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Abstract. In this work, we investigate O(4)-symmetric instantons within the Eddingtoninspired-Born-Infeld gravity theory (EiBI). We discuss the regular Hawking-Moss instanton
and find that the tunneling rate reduces to the General Relativity (GR) value, even though
the action value is different by a constant. We give a thorough analysis of the singular
Vilenkin instanton and the Hawking-Turok instanton with a quadratic scalar field potential
in the EiBI theory. In both cases, we find that the singularity can be avoided in the sense
that the physical metric, its scalar curvature and the scalar field are regular under some
parameter restrictions, but there is a curvature singularity of the auxiliary metric compatible
with the connection. We find that the on-shell action is finite and the probability does
not reduce to its GR value. We also find that the Vilenkin instanton in the EiBI theory
would still cause the instability of the Minkowski space, similar to that in GR, and this is
observationally inconsistent. This result suggests that the singularity of the auxiliary metric
may be problematic at the quantum level and that these instantons should be excluded from
the path integral.

Keywords: modified gravity, quantum cosmology, physics of the early universe
ArXiv ePrint: 1612.00674

c 2017 IOP Publishing Ltd and Sissa Medialab srl

doi:10.1088/1475-7516/2017/03/044

JCAP03(2017)044

Frederico Arroja,a Che-Yu Chen,a,b Pisin Chena,b,c
and Dong-han Yeoma

Contents
1 Introduction

1

2 The EiBI model and the alternative action

3

3 The Euclidean equations of motion and the on-shell action
3.1 A simple example: Hawking-Moss instanton

4
6
7
7
8
10
11
11

5 Hawking-Turok singular instanton
5.1 GR case
5.2 EiBI case

13
13
14

6 Conclusion

17

1

Introduction

Even though Einstein’s General Relativity (GR) is an extremely successful theory of gravity [1], it has some fundamental problems in the sense that the theory inevitably contains
singularities [2]. At the singularity the theory breaks down and the equations of motion are
no longer valid. From this perspective, it can be conjectured that GR, as a purely classical
theory, to some extent is not a complete theory to describe our universe as a whole and
some sort of quantum effects should come into play. However, a complete and self-consistent
quantum theory of gravity is still an open question. In order to uncover the nature of quantum gravity, a possible phenomenological approach is to find a modified theory of gravity
which can not only recover GR in the low curvature limit, but also naturally resolve the
aforementioned singularity problem in GR. This modified theory of gravity can be seen as
an effective theory of a more fundamental quantum theory of gravity, below some curvature
cutoff scale.
Following this direction, a modified theory of gravity dubbed Eddington-inspired-BornInfeld theory was proposed in ref. [3]. This theory is equivalent to Einstein’s GR in vacuum
but differs from it when matter fields are included. Essentially, the motivation of this theory traces back to the huge success of the Born-Infeld action for classical electrodynamics
in solving the divergence of the self-energy of point-like charges in 1934 [4]. Then, in the
pioneering work of Deser and Gibbons [5], the Born-Infeld-inspired action was firstly applied
to a gravitational setup. However, the theory proposed in [5] is constructed on a pure metric
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4 Vilenkin singular instanton
4.1 GR case
4.2 EiBI case
4.2.1 Asymptotic behavior near ā0 : positive κ̄
4.2.2 Asymptotic behavior near ā0 : negative κ̄
4.2.3 The on-shell action

1

In fact, in refs. [10, 11] the authors pointed out that even though the physical metric is regular at the
beginning of the universe, the scalar curvature of the auxiliary metric diverges and the universe described by
the auxiliary metric is singular. On the other hand, they also found that for some singularities at large scale,
the auxiliary metric can be more regular than the physical metric.
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formalism, and it contains fourth order derivatives in the field equations and ghost instabilities. The EiBI theory, on the other hand, is constructed upon the Palatini formalism and it
is free from the ghost problems. Since its proposal, the EiBI theory has been widely studied
from astrophysical and cosmological points of view. In refs. [6–8] it was shown that the
initial Big Bang singularity of the universe can be avoided. However, some classical singular
states were found and this fact may indicate that the EiBI theory is also not completely
singularity-free [9–12]. Recently, it was shown that some of the singularities in this theory
(e.g. big rip singularity) can be avoided by quantum effects [13]. Furthermore, the nonlinear
coupling between gravity and matter in the EiBI theory was studied in refs. [14, 15]. The
properties of compact objects were investigated, including collapsing dust [16, 17], neutron
stars [18–20], black hole solutions [21–26] and wormhole solutions [27–31]. Cosmological perturbations [32, 33] and large scale structure formation [34] were also studied. An inflationary
solution driven by an inflaton minimally coupled in the EiBI gravity was obtained and analyzed in refs. [35–38]. Some constraints on the parameter κ, which characterizes the theory,
were obtained from the sun [39], neutron stars [40], and nuclear physics [41]. The tightest
constraint obtained with atomic nuclei in ref. [41] is κ . 10−3 kg−1 m5 s−2 (this constraint
is comparable to the one obtained in ref. [40] using neutron stars). Besides, in ref. [40] it
was found that the existence of an imaginary effective sound speed for negative κ may lead
to unwanted instabilities. Finally, in refs. [42–50] some extensions of the EiBI theory were
proposed.
One major benefit of the EiBI theory is that it can avoid or resolve the initial singularity
of the universe. In the EiBI theory, two effective metrics are introduced, where one is the
physical metric that is non-dynamical but couples to Standard Model particles, while the
other is the auxiliary metric that does not couple to matter fields but is dynamical. Due
to this property, the singularity is in the dynamical part, the physical metric is regular and
hence classical physical observers cannot see any effects from the singularity. In this sense,
the EiBI theory can resolve the initial singularity problem.1
In the classical sense, the resolution of the initial singularity via the separation of the
physical metric and the auxiliary metric would be successful. However, it is fair to say that
some sectors of the theory are still singular. Then the natural question to ask is: is the
curvature singularity of the auxiliary metric acceptable in the quantum mechanical sense?
In order to deal with this problem, we have to investigate the theory of quantum gravity.
Of course, we have no consensus on the correct theory of quantum gravity yet, but the
Euclidean path-integral approach [51] would be a conservative and non-perturbative approach
toward this. In this paper, we follow this approach to study the quantum gravitational
properties of the EiBI theory. In particular, we will focus on singular instantons in the EiBI
theory.
In Einstein’s gravity, the roles of the singular instantons are controversial. The HawkingTurok instanton [52] is a good example. The Hawking-Turok instanton is an instanton
solution of a massive scalar field that allows an open universe. Usually, an open universe can
be created via the Coleman-DeLuccia instanton [53]. This process requires two or more vacua
but the Hawking-Turok instanton does not require the existence of multiple vacua. The cost
to pay is that the Hawking-Turok instanton is singular at the end point. Even though some

