us to test the Kerr-like spacetime under
consideration. In this section, we will investigate the shadow of the Kerr-like black hole and
see whether the deviation functions ˜1 (y) and ˜5 (y) would alter the shape or the size of the
shadow contour.
Essentially, the shadow of a rotating black hole is the impact parameter of the photon
region around the black hole. This region consists of several spherical photon orbits, each
with its own radius rp , such that R(rp ) = 0, dR/dr|rp = 0, and d2 R/dr2 |rp ≥ 0. Considering
our Kerr-like spacetime metric, eqs. (2.17) and (2.18) can be rewritten as

flat spacetime, the celestial coordinates can be expressed as [100]
α = lim

r0 →∞

dψ
−r02 sin θ0
dr

!
,
r0 ,θ0

β = lim

r0 →∞

dθ
r02
dr

!
,

(4.5)

r0 ,θ0

where r0 is the distance between the observer and the black hole, and θ0 is the inclination
angle between the rotation axis (z-axis in figure 4) of the black hole and the direction to
the observer. Finally, using the geodesic equations (2.13), (2.14), (2.19), and (2.20), one can
obtain the expressions of the celestial coordinates for the Kerr-like black hole as follows:
ξ
α=−
,
sin θ0

q
β = ± η + a2 cos2 θ0 − ξ 2 cot2 θ0 − ˜5 (y0 ) ,

(4.6)

where y0 ≡ cos θ0 . Combining eq. (4.6) and the parametrizations ξ(rp ) and η(rp ), the contour
of the shadow can be obtained by parametrizing α and β with the running variable rp .
It can be seen that the shadow contour is completely blind to the deviation function
˜1 (y). Also, even though the spacetime structure could violate Z2 symmetry, the shadow
contour is symmetric with respect to the horizontal axis (α-axis). This fact has been pointed
out in refs. [91] and [96], in which the latter discusses the shadow of the Kerr-Newman-NUT
black hole with a cosmological constant. The reason for the preservation of this symmetry in
the shadow contour is related to the separability of the geodesic equations. More precisely,
the separation of the Hamilton-Jacobi equation implies that in the θ sector of the geodesic
equation, the corresponding component of the 4-momentum pθ always appears in the form of
p2θ [91]. Since the coordinate β is proportional to pθ [101] (see eq. (4.5)), the shadow contour
is symmetric with respect to the horizontal axis.
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Figure 4. The schematic plot of the celestial coordinates. The black hole is at the origin and the
observer is on the x-z plane. The z axis is assumed to be the axis of symmetry of the black hole. The
position of the observer can be represented with spherical coordinates (r0 , θ0 , ψ0 ) and one can choose
ψ0 = 0. As seen from the observer, the black hole shadow is projected on the α-β plane.

