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a b s t r a c t
We study the quantum avoidance of the big rip singularity in the Eddington-inspired-Born–Infeld (EiBI)
phantom model. Instead of considering a simple phantom dark energy component, which is described by a
perfect fluid, we consider a more fundamental degree of freedom corresponding to a phantom scalar field
with its corresponding potential, which would lead the classical universe to a big rip singularity. We apply
a quantum geometrodynamical approach by performing an appropriate Hamiltonian study including an
analysis of the constraints of the system. We then derive the Wheeler–DeWitt (WDW) equation and see
whether the solutions to the WDW equation satisfy the DeWitt boundary condition. We find that by
using a suitable Born–Oppenheimer (BO) approximation, whose validity is proven, the DeWitt condition
is satisfied. Therefore, the big rip singularity is expected to be avoided in the quantum realm.
© 2018 Published by Elsevier B.V.

1. Introduction
It is well known that Einstein’s general relativity (GR) predicts the existence of spacetime singularities in several physical
configurations. In Refs. [1–3], it has been proven that spacetime
singularities, which are accompanied with an abrupt termination
of timelike (lightlike) geodesics, exist as long as the matter fields
satisfy the strong (null) energy condition. This is the definition of
spacetime singularity based on the notion of the geodesic incompleteness. In this regard, the attractive forces between matter fields
ensure the convergence of the geodesic congruence. At a certain
spacetime point, the geodesics cannot be further extended and this
is where the spacetime singularity is formally defined. For instance,
GR predicts the existence of black hole singularities as well as the
big bang singularity at the very beginning of the universe.
Moreover, one should be aware that spacetime singularities are
not restricted to small scales, they could in fact exist at large scales
as well. In order to explain the late time accelerating expansion
of the universe, one may consider a universe filled with some
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kinds of dark energy violating not only the strong energy condition,
but also the null energy condition. This particular dark energy is
called phantom dark energy and it could result in several cosmic
curvature singularities in the future of the universe [4]. The most
famous cosmic singularity associated with phantom dark energy is
the big rip singularity [5–15]. The size as well as the curvature of
the universe diverge at the singularity and in a finite cosmic time.
Before the universe reaches the singularity where the spacetime
would be destroyed, all bounded structures would be ripped asunder by the strong Hubble flow. In addition to the big rip singularity,
there exist several cosmic singularities and abrupt events that can
be driven by phantom dark energy [16–23].
In order to ameliorate the aforementioned spacetime singularities, one may resort to some quantum effects expected near the
classical singularities. One of the promising approaches to address
this issue is based on the quantum geometrodynamics in which the
Wheeler–DeWitt (WDW) equation describes the quantum state of
the universe as a whole [24]. The WDW equation in GR is derived
from the Hamiltonian constraint defined by the Einstein equation.
If the solution to the WDW equation satisfies the DeWitt (DW)
boundary condition [25], that is, it vanishes at the configuration
corresponding to the classical singularity, one may claim that the
singularity is then expected to be avoidable when quantum effects
are taken into account. Following this direction, it has been shown
in Refs. [26,27] that the big rip singularity in GR can be removed
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by quantum effects. The quantum behaviors of other cosmological
singularities, such as the sudden singularity [28], the big freeze
singularity [29], the type IV singularity [30], the little rip [31], and
the little sibling of the big rip [32], have also been discussed in
the literature. It should be noticed that in some particular cases as
shown in Refs. [33–35], a vanishing wave function at the classical
singularity does not imply a vanishing probability because the
measure used to define the probability diverges in those cases.
On the other hand, one can also address the spacetime singularities from a somewhat phenomenological point of view. Since a
well-constructed and complete quantum theory of gravity is still
lacking, one can consider some extended theories of gravity which
not only reduce to GR in some proper limits, but also ameliorate
spacetime singularities to some extent [36]. These theories of
gravity can also be regarded as effective theories of an unknown
quantum theory of gravity under some cutoff energy scales. Within
this scope an interesting theory is the Eddington-inspired-Born–
Infeld (EiBI) gravity [37] (see also Ref. [38] for the first attempt
of considering Born–Infeld structure in the gravitational action).
This theory contains higher order correction terms of curvature as
compared with GR and it removes the big bang singularity [39–41].
In addition, the EiBI cosmology [42–47], the astrophysical configurations [48–56], constraints of the parameters in the theory [57–
61], and some generalizations of the EiBI theory [62–70] have been
widely investigated in the literature (see Ref. [71] for a nice review
of the EiBI gravity).
Even though the big bang singularity can be avoided in the
EiBI theory, in our previous works [72,73] we have shown that
the big rip singularity still exists in the classical theory. It is then
natural to ask whether the big rip singularity in the EiBI theory
can be alleviated by quantum effects. In Refs. [74,75], we considered a quantum geometrodynamical approach to address this
issue by modeling the phantom dark energy as a perfect fluid. We
have proven the existence of wave functions satisfying the DeWitt
boundary condition near the configuration of the big rip and have
therefore shown the possibility that the singularity can be avoided
by quantum effects. In addition, some future abrupt events driven
by phantom dark energy, such as the little rip and the little sibling
of the big rip, have also been found avoidable under quantum
effects in the EiBI model [76]. For another quantum treatment
for the EiBI gravity, we refer to the scrutiny about the quantum
tunneling effects of the singular instanton [77] and the regular
instanton [78]. One of the important results is the formation of
a Lorentzian wormhole during bubble materialization shown in
Ref. [78].
In this paper, we consider a more general matter content than
the phantom perfect fluid to study the quantum avoidance of the
big rip singularity within the EiBI model. Specifically, we introduce
a proper degree of freedom related to the matter sector described
by a (phantom) scalar field φ minimally coupled to EiBI gravity
to see whether a wave function satisfying the DeWitt condition
is attainable. In a homogeneous and isotropic universe, there are
two dynamical degrees of freedom in the system, one from the
geometry side and the other from the matter side. We will start
obtaining, for the first time, a consistent WDW equation for a
universe filled with a minimally coupled scalar field within the EiBI
setup. We will prove that under a suitable Born–Oppenheimer (BO)
approximation, a wave function satisfying the DeWitt condition
can be obtained. Therefore, the big rip singularity is expected to
be avoided by quantum effects.
This paper is outlined as follows. In Section 2, we concisely
review the classical EiBI phantom model and exhibit how a big rip
singularity would occur by adding a phantom scalar field with a
proper potential. In Section 3, we construct the modified WDW
equation by considering an alternative action in Einstein frame.
The model corresponds to a constrained system and a thorough
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Hamiltonian analysis as well as the quantization with the Dirac
brackets are performed. In Section 4, we solve the WDW equation
by applying a Born–Oppenheimer approximation and show that
the big rip singularity is hinted to be avoided according to the
DeWitt criterion. We finally present our conclusions in Section 5.
2. The EiBI model with a phantom scalar field: The big rip
singularity
The EiBI action, which was proposed in Ref. [37], is
SEiBI =