2

The EiBI model and the alternative action

We will study instanton solutions in the framework of the EiBI theory of gravity, whose
action reads [3]
Z
hq
√ i
1
SEiBI =
d4 x |gµν + κRµν (Γ)| − λ −g + SM (g) .
(2.1)
κ
The theory is constructed upon a Palatini formalism in which the metric gµν and the connection Γ should be treated as independent variables. The connection is assumed to be
torsionless and Rµν (Γ) is chosen to be the symmetric part of the Ricci tensor, which is constructed solely by the independent connection. The expression under the square root in the
first term is the absolute value of the determinant of the tensor gµν + κRµν (Γ). Furthermore,
g denotes the determinant of gµν and SM represents the matter Lagrangian, where matter
is assumed to be coupled covariantly to gµν only. The Palatini formulation ensures that
the field equations of the theory have derivatives up to only second order, even though the
action of the theory can have a rather different form from that of GR. In addition, λ is a
dimensionless constant which relates to an effective cosmological constant of the theory at
low curvature limit through Λ ≡ (λ − 1)/κ. The parameter κ is a constant characterizing
the theory. In the limit of κ → 0, the theory approaches GR. Note that we will work with
reduced Planck units 8πG = 1 and set the speed of light to c = 1.
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curvature invariants are divergent at the end point, the action integral remains regular and
hence a finite and well-defined probability for the Hawking-Turok instanton is attainable.
However, the allowance of such a singular instanton would cause some unacceptable
problems, or at least, it needs more justifications. One very interesting criticism was put
forward by Vilenkin [54]. Vilenkin introduced a singular instanton of a free scalar field in the
Minkowski background. Similar to the Hawking-Turok instanton, the Vilenkin instanton gives
a well-defined probability. It implies that the Minkowski space is unstable via such a singular
instanton, whereas we believe that the Minkowski space should be stable if there is only a
free scalar field. Therefore, the allowance of the singular instanton would be problematic.
A natural question to ask is: can the EiBI theory resolve the singularity problem of these
instantons? In order to deal with this problem, we investigate the Vilenkin instanton as well
as the Hawking-Turok instanton in the EiBI theory. If, similar to the initial singularity of the
universe, one can resolve the singularity of the instantons (with some parameter restrictions)
in the sense that the scalar curvature of the physical metric is regular despite the fact that
that of the auxiliary metric is singular, then we may be able to say whether the Vilenkin and
Hawking-Turok instantons in the EiBI framework are acceptable in the path integral or not.
This paper is outlined as follows. In section 2 we give a concise introduction to the
EiBI gravity theory, including its action, field equations, and an alternative action which is
dynamically equivalent to the original action. In section 3 we obtain the general equations
of motion for instantons in the EiBI theory. A simple application to the Hawking-Moss
tunneling instanton is presented as well. In section 4 and section 5 we give a thorough
analysis on the Vilenkin instanton and the Hawking-Turok instanton in the EiBI theory,
respectively. We firstly review the singular behavior of these instantons in GR. In the EiBI
setup we obtain the complete solutions and their on-shell actions numerically. Furthermore,
the asymptotic solutions near the end points are presented analytically. We finally present
our conclusions in section 6.

Even though the action (2.1) is widely regarded as the starting action in the literature,
the square root of the curvature in the action usually leads to technical challenges when
canonical quantization of the theory is under consideration [13]. Therefore, in this work we
will consider an alternative action, which is dynamically equivalent to action (2.1). This
alternative action is [14]


r 
Z
1
2
g
1 αβ
0
4 √
SEiBI =
d x −q R[q] − +
q gαβ − 2
λ + SM (g) ,
(2.2)
2
κ κ
q

√

qµν = gµν + κRµν ,
√
√
−qq µν = λ −gg µν − −gκT µν ,

(2.3a)
(2.3b)

respectively. In the above equations Tµν stands for the energy-momentum tensor. Note that
these equations of motion can be obtained by varying the action (2.1) with respect to the
independent connection and the physical metric as well. It is also interesting to note the
resemblance of the previous equations with a disformal transformation. The advantage of
applying the action (2.2) is its resemblance to the Einstein-Hilbert action in the sense that
it is linear on the auxiliary Ricci scalar R[q]. Therefore, this similarity enables us to obtain
some important results in the EiBI theory, such as the boundary term in the Euclidean
action, by directly analogizing to the corresponding results in GR. We will elucidate this in
detail in the following sections.

