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Abstract
Recent developments showed that hadron light-cone parton distributions could be directly extracted from spacelike correlators, known as quasi parton distributions, in the large hadron momentum limit. Unlike the normal light-cone parton distribution, a quasi parton distribution contains
ultraviolet (UV) power divergence associated with the Wilson line self energy. We show that to all
orders in the coupling expansion, the power divergence can be removed by a “mass” counterterm in
the auxiliary z-field formalism, in the same way as the renormalization of power divergence for an
open Wilson line. After adding this counterterm, the quasi quark distribution is improved such that
it contains at most logarithmic divergences. Based on a simple version of discretized gauge action,
we present the one-loop matching kernel between the improved non-singlet quasi quark distribution
with a lattice regulator and the corresponding quark distribution in dimensional regularization.
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I.

INTRODUCTION

One of the most important goals of QCD is to understand the hadron structure from its
fundamental degrees of freedom - quarks and gluons. This necessarily goes to the nonperturbative regime of QCD, and it is difficult in general to obtain first principle results directly
from the QCD Lagrangian. A powerful tool of obtaining such results is Lattice QCD, which is
an approach defined on Euclidean spacetime, and has been used to calculate hadron masses,
charges etc. to a remarkable accuracy. However, it cannot be used to directly access intrinsically Minkowskian quantities such as the parton distribution functions (PDFs). PDFs are
defined as the forward hadronic matrix elements of light-cone correlations, and describe the
momentum distribution of quarks and gluons inside the hadron. They play a crucial role
in understanding the experimental data at high energy hadron colliders such as the LHC.
Owing to their real time dependence, Lattice QCD can only be used to indirectly extract
the information on the PDFs by calculating their moments, which is limited by technical
complications such as operator mixing. Another commonly used approach to determine
PDFs is to assume a suitable parametrized form and fit to a large variety of experimental
data. Most PDF groups obtained their PDF sets in this way [1–6]. A main drawback of this
approach is that it suffers from parametrization uncertainty, and different groups usually
produce different results for the same PDF.
Recent developments [7–21] showed that the light-cone observables such as the PDFs
can be directly extracted from the large momentum limit of the hadronic matrix element
of a spacelike correlator, which is known as the quasi observable, using a large momentum
effective theory [15] (for other approaches to extract light-cone quantities see e.g. [22–28]).
The quasi PDF does not have a real time dependence, and thus can be simulated on the
lattice. The infrared (IR) behaviors between the flavor non-singlet quasi-PDF and its corresponding light-cone PDF are shown to be the same at one loop by direct computations,
and argued to be the same at all loops in Ref. [9], based on which a factorization formula
was also presented.
The factorization in Ref. [9] was given for the bare quasi quark distribution, where all
fields and couplings entering the quasi distribution are bare ones. However, as the light-cone
distribution, the quasi distribution also contains ultraviolet (UV) divergences and therefore
needs renormalization. Ref. [17] explores the renormalization property of the quasi distribution, and shows that it is multiplicatively renormalizable at two-loop order. Also an
equivalence was established between the virtual correction of the quasi quark distribution
and the correction to the heavy-light quark vector current in heavy quark effective theory,
so that the UV divergences in the former can be renormalized as the renormalization of the
latter. Dimensional regularization was used in Ref. [17], and the linear divergence present
in a cutoff or lattice regularization was ignored. In realistic lattice calculations, one needs
to know how to deal with such power divergences. This is one goal of the present paper.
We will show that the power divergence in the quasi quark distribution can be removed to
all-loop orders by a mass counterterm, which is the same as the renormalization of an open
Wilson line. After such a mass renormalization, the quasi quark distribution is improved
such that it contains at most logarithmic divergences.
The rest of this paper is organized as follows. In Sec. 2, we discuss the renormalization of
power divergences arising from the Wilson line self energy in the quasi quark distribution. In
Sec. 3, we present a lattice perturbation theory matching for the quasi quark distribution.
We then conclude in Sec. 4.
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II. IMPROVED QUASI QUARK DISTRIBUTION THROUGH WILSON LINE
RENORMALIZATION