2

κ

∫

d4 x

[√

√ ]
|gµν + κ R(µν ) (Γ )| − λ −g + SM (g),

(2.1)

where SM is the matter Lagrangian coupled only to the physical
metric gµν . The theory is assumed to contain only the symmetric
part of the Ricci tensor R(µν ) and the curvature is constructed by
the affine connection Γ , which is independent of gµν . Within this
setup, the theory respects the projective gauge symmetry and the
torsion field, if it exists, can be removed by simply choosing a
gauge. On the other hand, the dimensionless constant λ quantifies
the effective cosmological constant at the low curvature limit.
Moreover, on the action (2.1) |gµν + κ R(µν ) | stands for the absolute
value of the determinant of the rank two tensor gµν +κ R(µν ) . Finally,
κ characterizes the theory and has inverse dimensions to that of a
cosmological constant. In addition, we assume 8π G = c = 1.
The EiBI theory is equivalent to GR in vacuum, while it could
deviate from GR when matter fields are included. In the early
universe, the theory has been shown to be free of the big bang
singularity. Furthermore, it should be stressed that the equations
of motion of the theory contain derivatives of the metric up to
only second order because of the Palatini structure of the theory.
To be more precise, one can define an auxiliary metric λqµν =
gµν +κ R(µν ) such that qµν is compatible with the connection. One of
the two field equations relates algebraically the matter field with
the two metrics, and the other equation corresponds to a second
order differential equation of qµν .
Even though the EiBI gravity is characterized by its ability to
avoid cosmological singularity of the big bang types, it has been
shown in Refs. [72,73] that the big rip singularity is still unavoidable in the EiBI phantom model. Considering a homogeneous and
isotropic spacetime which can be described by the following metric
ansatz:
ds2g = −N(t)2 dt 2 + a(t)2 δij dxi dxj ,
ds2q = −M(t)2 dt 2 + b(t)2 δij dxi dxj ,