In figure 5, we assume M (r) = M and ˜5 (y) = 5 M 2 y, and show the photon trajectories
contributing to two points nearly on the shadow contour, with celestial coordinates (αp , ±βp ).
The observer is on the right-hand side where light rays converge. The solid curves are the
result in the Kerr-like spacetime with 5 = 6, while the dashed curves represent that in the
Kerr spacetime. It can be shown that photons following all these curves would approach the
same photon sphere (the outer sphere) and undergo spherical motions. This explains why
the shadow contour would appear symmetric with respect to the horizontal axis. It should
be noticed that, although the blue and the red curves correspond to the same photon sphere
even if 5 6= 0, the spherical motions of these two curves are Z2 asymmetric. One can indeed
see that the solid curve and the dashed curve are distinguishable on the photon sphere, which
the latter is Z2 symmetric.
It should be stressed that in this paper, we construct the Kerr-like spacetime by using
the general PK metric. We require the spacetime to be asymptotically flat and focus on the
deviation functions ˜i (y) which could generically break the Z2 symmetry of the spacetime.
The Z2 symmetry of the shadow contour turns out to be a common property shared by the
family of such general Kerr-like spacetimes.
In figure 6, we show the shadow contours of the Kerr-like black hole for different values
of 5 . Note that the shadow contour is completely blind to the deviation function ˜1 (y). We
fix the inclination angle θ0 = π/4 and assume the spin to be a/M = 0.6 in the left panel.
In the right panel, we show the contours for a/M = 0.99 (the extremal case corresponds
to a/M = 1). One can see that the contour is more distorted when the spin increases, as
expected. According to figure 6, it can be directly seen that the apparent size of the shadow
contour shrinks when 5 increases, for the current choice of θ0 . However, it seems that the
change of 5 only affects the distortion of the contour by a very small amount.
In order to investigate whether it is possible to extract the information about black
hole parameters from shadow contours, we consider the observables that characterize the
shadow contour. We use the method developed in ref. [102] in which the authors defined two
parameters RS and DS . The former corresponds to the apparent size of the shadow, while
the latter quantifies its distortion in shape. There are also several possible observables one
can define from a shadow contour [17, 82, 103, 104]. In this paper, we consider the simplest
but very seminal one proposed in ref. [102].
The schematic plot and the geometrical meaning of the observables RS and DS [102]
are illustrated in figure 7. In this figure, the black hole shadow is depicted by the blue
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Figure 5. The trajectories of two light rays contributing to two points nearly on the shadow contour,
with celestial coordinates (αp , ±βp ). The observer is on the right-hand side where light rays converge.
The solid curves correspond to the result of the Kerr-like black hole with 5 = 6, while the dashed
curves correspond to the trajectories in the Kerr spacetime. Photons following all these trajectories
would approach to the same photon sphere (the outer sphere) and undergo spherical motions. The
event horizon is illustrated by the inner black sphere.
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Figure 6. The shadow contours for different values of 5 are shown. Note that the shadow contour
is completely blind to ˜1 (y). We have fixed the inclination angle θ0 = π/4. In the left panel, we fix
a/M = 0.6, while in the right panel we choose a/M = 0.99.

Figure 7. This figure illustrates schematically the definition and the geometrical meaning of the
observables RS and DS .

contour. The apparent radius RS of a shadow contour is defined by considering a reference
circle (the red dotted circle) passing through the top, bottom, and the rightmost points on
the shadow. This circle is uniquely defined by these three points and we define its radius
as the apparent size of the shadow RS . On the other hand, the distortion parameter DS is
defined by the apparent distance between the leftmost point of the reference circle and that
of the shadow contour. The distortion parameter thus measures the amount of the shadow
contour deviates from a perfect circle. It is also common to define a dimensionless parameter
DS /RS to quantify the distortion of the black hole shadow [102].
In figure 8, we assume M (r) = M , ˜5 (y) = 5 M 2 y, and θ0 = π/4, then show how
the observables RS (top-left), DS (top-right), and DS /RS (bottom) change with respect to
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Figure 8. These density profiles show how the observables RS (top-left), DS (top-right), and DS /RS
(bottom) are changed with respect to 5 and the spin parameter. Here we have fixed the inclination
angle θ0 = π/4.

the spin parameter a and 5 . As one can see from the top-left panel, the apparent size
of the shadow for a given 5 would shrink a little bit when the black hole is getting more
extremal. Furthermore, it can be seen that increasing 5 would reduce the apparent size of
the shadow when 0 ≤ θ0 ≤ π/2 (see also the top-left panel of figure 9). As for the distortion
in shape, one can infer from the top-right and the bottom panels that changing 5 has almost
no contribution to the distortion parameter DS . When fixing the inclination angle θ0 and
assuming a constant mass function, the distortion in shape is mostly determined by the spin
parameter.
In figure 9, we assume a nearly extremal black hole a/M = 0.99 and show how the
observables change with respect to 5 and the inclination angle θ0 . According to the top-left
panel, it seems that the change of the apparent size with respect to changing the parameters
(θ0 , 5 ) is non-trivial. In fact, when θ0 = π/2, the apparent size RS remains unaltered
when changing 5 . This is expected because 5 appears in the expression of the celestial
coordinates (4.6) only in the form of 5 cos θ0 . In fact, if ˜5 |y=0 = 0, the edge-on Kerr-like
shadow is indistinguishable from its Kerr counterpart. As for the distortion parameter, it
can be seen from the top-right and bottom panels that the distortion parameter DS is very
insensitive to the change of 5 .
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Figure 9. These density profiles show how the observables RS (top-left), DS (top-right), and DS /RS
(bottom) are changed with respect to 5 and the inclination angle. Here we have fixed the spin
parameter a/M = 0.99.