Let us start by recalling the definition of the quasi quark distribution. For the unpolarized
quark density, it is given as [8]
Z ∞
dz izkz
z
q̃(x, Λ, p ) =
e hp|ψ(0, 0⊥ , z)γ z L(z, 0)ψ(0)|pi ,
(1)
4π
−∞
where the quark fields are separated along the spatial z-direction, L(z, 0) is the Wilson line
gauge link inserted to ensure gauge invariance, and Λ denotes the UV cutoff.
The one-loop correction to the above quark density has been computed both in the axial
gauge [9] and in the Feynman gauge [17]. In Ref. [17], the Wilson line L(z, 0) was separated
into two Wilson lines along the z-axis L(∞, 0) and L(z, ∞), and associated respectively
to the quark field to form gauge invariant combinations. Here we keep the gauge link as
L(z, 0). The one-loop diagrams are then given in Fig. 1. It is straightforward to check that
these diagrams yield the same one-loop result as that in Ref. [17]. The linear divergence
comes from the last diagram, which is a Wilson line self energy. It is known that such a
linear divergence can be removed by a mass renormalization with the help of an auxiliary
z-field formalism [29–31], where the z-field is defined in a one-dimensional parameter space,
and the non-local Wilson line can be interpreted as a two-point function of the z-field. In a
sense, the auxiliary field Z(z) can be understood as a Wilson line extending between [z, ∞],
i.e.
Z(z) = L(z, ∞),
(2)
which satisfies an equation of motion
[∂z − igAz (z)] Z(z) = 0,

(3)

analogous to a heavy quark field (in the heavy quark limit). The Wilson line
L(z, 0) = Z(z)Z † (0)

(4)

also renormalizes analogously to a heavy quark two point function
Lren (z, 0) = ZZ−1 e−δm|z| L(z, 0),

(5)

where δm is analogous to the dimension one heavy quark mass counterterm and is linearly
divergent, while the dimension zero wave function renormalization constant ZZ is logarithmically divergent [29].
To illustrate the cancellation of linear divergence from the mass counterterm, let us
determine δm at one-loop level. Recall that the last diagram in Fig. 1 leads to the following
linear divergence
Z
αs CF Λ [δ(kz − x̄pz ) − δ(x̄pz )]pz
lim dkz
(6)
ǫ→0
2π
kz2 + ǫ2
with x̄ = 1 − x. On the other hand, plugging Eq. (5) into Eq. (1), one finds that the mass
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FIG. 1: One-loop diagrams for quasi quark distribution in Feynman gauge, the conjugate diagrams
are not shown.

counterterm yields the following contribution
Z
Z
−ǫ|z|
dz
dz
i(x−1)pz z
−ix̄pz z 1 − e
−
pz e
|z| δm = − lim
pz e
δm
ǫ→0
2π
2π
ǫ
Z
Z ∞
z2
dz
dα
2
√ (1 − e− 4α )e−αǫ δm
= − lim
pz e−ix̄pz z
ǫ→0
2π
πα
0
Z
Z ∞
Z
2
2
dz
e−α(kz +ǫ ) (1 − eikz z )
−ix̄pz z
= − lim
pz e
dα dkz
δm
ǫ→0
2π
π
0
Z
Z
1 (1 − eikz z )
dz
−ix̄pz z
dkz
pz e
δm
= − lim
ǫ→0
2π
π kz2 + ǫ2
Z
dkz δ(x̄pz ) − δ(kz − x̄pz )
pz
δm.
= − lim
ǫ→0
π
kz2 + ǫ2
We therefore have
δm = −

αs C F
(πΛ)
2π

at one-loop.
In coordinate space, by expanding the Wilson line to O(g 2 ), we have
Z z
Z z1
 1
g 2 CF  z
z 2 
1
1
−1 z
2
−
=
tan
ln
1
+
,
g CF
dz1
dz2 2
4π (z1 − z2 )2 + a2
4π 2 a
a
2
a2
0
0

(7)

(8)

(9)

where we have introduced a cutoff a to regularize the short distance singularity in the
coordinate space gluon propagator when z1 → z2 . By Fourier transforming to momentum
space, the above result leads to

g 2 CF 
1
1
−
+
Cδ(1
−
x)
,
8π 2 apz (1 − x)2 |1 − x|

(10)

where C is a constant that can be determined by demanding the x-integration of the above
expression vanish. We can therefore identify
1
Λ= .
a