(2.2)

where N(t) and a(t) are the lapse function and the scale factor of
the physical metric gµν , while M(t) and b(t) are the lapse function
and the scale factor of the auxiliary metric qµν . In this metric ansatz,
these four quantities can be expressed as functions of the cosmic
time t and their evolutions in time are determined by the Euler–
Lagrange equations of motion.
In Refs. [72,73], we have demonstrated that in the EiBI gravity,
if the universe is dominated by a phantom dark energy with a
constant equation of state w < −1, the universe would end up at
a big rip singularity. In fact, the asymptotic behavior of the Hubble
rate (defined through the physical metric) near the singularity can
be expressed as
1
N

H2 ≡
2

1 ( ȧ )2
N2 a

√

≈

4 |w|3
3(3w + 1)2

ρ0 a−3(1+w) ,

(2.3)

when a goes to infinity, where ρ0 is the energy density of the
phantom dark energy at present time. The dot denotes the cosmic
time derivative. Therefore, H blows up which can be shown to be
at finite cosmic time form now. Besides, the cosmic time derivative
of H diverges as well when approaching the big rip.

2
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If the phantom dark energy considered in this setup is governed
by a phantom scalar field φ and its potential V (φ ), the energy
density and pressure of this phantom scalar field can be written
as1

ρφ = −

φ̇ 2
2N 2

pφ = −

φ̇

2

+ V (φ ) ,

(2.4)
X ≡

− V (φ ) .

(2.5)

2N 2
When the universe is approaching the big rip singularity, the energy density and pressure can be approximated as ρφ ≈ ρ0 a−3(1+w)
and pφ ≈ wρ0 a−3(1+w) . Combining Eqs. (2.3), (2.4) and (2.5), one
can obtain the asymptotic form of the scalar field as a function of
a:

√
φ (a) = ±

3|w + 1|(3w + 1)2

√

4 |w|3

ln a,

(2.6)

V (φ ) = AeB|φ| ,

(2.7)

where

ρ0
2

√
(1 − w ) ,

B=

N

,

M

√
12|w + 1| |w|3
.
(3w + 1)2

(2.8)

It can be seen that the big rip singularity is accompanied by a
divergence of the scalar field, i.e., |φ| → ∞ and its potential.
3. From the classical realm to the quantum world: Derivation
of the Wheeler–DeWitt equation
3.1. The classical Hamiltonian

[

L = λMb3 −

+ MXb3 Y

Sa = λ

∫

4

√

[

d x −q R(q)−

2λ

κ

+

1(

κ

αβ

q

gαβ −2

√ )]
g
q

+SM (g), (3.1)

in which the fundamental variables become gµν and the auxiliary
metric qµν . The equations of motion obtained from the original
action (2.1) can be reproduced by varying the above action (3.1)
with respect to gµν and qµν . In Refs. [74–76], it has also been shown
that the classical Hamiltonian is easier to define from this action
because Sa resembles the standard Einstein–Hilbert action, with
which the derivation of the Hamiltonian and the WDW equation is
well-known. We then consider the action (3.1) and assume that the
matter sector is governed by a scalar field φ with its potential V (φ ).
After integrations by part,
∫ the reduced Lagrangian constructed
from the action, Sa = v0 dt L, can be rewritten as

[

L = λMb3 −

6ḃ2

−

2λ

κ
( φ̇ 2
)
3
+ Na l 2 − 2V (φ ) ,
N

M 2 b2

+

1 ( N2

κ

M2

+3

a2
b2

−2

Na3 )]
Mb3
(3.2)

1 We will not consider dark matter on our approach because its effect is negligible in the asymptotic regime when the big rip singularity is reached. Furthermore,
we will only consider the case where κ is positive because of the instability
problems usually present if κ < 0 [58,59].

b

,

(3.3)

6ḃ2
M 2 b2

−

( φ̇ 2
3
l

M 2X 2

2λ

+

κ

1

κ

]

(X 2 + 3Y 2 − 2XY 3 )

)
− 2V (φ ) .