5

Conclusion

In this paper, we study the physical properties and the shadow contour of a class of Kerr-like
black holes, whose Z2 symmetry is generically broken. Such black holes could arise in some
candidates of effective theories of quantum gravity, especially when parity-violating terms
appear in the higher-derivative interactions. In this work, we adopt an theory-agnostic approach and construct a class of Kerr-like spacetimes in which the Z2 asymmetry is quantified
by two arbitrary functions of polar angle: ˜1 and ˜5 . The metric, although not a solution of
any particular existing theory of gravity, is able to parametrize the deviations from Kerr black
hole of our interest, e.g. the amount of Z2 symmetry violation. In addition, the Kerr-like
metric under consideration possesses the following crucial properties: the asymptotic flatness
and the existence of a Carter-like constant. The latter property implies that the geodesic
equations are completely separable and they can be written in first-order form.
After constructing the Kerr-like metric, we identify the locations of the event horizon
and the ergosurface, respectively. Then, we exhibit the Z2 asymmetry of the spacetime by
using an isometric embedding to map the induced metrics on the event horizon and the
ergosurface into a 3-dimensional Euclidean space. We show that by changing ˜1 or ˜5 from
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zero, the Z2 symmetry of the spacetime could be broken. The Z2 asymmetry can also be
seen from the behavior of the Ricci scalar, as has been depicted in figure 3.
Furthermore, we study the shadow contour of this Kerr-like black hole. It turns out that
the shadow contour is completely blind to the deviation function ˜1 . On the other hand, the
other deviation function, ˜5 , does alter the shadow contour. By assuming ˜5 = 5 M 2 cos θ,
we find that for a given spin parameter, increasing the value of 5 would shrink (expand) the
apparent size of the shadow, if the inclination angle θ0 is smaller (larger) than π/2. However,
changing the parameter 5 seems to hardly affect the distortion of the shadow contour. For
this type of Kerr-like black holes, the distortion of the shadow contour, that is, Ds /Rs , is
mostly determined by the spin and the inclination angle. This essentially means that the
deviation function ˜5 can only be tested when the distance to the black hole and the black
hole mass can be measured with great precision.
Another important result is that even though the Z2 symmetry of the spacetime is
generically broken, the shadow contour is still symmetric with respect to the horizontal
axis, irrespective of the inclination angle. This discovery has been pointed in refs. [96]
and [91], respectively for the Kerr-Newman-NUT black hole with a cosmological constant,
and for a particular black hole spacetime generated by extra fields non-minimally coupled
to gravity. The reason is associated to the separability of the Hamilton-Jacobi equation
for geodesic equations. The vertical angular distance of a point on the shadow contour to
the horizontal axis is proportional to dθ/dr on the light curve, evaluated at the location
of the observer. According to the geodesic equation (2.14), upon reaching the observer,
photons with a positive and a negative dθ/dr possess identical conserved quantities η and ξ.
Therefore, they would be mapped onto the same photon sphere around the black hole (see
figure 5). That is why the shadow contour is always symmetric with respect to the horizontal
axis. In ref. [96], the author has shown that the shadow contour is symmetric even if the
observer is located at a finite distance r0 from the Kerr-Newman-NUT black hole. In this
paper, we have shown that it is also true for a general Kerr-like black hole. Essentially, this
result provides another evidence that the shadow of a black hole is not really sensitive to the
intrinsic geometric structure of the event horizon [105].
Given that it is challenging to test ˜1 and ˜5 with shadow contours, one could resort
to black hole spectroscopy by considering perturbations of this type of black holes. The
deviation functions may leave imprints on the quasinormal mode frequencies of the black
hole. Another possible extension is to relax the assumption that a Carter-like constant
exists. This would increase the diversity of viable models and the geodesic equations would
not be separable anymore. It would be interesting to see how the shadow of such black holes
acquires its novel characteristics, such as the asymmetry with respect to the horizontal axis.
We will leave these issues for future works.
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