3

The Euclidean equations of motion and the on-shell action

In order to investigate the instantons within the EiBI theory, in this section we present the
Euclidean equations of motion by applying the alternative action (2.2). Considering the EiBI
gravity coupled to a scalar field φ with a potential V (φ), the Euclidean version of the action is


r 
Z
√
1
g
2
1 αβ
SE = −
d4 x +q R[q] − +
q gαβ − 2
λ
2
κ κ
q


Z
(∇φ)2
4 √
+ V (φ) + SB .
(3.1)
+ d x +g
2
The last term SB is the boundary action, which is introduced to render a well-defined variation procedure. Because the alternative action is linear on R[q] just like in GR, and due
to the fact that the boundary terms in varying the action result only from the second order
derivatives in R[q], we can simply write down SB as the Gibbons-Hawking boundary action
of the auxiliary metric qµν [55]:
Z
p
SB = −
d3 x +h(q) K(q) .
(3.2)
∂M
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where R[q] ≡ q αβ Rβα (q) is the scalar curvature of the auxiliary metric. In this alternative
formulation, it is the auxiliary metric qµν and the physical metric gµν that are treated independently. The Ricci tensor Rµν (q) is constructed from the Levi-Civita connection of the
auxiliary metric qµν . Note that q µν and q are the inverse and the determinant of qµν , respectively. This action is similar to a bi-gravity action without dynamics for gµν [14], and is
dynamically equivalent to (2.1) in the sense that both actions lead to the same classical field
equations. More precisely, the variations of action (2.2) with respect to qµν and gµν result in

Note that the 3D induced metric hab (q) and the extrinsic curvature K(q) on the boundary
∂M are constructed solely by the auxiliary metric qµν .
We consider O(4)-symmetric instantons which in general have dominating contributions
in the path integral formulation of quantum gravity. These instantons can be described by
two Euclidean minisuperspace metrics:
ds2g = N (τ )2 dτ 2 + a(τ )2 dΩ23 ,

ds2q = M (τ )2 dτ 2 + b(τ )2 dΩ23 ,

(3.3)

dΩ23

where the dot denotes the derivative with respect to τ . The minisuperspace action (3.1)
becomes
 Z



 
ḃ2
2
a2
N a3
1
1 N2
2 1
3
SE = −2π
+ 3 2 − 2λ
M b dτ 6 2 + 2 2 − +
2
b
M b
κ κ M2
b
M b3
 2

Z
φ̇
+ 2π 2 N a3 dτ
+ V (φ) + boundary terms ,
(3.5)
2N 2
where an integration by part is used to obtain action (3.5). The factor 2π 2 is the volume of
the three-sphere. Note that the boundary terms in the last line of (3.5) do not contribute to
the results of variations because of the presence of SB . Variations of the action (3.5) with
respect to N , a and M lead to the following constraint equations

 2

a3
φ̇
N
= 3 λ−κ
− V (φ) ,
(3.6)
M
b
2N 2

 2

M
a
φ̇
=
λ+κ
+ V (φ) ,
(3.7)
N
b
2N 2


ḃ2
b2
N2
3a2
=1−
1+
− 2 ,
(3.8)
M2
3κ
2M 2
2b
respectively. Furthermore, variations of the action (3.5) with respect to b and φ result in the
equations of motion


ȧ Ṅ
dV
0 = φ̈ + 3 −
φ̇ − N 2
,
(3.9)
a N
dφ
Ṁ
M 2 b bN 2
ḃ −
+
,
(3.10)
M
3κ
3κ
respectively. In general, we have proven that the equations of motion, eqs. (3.6)–(3.10), are
consistent. To be more precise, we can always fix the lapse function N at will since one of
these five equations is redundant.
For the sake of later convenience, we rewrite eqs. (3.6) and (3.7) as


2 κ2 φ̇4
b4
= λ + κV (φ) −
,
a4
4N 4
κφ̇2 4
λ + κV (φ) + 2N
M4
2
=
.
(3.11)

2 4
4
2
κ
N
λ + κV (φ) − φ̇
b̈ =

4N 4
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where
is the metric on a three-sphere. In the above equations, a and b (N and M ) are
the scale factors (lapse functions) of the physical and auxiliary metrics, respectively. Then,
the Ricci scalar of the auxiliary metric q is


1
ḃ2
b̈
ḃ Ṁ
R[q] = 6 2 − 2 2 − 2 +
,
(3.4)
b
M b
M b b M3

The on-shell action can be obtained by inserting the equations of motion above into (3.1)
to find:
 αβ


Z 4 

√
q gαβ
d x √
SE =
+q
− 1 − +g λ + κV (φ) + SB
κ
2

 2
Z
2π 2
a
=
dτ M b3 2 − 1 + SB
κ
b



Z
κφ̇2
b2
2π 2
dτ N a3 λ + κV (φ) +
1
−
+ SB .
(3.12)
=
κ
2N 2
a2

(3.13)

Note that SB is the Gibbons-Hawking boundary term defined by q, i.e., eq. (3.2).
3.1

A simple example: Hawking-Moss instanton

The equations of motion (3.6)–(3.10) are the most general equations which can be applied to
all O(4)-symmetric instantons in the EiBI setup. For example, we can regard the scalar field
φ as a tunneling field that undergoes a transition from different vacuum states on a potential
V (φ). In this case, the potential can be assumed to have two local minima. One of them is
the false vacuum φF and the other corresponds to the true vacuum φT . Between these two
local minima, there is a local maximum φmax .
Among these tunneling instantons, in this subsection we will analyze the Hawking-Moss
instanton [56] to understand the tunneling process in the EiBI theory. In this case, the
tunneling field is fixed at a stationary point φs on the potential where φ̇ = 0. Therefore,
eq. (3.9) is trivially satisfied and the constraints (3.11) become
M2
b2
=
= λ + κV (φs ) ≡ X 2 ,
N2
a2

(3.14)

where X is a non-zero constant. The constraint equation (3.8) can be rewritten as


ḃ2
b2
1
b2
=
1
−
1
−
≡
1
−
Λq ,
M2
3κ
X2
3
where
Λq ≡



1
1
1− 2 .
κ
X

(3.15)

(3.16)

The subscript q is used to emphasize that the equation is constructed by the auxiliary metric
qµν . By assuming M to be a constant, the solution of b can be derived as follows
s
 r