(3.4)

The conjugate momenta of this system are
12λb

ḃ ,

M
pX = 0 , pY = 0 ,

pφ =
pM

2b3 Y 3

MX
= 0.

lφ̇ ,

(3.5)
(3.6)

It can be seen that the variables Ẋ , Ẏ , and Ṁ cannot be inverted to
be functions of canonical variables and their conjugate momenta,
so the system is a constrained system and it has three primary
constraints [79]:
pX ∼ 0 ,

pY ∼ 0 ,

pM ∼ 0 ,

(3.7)

where ∼ denotes the weak equality, i.e., an equality on the constraint surface on which all the constraints in the phase space are
satisfied. Provided the existence of the primary constraints, the
Hamiltonian is defined as follows [79]

λMb3 2
(X + 3Y 2 − 2XY 3 − 2λ)
24λb
4b3 Y
κ
+ 2MXb3 Y 3 V (φ ) + λM pM + λX pX + λY pY ,
(3.8)

HT = −

To derive the WDW equation, it is necessary to obtain the correct classical Hamiltonian HT , which gives the classical equations
of motion, and then to promote the Hamiltonian to a quantum
operator: HT → ĤT . The WDW equation is essentially a restriction
on the Hilbert space that operates over the wave function of the
universe |Ψ ⟩, more precisely, ĤT |Ψ ⟩ = 0.
In Refs. [42,71], it has been shown that the original EiBI action
can be transformed to its Einstein frame through a proper Legendre
transformation. The new action reads

a

Y ≡

to replace N and a with X and Y , respectively. The Lagrangian then
becomes

pb = −

and the scalar field potential

A=

where v0 corresponds to the spatial volume after a proper compactification for spatially flat sections. On the above equation l =
±1 denotes the ordinary scalar field (+1) and phantom scalar field
(−1), respectively. For the sake of later convenience, we use the
following changes of variables

M

p2b +

MX

lp2 −
3 φ

where λM , λX , and λY are Lagrange multipliers associated with
each primary constraint. Note that the primary constraints are
obtained directly from the definition of the conjugate momenta.
These constraints should be satisfied throughout time and this
would lead to the so called secondary constraints. To derive these
secondary constraints requires the use of the equations of motion:
ṗM = [pM , HT ] ∼ 0, ṗX = [pX , HT ] ∼ 0, and ṗY = [pY , HT ] ∼ 0.
We call these requirements consistent conditions of the corresponding constraints and the consistent conditions of the primary
constraints lead to the following secondary constraints
CX ≡
CY ≡

λX
Y3

λ
XY
p2b

−λ−κ
−λ+κ

( lp2
φ
8b6 Y 6

( lp2
φ
8b6 Y 6

)
+ V (φ ) ∼ 0 ,

(3.9)

)
− V (φ ) ∼ 0 ,

(3.10)

X
λb 2
− 3 3 lp2φ +
(X + 3Y 2 − 2XY 3 − 2λ)
24λb
4b Y
κ
− 2Xb3 Y 3 V (φ ) ∼ 0 .

CM ≡

3

(3.11)

Moreover, the consistent conditions of these secondary constraints
do not generate new constraints anymore. Therefore, we have six
constraints in this system.
With these six constraints at hand, it is rather crucial to identify
whether they are first class or second class [79]. By calculating the
Poisson brackets between these constraints, it can be shown that
pM is a first class constraint in the sense that its Poisson brackets
with other constraints are zero weakly. On the other hand, pX , pY ,
CX , CY and CM are second class constraints because they have at
least one non-vanishing Poisson bracket with the other constraints
on shell. Furthermore, the Hamiltonian HT is also a constraint since
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it can be written as a linear combination of the constraints as
follows
HT = −MCM + λM pM + λX pX + λY pY .

(3.12)

Hence HT ∼ 0 is a first class constraint because its Poisson brackets
with all the constraints should vanish weakly by definition. In the
following subsection, we will use the Hamiltonian to write down
the WDW equation, i.e., ĤT |Ψ ⟩ = 0.
Essentially, the first class constraint pM corresponds to a gauge
degree of freedom that can be fixed. An appropriate gauge condition is M = constant in the sense that pM and M become
second class constraints after choosing this gauge. The consistent
condition of this gauge choice, that is, [M , HT ] ∼ 0, implies λM =
0.
3.2. Quantization with Dirac brackets
The system that we are dealing with contains several second
class constraints. According to Ref. [79] it was suggested that to
quantize such a system, one needs to use the Dirac bracket, instead
of the Poisson bracket, to define the commutation relations and
promote the phase space functions to quantum operators. The
Dirac bracket is basically constructed by calculating the Poisson
brackets among all independent second class constraints of the
system. The notion of independent second class constraints means
that one cannot obtain any other first class constraints by taking
linear combinations of these second class constraints. The independent second class constraints in our system (after choosing the
gauge) are χi = {M , pM , pX , pY , CX , CY }. Note that the Hamiltonian (3.12) is a first class constraint and it can be written as a
linear combination containing CM . That is the reason why we have
excluded CM when defining χi .
The Dirac bracket of two phase space functions F and G is
defined by [79]