(11)

The mass counterterm diagram of order αs is shown in Fig. 2. The gauge independence
of δm can already be seen from that the one-loop correction in the axial gauge [9] and
Feynman gauge [17] contains identical linear divergences. By using the Rξ gauge, one easily
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FIG. 2: One-loop mass counterterm diagram for quasi quark distribution in Feynman gauge.

finds that the extra piece k µ k ν /k 2 (where k is the gluon momentum) in the numerator of
gluon propagator has no impact on the linear divergence, therefore δm remains the same in
different gauges.
One can add more gluons and quarks to the one-loop diagrams in Fig. 1 to form higher
loop diagrams. Power counting tells us that power divergence appears only in those diagrams
which contain the Wilson line self energy as a subdiagram. As shown in the appendix, beyond one-loop the mass counterterm also removes all the power divergence from the Wilson
line. Therefore, after including the mass counterterm contribution, there is at most logarithmic divergence in the quasi quark distribution. This indicates that, as far as the power
divergence is concerned, the renormalization of a quark bilinear operator like the quasi quark
distribution is the same as the renormalization of an open Wilson line. In the discussions
above, we showed that the linear divergence is indeed cancelled by the mass counterterm at
perturbative one-loop level. On the lattice, the mass counterterm δm has to be determined
nonperturbatively, which can be done e.g. as in Ref. [32].
III. MATCHING BETWEEN LATTICE AND CONTINUUM THROUGH LATTICE PERTURBATION THEORY

In this section, we aim at establishing the one-loop matching connecting the quasi quark
distribution on the lattice to the normal quark distribution in the continuum. On the lattice,
besides the diagrams in Fig. 1, there exists an extra one-loop diagram (shown in Fig. 3).
The first diagram in Fig. 1 and the diagram in Fig. 3 are nothing but the Feynman
gauge quark field renormalization, and have been well understood in lattice QCD. Their
contribution can also be obtained from the other diagrams in Fig. 1 through quark number
conservation. As shown in Refs. [9] and [17], in the continuum the second and third diagrams
in Fig. 1 contain a logarithmic dependence on the hadron momentum instead of a logarithmic
divergence. Their contribution is independent of the regularization and thus will be the same
in the continuum and on the lattice. One only needs to match the linearly divergent part of
the last diagram in Fig. 1 between lattice and continuum. This gives a connection between
the lattice cutoff and the linear divergence in the one-loop kernel in the continuum [9] (in
general they will differ by a finite term). To obtain this connection, we compute the Wilson
line self energy using lattice perturbation theory based on a simple version of discretized
gauge action.
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FIG. 3: The extra one-loop diagram for quasi quark distribution on the lattice, the conjugate
diagram is not shown.

The contribution of the Wilson line self energy diagram can be written as
Z
αs C F
1 − cos(kz z)
δW =
d4 (kaL )
P
3
8π
(1 − cos(kz aL ))4 λ sin2 kλ2aL
= αs C F [

π |z| 1 π|z| 1
aL
− ln
− ] + O( ),
2 aL π
aL
π
z

(12)

where aL denotes the lattice spacing. Comparing this with the expansion of Eq. (9) leads to
the following matching between the linear divergence in the continuum and on the lattice
Λ=

π
.
aL

(13)

By replacing Λ in the one-loop kernel of Ref. [9] with the above matching condition, we then
obtain the one-loop kernel relating the quasi PDF on the lattice to the normal PDF. By
adding a factor of e−δm|z| to the integrand of Eq. (1), we obtain the improved quasi-PDF
q̃imp free of power divergence
Z ∞
dz izkz −δm|z|
z
q̃imp (x, Λ, p ) =
e
hp|ψ(0, 0⊥ , z)γ z L(z, 0)ψ(0)|pi .
(14)
4π
−∞
The matching kernel Z between the improved quasi-PDF q̃imp and the PDF q is defined
as
z

q̃imp (x, aL , p ) =

Z

1

−1

dy
Z
|y|



x z
µ
, p aL , z
y
p




q(y, µ) + O Λ2QCD /(pz )2 , M 2 /(pz )2 .