Λq
3
b=
sin M
τ .
(3.17)
Λq
3
Finally, the on-shell action can be obtained by integrating from τ = 0 to τ = π
SE = −

24π 2
.
Λq

–6–
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If we set N = 1, the on-shell action becomes



Z
2π 2
κφ̇2
b2
3
SE =
1 − 2 + SB .
dτ a λ + κV (φ) +
κ
2
a

So we have
S = −SE =

Aq
8π 2
= 2
2
Hq
4lP
= 24π 2 κ +

Ag
,
4lP2

(3.19)

4

Vilenkin singular instanton

As mentioned in the introduction, the most interesting feature of the EiBI theory is its ability
to cure or alleviate singularities in GR. Even though the tunneling rate for the HawkingMoss instanton in the EiBI theory is the same as that in GR, it is nevertheless interesting
to investigate the instanton solutions where the presence of a singularity is inevitable in GR.
In those cases one can question whether the avoidance of singularities in the EiBI theory can
still hold in the instanton setup. And if so, whether these regular instantons are acceptable in
the EiBI theory? In this section we will analyze the Vilenkin instanton, the simplest singular
instanton, proposed in ref. [54] to test whether the singular states can be alleviated in the
EiBI theory. We will also calculate the on-shell action of this instanton to see whether the
instability problem of the Minkowski space can be resolved [54].
4.1

GR case

Let us briefly review the Vilenkin instanton in GR. In ref. [54], the author considered a
massless scalar field interacting with the gravitational field. The Euclidean action is


Z
√
R(g) (∇φ)2
4
SE(GR) =
+gd x −
+
+ Sboundary ,
(4.1)
2
2
where Sboundary corresponds to the Gibbons-Hawking action of gµν on the boundary. The
Euclidean spacetime is
ds2g = dτ 2 + a2 dΩ23 .
(4.2)
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where Aq = 4π/Hq2 and Ag = 4π/H 2 are the area of the cosmological horizon of the auxiliary
metric and physical metric, respectively, and S is the entropy of the instanton. Note that
Hq2 = Λq /3 and lP is the Planck length which we introduce explicitly in the previous expressions so that they can be easily compared with the well-known results. From the second line
of eq. (3.19), one can see that the on-shell action value is different from its GR counterpart
by a constant and this constant is linear on κ. The action value in the EiBI theory reduces
exactly to that of GR as κ → 0. It is interesting to remark that in the EiBI theory, there
are two ways to define the area of the horizon: either with the physical metric or with the
auxiliary metric (the two expressions given in eq. (3.19)). Therefore, it is less clear whether
the entropy of the Hawking-Moss instanton in the EiBI theory is proportional to the horizon area or not. However, the first law of thermodynamics would remain intact, because it
requires only the variation of the entropy.
Furthermore, the tunneling rate, which is defined by exp(−∆SE ), is equivalent to that in
GR. Note that ∆SE is the difference between the action of the instanton solution that satisfies
the Euclidean equations of motion and that calculated at the location of the false vacuum.
This can be seen from the fact that the extra constant term proportional to κ cancels in ∆SE .
This result is expected because the physical process and its relevant physical quantities (the
tunneling probability in this case) in the EiBI theory should reduce to GR in vacuum, i.e.,
in the absence of a dynamical scalar field.

Note that the lapse function N is assumed to N = 1. The field equations of φ and a, and
the constraint equation are

when τ → ∞. From eq. (4.3), φ̇ can be solved
C
,
a3
where C is an integration constant. Substituting it into eq. (4.5), we have
φ̇ = −

(4.7)

C2
.
(4.8)
6a4
The exact solutions of φ(τ ) and a(τ ) were found in ref. [57]. There is a curvature singularity
at τ = τs where the asymptotic behaviors of a and φ can be written as
r
r
3
2
3
(τ̄ − τ̄s ) ,
φ(τ̄ ) ≈ −
log (τ̄ − τ̄s ) + constant .
(4.9)
ā (τ̄ ) ≈
2
3
√
In the √
above equations ā and τ̄ are dimensionless quantities defined by ā ≡ a/ C and
τ̄ ≡ τ / C.
In ref. [54], it was found that the contribution to the Euclidean action emanates from
the Gibbons-Hawking boundary term:
√
Sboundary = 6π 2 C ,
(4.10)
ȧ2 = 1 +

which can be arbitrarily small by choosing a small C. Vilenkin therefore concluded that flat
space is unstable because the nucleation probability is proportional to exp(−SE(GR) ), which
is unsuppressed for a small C. Furthermore, he argued that this instability problem may
jeopardize the validity of the singular Hawking-Turok instanton proposed in ref. [52] because
the Vilenkin-type singularity has a similar behavior to that of the Hawking-Turok type in
GR. It is then interesting to see whether the aforementioned problems can be solved in the
EiBI theory.
4.2

EiBI case

In the Vilenkin instanton setup, the scalar field potential is assumed to be zero and the
equation of motion of φ, i.e., eq. (3.9), reduces to eq. (4.3) when N = 1. Therefore, eq. (4.7)
is still valid in the EiBI theory and eqs. (3.11) can be rewritten as




κ2 C 4 1/4
κ2 φ̇4 1/4
2
2
b(a) = λ −
a= λ −
a,
(4.11)
4
4a12
M (a) =

κφ̇2
2
κ2 φ̇4 1/4
4

λ+
λ2 −

=
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κC 2
2a6

2
κ C 4 1/4
12
4a

λ+
λ2 −

.