[F , G]D = [F , G] − [F , χi ]∆ij [χj , G],

(3.13)

where ∆ij is a matrix satisfying

∆ij [χj , χk ] = δik .

(3.14)

One of the important properties of the Dirac bracket is that the
Dirac bracket of a second class constraint with any phase space
function is zero strongly, i.e., [χi , G]D = 0. This means that after
promoting the phase space functions to quantum operators via the
Dirac bracket, the second class constraints χi can be treated as zero
operators and the Hamiltonian can be significantly simplified. By
considering the constraints CX and CY , the Hamiltonian operator
ĤT only contains b̂, p̂b , φ̂ , and p̂φ . The Dirac brackets of the fundamental variables corresponding to these operators are

[b, φ]D = [b, pφ ]D = [φ, pb ]D = [pb , pφ ]D = 0,
[b, pb ]D = [φ, pφ ]D = 1.

3

Note that λM = 0 after the gauge fixing.
Next, we will use the asymptotic behaviors of the constraints
(3.9) and (3.10) near the singularity to replace X and Y in Eq. (3.16).
Near the big rip singularity, Eqs. (3.9) and (3.10) can be approximated as (l = −1 for a phantom scalar field)

κ
ρ0 a−3(1+w) ≈ c1 V (φ ),
λ
λa3(1+w)
c2
Y2 ≈ √
≈
,
V (φ )
|w|κρ0
X

Y3

(3.17)

≈

(3.18)

where c1 and c2 are two positive constants defined as
c1 ≡

2κ
(1 + |w|)λ

√

,

c2 ≡ ( |w|c1 )−1 .

(3.19)

Note that along the classical trajectory, we have V (φ (a)) ≈
Aa−3(1+w) when approaching the singularity. The Hamiltonian can
be written as
p2b

[

HT = M −

24λb

− c1 V (φ )

p2φ
4b3

+

2λb3 (

κ

λ−

c2 )]
V (φ )

+λX pX +λY pY ,
(3.20)

where the potential V (φ ) is given by Eq. (2.7).
We construct the WDW equation as follows

⟨bφ|b3 ĤT |Ψ ⟩ = 0,

(3.21)

and choose, for simplicity, the following factor ordering

( ∂ )( ∂ )
( ∂ )( ∂ )
b
= −h̄2
,
(3.22)
∂b
∂b
∂x ∂x
)(
)
(
)(
)
(
∂
∂
∂
∂
eB|φ|/2
= −h̄2
. (3.23)
eB|φ| p̂2φ = −h̄2 eB|φ|/2
∂φ
∂φ
∂ φ̃ ∂ φ̃
b2 p̂2b = −h̄2 b

Note that we have defined two new variables
√
2 B
x = ln ( λb) ,
φ̃ = ∓ e− 2 |φ| ,
B

(3.24)

where the minus (plus) sign in φ̃ corresponds to a positive (negative) φ . Note as well that φ̃ → 0 when |φ| → ∞, i.e., close to the
big rip singularity (on the classical trajectory, the relation between
the two scale factors a and b is given in the footnote ). Finally, the
WDW equation becomes

[

h̄2
24

∂ +
2
x

h̄2
4

]

)
2e6x (
κρ0 ∂φ̃ +
1 − c3 φ̃ 2 Ψ (x, φ̃ ) = 0,
2

κ

where
f (w )
c3 ≡

and

κρ0

f (w ) ≡

3|w (w + 1)|
(3w + 1)2

.

(3.25)

(3.26)

The absence of pX and pY is due to the fact that they can be treated
as zero operators at the quantum level.

This means that the standard commutation relations are still valid.
In the next subsection we will make use of the second class constraints χi to derive an explicit form of the WDW equation.