(15)

At one-loop the Z factor can be extracted from Eqs. (15)-(19) of Ref. [9] with the 1/aL
contribution subtracted by the counterterm diagram in Fig. 2.




µ
αs (1)
µ
z
z
ξ, p aL , z + . . . ,
(16)
Z ξ, p aL , z = δ(ξ − 1) + Z
p
2π
p
where
  2
1+ξ
ξ


  1−ξ  ln ξ−1 + 1,

 

(pz )2
1+ξ 2
1+ξ 2
Z (1) /CF =
ln
ln
4ξ(1
−
ξ)
−
+
2
µ
1−ξ

 1−ξ2 


 1+ξ ln ξ−1 − 1 ,
1−ξ
ξ
6

ξ>1,
2ξ
1−ξ

+1 , 0<ξ <1 ,
ξ<0,

(17)

and the extra contribution near ξ = 1 is
 1+y2
y
−1 ,
− 1−y ln y−1

Z



z
2
α
C
2
2
S
F
δZ (1) =
dy − 1+y
ln (pµ2) − 1+y
ln 4y(1 − y) +
1−y
1−y

2π
 1+y2 y−1
− 1−y ln y + 1 ,

y>1,
2y(2y−1)
1−y

+1 , 0<y <1 ,
y<0.
(18)

Given that the power divergence has been removed, the above one-loop matching kernel
facilitates a reliable extraction of normal PDFs from lattice data.
IV.

CONCLUSION

In this paper, we have shown that the power divergence present in the lattice regularization of the quasi PDFs can be removed to all-loop orders by a mass counterterm, which
can be interpreted as the mass renormalization for a test particle moving on the Wilson
line. After such a mass renormalization, the quasi distribution is improved such that it contains at most logarithmic divergences. We also present the one-loop matching for the quasi
quark distribution between lattice and continuum using lattice perturbation theory based
on a simple version of discretized gauge action. Our results facilitate a reliable extraction
of physical PDFs from lattice data.
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was partially supported by the U.S. Department of Energy via grants DE-FG02-93ER40762, a grant (No. 11DZ2260700) from the Office of Science and Technology in Shanghai
Municipal Government, grants from National Science Foundation of China (No. 11175114,
No. 11405104), a DFG grant SCHA 458/20-1, the Ministry of Science and Technology,
Taiwan under Grant Nos. 105-2112-M-002 -017 -MY3 and 105-2918-I-002 -003 and the
CASTS of NTU.

Note added
While this work is being finalized, a preprint by Jian-Wei Qiu et al. [33] dealing with the
same topic has appeared, where they obtain similar conclusions as ours on the renormalization of power divergence.
V.

APPENDIX

In this appendix, we present the arguments that the mass counterterm removes the power
divergence to all-loop orders.
For simplicity, we start with the one-loop diagrams for the quasi quark distribution in
Ref. [17], which can be equivalently drawn as the diagrams in Fig. 4 with a vertex insertion (1
for virtual diagrams, and γ z δ(x − k z /pz ) for real diagrams to impose momentum constraint).
At one-loop, it has been shown [17] that the virtual diagrams are respectively equivalent to
the wave function renormalization of a light quark field, the renormalization of a heavy-light
vector current, and the wave function renormalization of a heavy quark field. All these
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FIG. 4: One-loop diagrams to illustrate the real contribution of quasi quark distribution in Feynman
gauge.

can be done to all-loop orders. Moreover, the mass counterterm can be chosen to exactly
cancel the linearly divergent contribution from the third diagram in Fig. 4 (both virtual
contribution with vertex insertion 1 and real contribution with γ z δ(x − k z /pz )). Following
Ref. [30], this also holds to all-loop orders. After this mass renormalization, as the real
diagrams contain an extra δ-function which effectively reduces the UV degree of divergence
by one, they will produce at most logarithmic divergences at higher-loop orders. Therefore,
as far as power divergence is concerned, the mass renormalization is sufficient to remove
them to all-loop orders.
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