(4.12)
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ȧ
0 = φ̈ + 3 φ̇ ,
(4.3)
a
a
ä = − φ̇2 ,
(4.4)
3
1
ȧ2 = 1 + a2 φ̇2 .
(4.5)
6
In the Vilenkin instanton [54], the boundary conditions corresponding to an asymptotically
flat instanton are
a(τ ) ≈ τ ,
φ(τ ) → 0 ,
(4.6)

log@aHΤLD

log@aHΤLD

1

1

0.5

0.5

0

0.5

1

1.5

2

0

Τ

-0.5

-1

-1

1

1.5

2

Τ

Figure 1. The numerical results of log ā(τ̄ ) are shown in the dashed curves when κ̄ is equal to 0.1
(left) and −0.1 (right). The black solid curve is the singular Vilenkin’s solution in GR and the vertical
solid line indicates the singular point τ̄s . If κ̄ > 0, the scale factor reaches ā0 at a finite τ̄ which is
highlighted by the dashed vertical line. If κ̄ < 0, the scale factor approaches ā0 when τ̄ → −∞. See
eqs. (4.20) and (4.25).

√
√
√
Introducing the dimensionless variables ā ≡ a/ C, b̄ ≡ b/ C, τ̄ ≡ τ / C and κ̄ ≡ κ/C, the
above equations can be simplified as


κ̄2 1/4
2
b̄(ā) = λ − 12
ā ,
4ā
λ + 2āκ̄6
M (ā) =
.
2 1/4
λ2 − 4āκ̄12

(4.13)
(4.14)

It can be seen that ā is bounded from below:

ā(τ̄ ) ≥

|κ̄|
2λ

1/6
≡ ā0 ,

(4.15)

due to the presence of fourth roots. Assuming the asymptotically flat boundary condition (4.6), the numerical solutions of ā(τ̄ ) and φ(τ̄ ) as functions of τ̄ are shown in the dashed
curves of figure 1 and figure 2, respectively, for κ̄ being positive (left) and negative (right).
Note that we assume λ = 1 (recall the effective cosmological constant is (λ − 1)/κ) in these
numerical calculations for the sake of comparison with the GR counterpart. The solid black
curves in each figure represent Vilenkin’s solution mentioned in subsection 4.1, i.e., the solutions in the framework of GR. In GR, the scale factor ā vanishes at τ̄s , a singular point
that is highlighted by the vertical solid lines. At the singularity, the scalar field diverges
logarithmically as shown in eqs. (4.9). However, in the EiBI theory with a positive κ̄, the
scale factor reaches its minimum ā0 at a certain τ̄ , which is highlighted by the vertical dashed
line. The scalar field terminates at this point as well, with its derivative being a non-zero
value. On the other hand, if κ̄ < 0, the scale factor reaches ā0 when τ̄ → −∞. The scalar
field diverges linearly in this limit. The detailed scrutiny on the asymptotic solutions near
ā0 will be presented in the following two subsubsections.

–9–

JCAP03(2017)044

-0.5

0.5

e-Φ HΤL
1

e-Φ HΤL
1

0.8

0.8

0.6

0.6

0.4

0.4

0.2

0.2
0.5

1

1.5

2

0

Τ

0.5

1

1.5

2

Τ

Figure 2. The numerical results of e−φ(τ̄ ) are shown in the dashed curves when κ̄ is equal to 0.1
(left) and −0.1 (right). The black solid curve is the singular Vilenkin’s solution in GR. If κ̄ > 0, the
scalar field terminates with a non-zero slope. See eq. (4.21). If κ̄ < 0, the asymptotic behavior of the
scalar field is φ ∝ −τ̄ . See eq. (4.26).

4.2.1

Asymptotic behavior near ā0 : positive κ̄

To investigate the asymptotic behavior of the solutions near ā0 , we consider the region where
the Euclidean scale factor is very close to the minimum and expand it as follows:
ā(τ̄ ) = ā0 [1 + δ(τ̄ )] ,

(4.16)

where 0 < δ(τ̄ )  1. If we assume κ̄ > 0, eqs. (4.13) and (4.14) can be approximated as
b̄(τ̄ ) ≈ [12λ2 δ(τ̄ )]1/4 ā0 ≡ ∆1/4 ā0 ,

M (τ̄ ) ≈

2λ
,
∆1/4

where ∆ ≡ 12λ2 δ(τ̄ ). Furthermore, eq. (3.8) is approximated as
r
 2 
dā
db̄ dā
3λ
2λ
ā20
ḃ =
≈
≈
1
+
.
dā dτ̄
2κ̄
∆3/4 dτ̄
∆1/4
Then we have

d∆ √
∝ ∆,
dτ̄

τ̄ − τ̄0 ∝

(4.17)

(4.18)

√
∆,

(4.19)

where τ̄0 satisfies ā(τ̄0 ) = ā0 .
We therefore obtain the approximate solution of ā(τ̄ ) near ā0 as
ā(τ̄ ) ≈ ā0 [1 + A(τ̄ − τ̄0 )2 ] ,
where
A=

(4.20)



 
4
ā20
2
4 2λ 1/3
1
+
=
+
.
2κ̄
3κ̄ 3 κ̄
3ā20

The behavior of the scalar field φ(τ̄ ) at this limit can also be obtained with eq. (4.7):
φ(τ̄ ) ≈ φ0 −

1
(τ̄ − τ̄0 )[1 − A(τ̄ − τ̄0 )2 ] .
ā30
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Note that at τ̄0 , the scale factor ā approaches its minimum ā0 with dā/dτ̄ → 0. The scalar
field φ, on the other hand, approaches its maximum φ0 with a non-vanishing derivative,
i.e., dφ/dτ̄ → −1/ā30 . It is worth to stress that even though the physical metric is regular
when ā = ā0 , this point is actually a curvature singularity of the auxiliary metric because
R[q] ∝ (τ̄ − τ̄0 )−1 , with b vanishing as in eq. (4.17).
4.2.2

Asymptotic behavior near ā0 : negative κ̄

If κ̄ < 0, eqs. (4.13) and (4.14) can be approximated as follows:
∆3/4
,
2λ

(4.22)

ā20 1/4
∆ .
6|κ̄|

(4.23)