4. The fulfillment of the DeWitt condition

3.3. The WDW equation

To solve the WDW equation (3.25), we apply a BO approximation. This method gives an approximated solution where the total
wave function can be written as

As mentioned previously, we can use the second class constraints χi to simplify the Hamiltonian then derive the WDW
equation. If we combine the constraints (3.9) and (3.10), we have

Ψ (x, φ̃ ) =

∑

Ck (x)ϕk (x, φ̃ ).

(4.1)

k

(
)
(X
1 )
= 2 λ + κ V (φ ) .
λ 3 +

The BO approximation is valid as far as the derivatives of ϕk (x, φ̃ )
with respect to x are negligible [see the Appendix]. Within this assumption, the WDW equation given in Eq. (3.25) can be separated
into the following two differential equations:

2
( p2
)
X lpφ
2λb3
2
HT = M − b + 3
+
(
λ−
Y
)
+λX pX +λY pY . (3.16)
24λb Y 4b3
κ

[

(3.15)
Y
XY
After inserting this equation into Eq. (3.8), the Hamiltonian HT can
be simplified as follows

h̄2
24

∂x2 +

2e6x

κ

]
− Ek Ck (x) = 0,

(4.2)

4

[
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h̄2
4

κρ0 ∂φ̃2 −

2c3

κ

]

e6x φ̃ 2 + Ek ϕk (x, φ̃ ) = 0,

(4.3)

where Ck (x) is the solution to the gravitational part and ϕk (x, φ̃ ) is
the solution to the matter part. The decoupling constant between
Ck (x) and ϕk (x, φ̃ ) is represented by the parameter Ek . We remind
that the validity of the BO approximation should be justified once
the solutions to the previous differential equations are obtained
(we address this issue in the Appendix).
Let us start with the gravitational part. The solutions to the
differential equation (4.2) are given by (cf. Eq. 9.1.54 of Ref. [80])
Ck (x) = F1 Jµ α e3x + F2 Yµ α e3x ,

]

[

]

[

(4.4)

[ 3x ]
where
[ 3xF1] and F2 are constants. On the other hand, Jµ α e and
Yµ α e
are respectively, the first and the second kind Bessel
functions of order µ and argument α e3x . The values of the parameters µ and α are
√
2 6Ek
µ≡
,
(4.5)
3h̄
√
α≡

4 3

.

1

3h̄κ 2

(4.6)

The asymptotic expressions for large arguments are given by (cf.
Eq. 9.2.1 and 9.2.2 of Ref. [80])

√
[
]
Jµ α e3x ≈

2

√π α

[
]
Yµ α e3x ≈

e

2

πα

− 32 x

e

[

cos α e

− 32 x

3x

π

−

[

4

sin α e3x −

π
4

]

(2µ + 1) ,

(4.7)

]

(2µ + 1) .

(4.8)

(4.9)

where C1 and C2 are constants and Dν [r(x)φ̃] represents the
parabolic cylinder function of order ν and argument r(x)φ̃ . The
order and the argument of the parabolic cylinder function depend
on the scale factor of the auxiliary metric through the variable x.
Moreover, the parameter ν and the function r(x) can be written as
1

κ 2 Ek −3x 1
ν = ±√
e
− ,
2
2f (w )h̄
where

(4.10)

β≡

[

2 [√

|w|κρ0

B

32f (w )
h̄2 ρ02 κ 3

]

1
4

.

]− h(2w)

(4.11)

The DW condition is applied close to the singularity, i.e. at very
large values of the scale factor2 a. Therefore, we focus on the limit
x → ∞. We will first consider the region where the argument
2 Recall that at the vicinity of the classical configuration corresponding to a big
rip singularity, the auxiliary scale factor b (or x) diverges because it can be related

eh(w)x

where h(w ) = −

3(w + 1)
3w + 1

.

(4.12)
Since the value of the equation of state parameter is smaller than
−1, the value of the exponent h(w) is therefore negative. As expected, the classical limit of φ̃ (x) tends to zero at large scale factors.
Furthermore, the argument r(x)φ̃ diverges classically since we
have
r(x)φ̃ ≈ exp

{[

] }
[(
) ]
3w
+ h(w) x = exp
x ,
2
3w + 1

3

(4.13)

and 3w/(3w + 1) is positive for w < −1. Hence, we will first
focus on analyzing the asymptotic behavior of Eq. (4.9) at large
arguments, i.e., r(x)φ̃ ≫ 1. This also corresponds to a region in the
parameter space where the metric variable x is very large and φ̃ is
non-vanishing. Under this assumption, the order of the parabolic
cylinder functions goes as ν → −1/2 while the argument diverges,
i.e. r(x)φ̃ → ∞. Therefore, the asymptotic behaviors of the solutions to the matter part read [81]
2