M (τ̄ ) ≈

near ā0 . Then eq. (3.8) is approximated as
db̄ dā
ḃ =
≈
dā dτ̄



3λ2
∆3/4



dā
≈
dτ̄

s

We then have
d∆
≈
dτ̄

s

s

8
∆,
3|κ̄|

∆ ∝ exp

8
τ̄ .
3|κ̄|

(4.24)

Therefore, the approximate solution of ā(τ̄ ) near ā0 reads


s



ā(τ̄ ) ≈ ā0 1 + B exp

8
τ̄
3|κ̄|


,

(4.25)

where B is a positive constant. One can see that the minimum ā0 is reached when τ̄ → −∞.
On the other hand, the behavior of the scalar field φ(τ̄ ) is:
φ(τ̄ ) ≈ −

τ̄
,
ā30

(4.26)

when τ̄ → −∞. Note that even though the physical metric is regular, the scalar curvature
of the auxiliary metric diverges in the sense that R[q] ∝ ∆−3/2 in this limit.
4.2.3

The on-shell action

The on-shell action of the instanton solutions in the EiBI theory is given by eq. (3.13) when
N = 1. For the Vilenkin instanton in the EiBI theory, the boundary contribution SB is from
a boundary corresponding to the singularity of the auxiliary metric. It can be written as
p
6π 2 b2 db
d3 x +h(q)K(q) =
M dτ
∂M

Z
SB = −

If κ̄ > 0, the boundary contribution SB vanishes because SB ∝
hand, we have
√
SB κ̄<0 = 12λπ 2 C ,

.

(4.27)

∂M

√

∆. If κ̄ < 0, on the other
(4.28)

which is independent of κ̄. Note that the boundary in this case is located at τ̄ → −∞.
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b̄(τ̄ ) ≈ ∆1/4 ā0 ,

We consider the difference between the on-shell action of the instanton solution and
that corresponding to a background flat spacetime:
∆S = SE − SE(background) .

(4.29)

The solution of the background flat spacetime is
a(τ ) = b(τ ) = τ ,

N = M = 1,

(4.30)

where we define two new functions F (a) and G(a) as
v
"
#
r
u
2
2
4
2
u
F
(a)
κ
C
a
3
F (a) +
.
F (a) ≡ λ2 −
,
G(a) ≡ t1 −
−
2 2
4a12
3κ
2
2 λ + κC
2a6

(4.32)

After a change of variable F (a) ≡ x and setting λ = 1, we have
2π 2 C
∆S =
κ̄

Z
0

1


1
3 3 − 2x2
dx
κ̄2
+ SB ,
6(1 + x) 4(1 − x2 )
G± (x)

where the new function G± (x) is defined as
v
u

1 

u
6
3
1
κ̄2
x2
t
√
−
G± (x) ≡ 1 −
x
+
.
3κ̄ 4(1 − x2 )
2(1 ± 1 − x2 )2 2

(4.33)

(4.34)

The plus (minus) sign corresponds to a positive (negative) κ̄. Note that κ̄ ≡ κ/C is dimensionless. The numerical results of the on-shell action as a function of κ̄ are shown in
figure 3. The blue and red curves are for positive and negative κ̄, respectively. The value of
the on-shell action of the singular Vilenkin instanton in GR is also shown by the dashed line.
It can be seen that the Euclidean action has a well-defined value, hence one can conclude
that the Minkowski space is still unstable even though the physical metric is regular. Moreover, an interesting observation is that the action does not converge to its GR counterpart
as |κ̄| → 0. Since we find that the Minkowski space is at best metastable it is important
to estimate the timescale of the instability, t. The decay rate per unit volume is given by
γ ∼ 1/t4 ∝ exp(−∆S).2 Given that our Universe is at least 1017 seconds old and the spacetime volume of our past light cone is roughly its fourth power, this implies that ∆S & 560
2

In fact, there should be a dimensionful prefactor A with [A] = 1/[length]4 in front of the exponential term.
In the cases of false vacuum decay, the semiclassical estimation of A was shown in ref. [58] in flat spacetime
and in ref. [59] when gravity is included. In [58] it was shown that A ∝ (∆S)2 . Furthermore, if the action is
sufficiently large in reduced Planck units (∆S > 1), which is consistent with our estimation, the exponential
term dominates over the prefactor. Given that A ∼ M4 , where M is the characteristic mass scale of the
theory and we assume it to be M ∼ 1/lP , we can estimate the decay rate by setting A ∼ O(1) (in reduced
Planck units). We will also assume this estimation is qualitatively valid in the EiBI gravity.
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and the action of the background solution is zero. Note that the on-shell EiBI action of the
background solution reduces to that in GR. Therefore, ∆S becomes



Z
κφ̇2
2π 2
b2
3
∆S =
dτ a λ +
1 − 2 + SB
κ
2
a

2C4 
Z
[1 − F (a)] F (a) + 34 Fκ(a)a
12
2π 2 ∞
3
=
daa
+ SB ,
(4.31)
κ a0
G(a)

SE C
35
30
25
20
15
10
5
0
10-5 0.001

Κ>0
Κ<0
GR

0.1

10

ÈΚÈ
1000

(in reduced Planck units) in order not to contradict observations. Assuming that C . 1 (if
the field excursion, which is proportional to C, is less than the Planck scale, it is reasonable
to assume that C . 1) [54], we find that the previous constraint is not satisfied for any value
of κ and consequently these instanton solutions are ruled-out observationally. Furthermore,
from a theoretical perspective, these instantons are not totally satisfactory due to the presence of the singularity in the auxiliary metric. Therefore, from a conservative point of view,
they should not be considered in the path integral of the EiBI theory. Note that there are
some theoretical, but somewhat drastic, alternatives to explain this inconsistency and we will
mention about them in the conclusion.