D− 1 r(x)φ̃ ≈ e−

[

]

[r(x)φ̃ ] [
4

r(x)φ̃

]− 12

,

(4.14)

2

D− 1 ir(x)φ̃ ≈ e

[

]

2

[
]
[
]
ϕk (x, φ̃ ) = C1 Dν r(x)φ̃ + C2 D−ν−1 ir(x)φ̃ ,

3

φ̃ (x) = ∓

2

As can be seen, both kinds of Bessel functions vanish at large scale
factors. As the total wave function is a product of the gravitational
and matter part solutions (cf Eq. (4.1)), it is possible to ensure the
compliance of the DW boundary condition for an arbitrary φ̃ as
long as the matter part solution is bounded with respect to the
metric variable x when x gets very large.
Let us solve the differential equation corresponding to the matter part. Notice that Eq. (4.3) is the analogous to a Schrödinger
equation for a harmonic oscillator. However, in the present case,
there are some remarkable differences: (i) Due to the phantom nature of the scalar field, the sign in the kinetic operator is switched,
i.e., it becomes positive, while the potential is negative. However,
the relative sign between them is the same. (ii) The field φ̃ can be
positive or negative when reaching the big rip at |φ̃| → 0. The
solutions to the Eq. (4.3) can be written as (cf. Ref. [81] chapters
16.5 and 16.51, pp. 347–348)

r(x) = β e 2 x ,

r(x)φ̃ is large. The reason of this priority is based on the classical
trajectory. In fact, the classical trajectory is defined as

[r(x)φ̃ ] [
]− 1
4
r(x)φ̃ 2 .

(4.15)

As the solution in Eq. (4.15) diverges very fast with respect to x,
we select C2 = 0 in order to ensure the compliance of the DW
boundary condition. In addition, notice that for an order ν = −1/2,
the dependence on the decoupling constant Ek disappears and the
solution to the matter part simply reads

ϕk (x, φ̃ ) = √

[

C1

exp −

3
x
2

β e φ̃

β 2 e3x φ̃ 2
4

]
.

(4.16)

Finally, the total wave function can be written as

Ψk (x, φ̃ ) = Ck (x)ϕk (x, φ̃ )
{
]
[
]} [
[
]
= C˜1 Jµ α e3x + C˜2 Yµ α e3x Dν r(x)φ̃ ,

(4.17)

where C˜1 and C˜2 are constants and the asymptotic expression reads

√
Ψk (x, φ̃ ) ≈

9
β 2 3x 2
exp − x −
(e φ̃ )
4
4
παβ φ̃

[

2

]

{
[
]
[
]}
π
π
× C˜1 cos α e3x − (2µ + 1) + C˜2 sin α e3x − (2µ + 1) .
4

4

(4.18)
As we have found vanishing solutions at large scale factors for both
the gravitational and the matter parts, we can conclude that the
total wave function vanishes at large scale factors and thus fulfills
the DW boundary condition.
On the other hand, we bear in mind that at the quantum level
the classical relation φ̃ (x) given in Eq. (4.12) is meaningless and
it just describes a curve where we expect to find confined the
wave packet when approaching the semi-classical regime. There
are regions in the parameter space, far away from the classical
to the scale factor a via Eq. (3.18)
Y2 =

a2
b2

≈

c2
V (φ )

,

H⇒

when a → ∞ and V (φ ) → ∞.

c2 b2 ≈ a2 V (φ ) → ∞,
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trajectory, where φ̃ is small enough in such a way that the argument r(x)φ̃ vanishes. For a vanishing argument r(x)φ̃ , the solution
to the matter part given in Eq. (4.9) tends to a finite constant [80].
However, the total wave function is a product of the matter and
the gravitational solutions, where the latter vanishes at large scale
factors. Therefore, once the divergent solution on the matter part,
Eq. (4.15), has been eliminated, it can be proven that for an arbitrary φ̃ the total wave function vanishes at large scale factors.
5. Conclusion
In this paper, we have analyzed the quantum avoidance of the
big rip singularity in the EiBI phantom model by using a quantum geometrodynamical approach. A complementary scrutiny has
been carried out in our previous papers [74–76] in which the
phantom dark energy was described by a perfect fluid for the sake
of simplicity. In this paper, we consider a more general case in
which the phantom dark energy is described by a phantom scalar
field φ which adds an additional degree of freedom aside from the
geometrical degree of freedom described by the scale factor of the
universe.
In the quantum geometrodynamics, the WDW equation plays
a very important role since it essentially describes the quantum
behavior of the whole universe including the accompanied matter
constituents. In order to obtain the WDW equation of this system,
a correct and self-consistent Hamiltonian should be constructed at
the classical level. One of the difficulties in the analysis of the model
is from the affine structure of the EiBI theory since there are several
additional auxiliary fields appearing in the system as compared
with the GR case. However, in the end these additional auxiliary
fields turn out to be reducible because of the corresponding second
class constraints. We have identified all the first class and second
class constraints in the system. More explicitly, one of the first class
constraints pM actually corresponds to a gauge degree of freedom
and it can be fixed by adding an additional constraint. The other
first class constraint is, not surprisingly, the Hamiltonian and it has
been used to construct the WDW equation. The existence of second
class constraints requires a more careful treatment. In practice, one
needs to use the Dirac bracket to promote the canonical variables
of a system with second class constraints to quantum operators. It
turns out that the WDW equation can be significantly simplified
and it becomes a second order partial differential equation with
two dynamical variables x and φ̃ , as shown in Eq. (3.25).
To solve the WDW equation, obtained for the first time here
for a minimally coupled scalar field in the EiBI theory of gravity,
we impose a BO approximation on the wave function in the sense
that the wave function can be decomposed into a gravitational
part and a matter part. In the configuration where the classical
big rip singularity is approached (large value of the scale factor
x), we have proven that there exist solutions whose total wave
function always satisfies the DeWitt boundary condition, no matter
how the scalar field degree of freedom behaves. Therefore, the
wave function vanishes near the configuration corresponding to
the classical big rip singularity and the big rip singularity is thus
hinted to be avoidable by quantum effects.
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Appendix. The Born–Oppenheimer approximation
The BO approximation considers that the back-reaction of the
matter part on the gravitational part is negligible, i.e. the gravitational part varies faster with the scale factor than the matter part
does, in such a way that

∂ 2 ϕk (x, φ̃ )
∂ϕk (x, φ̃ ) ∂ Ck (x)
∂ 2 Ck (x)
C
(x)
,
≪
ϕk (x, φ̃ ).
k
∂ x2
∂x
∂x
∂ x2

(A.1)

This assumption leads to the separation of the initial equation
(3.25) into the coupled equations (4.2) and (4.3). Once these differential equations are solved, it is necessary to justify whether
the obtained solutions C (x) and ϕ (x, φ̃ ) fulfill the inequality (A.1)
previously imposed. In our results, the asymptotic behavior of the
terms in Eq. (A.1) can be written as

∂ 2 Ck
48
ϕk ∼ 2 e6x Ck ϕk ,
∂ x2
κ h̄
√
∂ϕk ∂ Ck
24 6
1
[f (w)] 2 e6x φ̃ 2 Ck ϕk ,
∼ 2
2
∂x ∂x
h̄ κ ρ0
∂ 2 ϕk
18f (w ) 6x 4
e φ̃ Ck ϕk .
Ck ∼ 2
∂ x2
h̄ κ 3 ρ02

(A.2)
(A.3)
(A.4)

It should be stressed that although the parabolic cylinder functions
obtained in Eq. (4.9) have dependence with respect to the metric
on both the order and on the argument, the order approaches a
constant parameter when x → ∞ (see Eq. (4.10)). Therefore,
one can derive Eqs. (A.2)–(A.4) by calculating the corresponding
derivatives of the asymptotic expression obtained in Eq. (4.14). In
this regard, the BO approximation method is valid as far as

φ̃
≪ 1.
√
κρ0

(A.5)

The term κρ0 is dimensionless and it quantifies the current value
of the phantom dark energy density normalized with the EiBI
coupling constant κ . In any case, the inverse of φ̃ should be very
large (at least much larger than the EiBI scale and very close to
the Planck scale) near the big rip singularity. This then justifies the
BO approximation. In principle, the smaller the value of φ̃ is, the
better is the BO approximation. Despite that the BO method breaks
down for large values of φ̃ , we can ensure that such an approach
is still valid close to the region given by the classical trajectory,
i.e., x → ∞ and φ̃ → 0.
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