5

Hawking-Turok singular instanton

The Hawking-Turok instanton in [52] is based on the Hartle-Hawking no-boundary proposal
to create an open universe from nothing [60]. Unlike most of other instanton solutions in
which a special shape of the scalar field potential is required, a generic potential is assumed in
the Hawking-Turok proposal. However, the inevitable singularity for the curvature and the
scalar field is the price that should be paid in this setup. As discussed in the introduction,
even though the singularity is mild in the sense that the action can be finite as long as the
potential is not too steep in φ, the presence of the singularity has raised some criticisms and
made this proposal controversial.
5.1

GR case

The initial condition for the Hawking-Turok instanton is a(τ ) ≈ τ and φ̇(τ ) ≈ 0 at the north
pole, i.e., when τ → 0 [52]. The initial condition of φ(0) can be set at will. The set of
equations of motion in GR is
ȧ
∂V
φ̈ + 3 φ̇ =
,
a
∂φ

ä = −


a 2
φ̇ + V (φ) .
3

(5.1)

Note that the Euclidean evolution corresponds to the usual Lorentzian evolution in a potential
−V (φ). The numerical solutions for a quadratic potential V = m2 φ2 /2, where the mass m is
a constant, are shown in the black solid curves in figure 4. At the north pole, the solutions
are regular. However, near the south pole at τ = τsp , the anti-damping term φ̇ȧ/a dominates
over the potential term. This implies that the behavior of the solutions near the south
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Figure 3. The numerical results of the on-shell action as a function of κ̄ for positive κ̄ (blue) and for
negative κ̄ (red). The action value of the GR counterpart is also shown in the dashed line.
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Figure 4. The numerical solutions of a(τ ) (left) and φ(τ ) (right) for the Hawking-Turok instanton
in GR (black solid curves), in the EiBI theory with κ = 0.1/m2 (dashed curves) and κ = −0.1/m2
(dotted curves). The scalar field potential is assumed to be a quadratic potential, V = m2 φ2 /2.
The initial condition for each cases is φ(0) = 1, φ̇(0) ≈ 0, a(0) ≈ 0 and ȧ(0) ≈ 1 at the north pole
(τ = 0). The solid, dashed, and dotted vertical lines indicate the south poles τsp for GR, positive κ
and negative κ, respectively.

pole is similar to those of Vilenkin’s solutions near the singularity. In other words, a(τ )
vanishes, φ(τ ) diverges logarithmically at τ = τsp and the Ricci scalar diverges. We expect
this singular behavior can be modified in the EiBI theory and this is the main content of the
next subsection.
5.2

EiBI case

In this subsection, we turn to the investigation of the Hawking-Turok instanton in the EiBI
theory. If κ > 0, the asymptotic behavior of the solutions near the south pole τsp can be
estimated by assuming
κφ̇2
= 0.
(5.2)
λ + κV (φ) −
2
Differentiating this equation and substituting it into eq. (3.9) we obtain
φ̈ =

dV
,
dφ

ȧ
= 0,
a

(5.3)

at τsp . As an example, consider a quadratic scalar field potential, V = m2 φ2 /2. Then the
asymptotic solution of φ can be described by
φ(τ )

τ →τsp

=

1 m(τ −τsp )
λC −m(τ −τsp )
1
λC
e
−
e
≈
−
,
2
2C
κm
2C κm2

(5.4)

where C is an integration constant. Therefore, the scalar field φ and its derivative φ̇ are nonzero and finite at the south pole. The physical scale factor a, on the other hand, approaches
a constant with its derivative going to zero at τsp . See the dashed curves in figure 4. We
would like to emphasize that just like the case for the Vilenkin instanton in the EiBI theory,
the scalar curvature of the physical metric is regular and in this sense the singularity of the
Hawking-Turok instanton is removed. However, the scalar curvature of the auxiliary metric
R[q] still diverges at the south pole.
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0

2

If κ < 0, we find that the solutions behave quite differently from those mentioned
previously. For a quadratic potential, we find that at the south pole, the auxiliary scale
factor b terminates at a finite but non-zero value. Furthermore, we also find that at τsp ,
λ − |κ|V (φ) −

|κ|φ̇2
→ 0,
2

λ − |κ|V (φ) +

|κ|φ̇2
→ 0.
2

(5.5)

This implies that φ̇ → 0 at the south pole. However, the ratio between the equations
in (5.5) is a non-zero and finite constant. According to this numerical behavior, we obtain
the asymptotic behavior of a and φ near the south pole as follows:
φ(τ ) ≈ φsp − D(τsp − τ )2 ,

(5.6)

where D is a positive constant and φsp = φ(τsp ). The numerical solutions of a and φ are
shown in the dotted curves of figure 4. One can see that a diverges at the south pole and
this divergence corresponds to a singular boundary of the physical metric, even though the
scalar field is regular there. The scalar curvature of the auxiliary metric also diverges at the
south pole.
The on-shell action is directly related to the probability for a given initial state of the
universe to tunnel to the solution described above. If κ > 0, the boundary contribution SB
is zero because the asymptotic behavior of the solutions are similar to those in the Vilenkin
instanton in the EiBI theory, in which the boundary contribution is also zero. The on-shell
action is then given by the bulk term and is shown in figure 5. In the top plot, we assume a
zero cosmological constant, i.e., λ = 1 and compare the on-shell action as a function of κ with
different initial condition, φ(0). One can see that the solution with a smaller initial scalar field
has a smaller on-shell action value and is exponentially preferred. In the bottom plot, we fix
the initial value of the scalar field to φ(0) = 1 and assume a positive cosmological constant,
i.e., λ > 1. We compare the on-shell action value as a function of Λ with different κ. The
Hawking-Turok GR counterpart is also shown in this plot (see the dashed curve). One can
see that all the action values approach zero once the cosmological constant is getting large.
Most importantly, different from the GR curve in which there is a local minimum for a certain
Λ ≈ m2 , the EiBI theory seems to prefer a smaller cosmological constant. Furthermore, it
can be seen that for a small enough value of κ, the curves will converge toward a specific
curve (see the region around the purple and red curves in the middle). This specific curve is
not the one calculated in GR. Therefore, the Euclidean action does not converge to its GR
counterpart when κ → 0. This phenomenon is rather similar to what we have found in the
Vilenkin instanton within the EiBI setup (see figure 3).
In the case that κ < 0, we found that the solutions possess a divergent action value due
to the presence of the singularities of the physical metric and the auxiliary metric. Because
of this fact, we dismiss the κ < 0 case as being unphysical.
In summary, we found that for the Hawking-Turok instanton on a quadratic potential
in the EiBI theory, the singularity of the physical metric can be removed when κ > 0 in the
sense that the scalar curvature constructed from the physical metric, the scale factor a and
the scalar field φ are regular at the south pole. However, the scalar curvature constructed
from the auxiliary metric, i.e., R[q], diverges at this pole. Furthermore, we found that the
on-shell action for κ > 0 is given by the bulk term and is finite. However, the action value
does not converge to the GR value in the appropriate limit, i.e., κ → 0. On the other hand, at
the south pole there is a singularity of the physical metric when κ < 0. The scalar curvature
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a(τ ) ∝ (τsp − τ )−1 ,
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Figure 5. In these two plots we show the on-shell action of the Hawking-Turok instanton in the EiBI
theory for κ > 0. On the top plot we assume a zero cosmological constant, i.e., λ = 1 and compare
the on-shell action as a function of κ with different initial condition for the scalar field, φ(0). On
the bottom plot, we fix the initial scalar field value to φ(0) = 1 and show the on-shell action as a
function of the positive cosmological constant, for different values of κ. The on-shell action of the GR
de-Sitter counterpart is also shown in the dashed curve. Note that the boundary contribution SB is
zero when κ > 0.

constructed from both metrics and the physical scale factor a are singular at this pole. The
action value is not well-defined for this case as well. Therefore, if our universe is created from
a Hawking-Turok instanton, then it should have a positive κ. Recall that in ref. [40] it was
found that there may be unwanted instabilities resulting from the imaginary effective sound
speed in the EiBI theory with a negative κ.
Before closing this section, we would like to stress that it is still unclear whether the
Hawking-Turok instanton solutions with a positive κ should be excluded from the path integral (the solutions with negative κ should be excluded because the action is not well-defined).
From a theoretical point of view, one may suggest that these solutions should be excluded
because they are singular in the auxiliary metric. In addition, due to the similar auxiliary
singularities shared by the Vilenkin instantons, the validity of the Hawking-Turok instantons
is challenged based on the observational inconsistency predicted by the Vilenkin instantons
in the EiBI theory. We need to keep in mind that these arguments are not formal proofs to
exclude the Hawking-Turok instantons and a conclusive answer is still needed.
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In this paper, we investigated three types of O(4)-symmetric instantons in the EiBI gravity
theory.
For the Hawking-Moss instanton we found that the tunneling rate reduces to that of
the Hawking-Moss instanton in GR for all κ, while the action values reduce to their GR
counterpart only in the limit when the EiBI theory is expected to approach GR, i.e., κ → 0.
Interestingly, we also found that the well-known Bekenstein-Hawking entropy formulae is not
satisfied (there is an additional term proportional to κ in eq. (3.19)) if one uses the physical
metric to define the area of the cosmological horizon, while it is satisfied if one uses the area
of the cosmological horizon of the auxiliary metric (recall we define the physical metric as
the one that is minimally coupled with the scalar field).
We then studied two types of singular instantons in the EiBI theory: the Vilenkin
instanton and the Hawking-Turok instanton.
The Vilenkin instanton setup is defined in the Minkowski background with a free scalar
field. As we expected, the quantum mechanical extension of the EiBI theory via instanton
dynamics retains its property of resolving the singularity in the sense that the curvature of
the physical metric is regular (see figures 1 and 2) but the curvature of the auxiliary metric is
still singular. Since the instanton tunneling description gives a well-defined probability (see
figure 3), our result implies that the Minkowski space is still unstable in the EiBI theory.
In this theory, the problem of whether one should accept these instantons or not has to be
treated more carefully than in GR because the theory partially resolves the singularity of the
instanton.
Assuming that the integration constant C defined in eq. (4.7) is smaller than one (in
Planck units), we find that for any value of κ the timescale of the instability is unacceptably
small compared with the age of our universe. We conclude that the Vilenkin instanton should
be excluded from the Euclidean path integral of the EiBI theory because it grossly contradicts observations. In addition, one could also take a conservative view and argue that from
a theoretical point of view, the presence of the curvature singularity in the auxiliary metric
already constitutes a sufficient condition to exclude this instanton from the path integral.
There are possible ways to avoid the above conclusions but they are much more drastic in
our opinion. For example, if one wishes to accept the Vilenkin instanton as legitimate then
one is forced to either conclude that the EiBI theory is ruled-out (recall that in GR, the
Vilenkin instanton also implies the observationally unacceptable fast decay of the Minkowski
spacetime) or that the Euclidean path integral approach is incomplete or should be abandoned. Finally, another way out is given that the Minkowski space is unstable in the EiBI
theory one could imagine that there exists some currently unknown physical mechanism that
prevents the decay.
We also investigated the Hawking-Turok instanton in the EiBI theory (see figure 4).
For the positive κ case, the singularity is also partially resolved in the EiBI theory and
the probability is well-defined. The analytic continuation of the physical metric from the
Euclidean section to the Lorentzian section is exhibited in figure 6. We found that the right
end of the Euclidean manifold is non-compact and there appears a Cauchy horizon on the
Lorentzian manifold after the analytic continuation. On the other hand, for the negative
κ case, the singularity is not resolved and the Euclidean action is divergent. We conclude
that if our universe has been created via a Hawking-Turok instanton, then it should have
positive κ. We would like to repeat that, similar to the Vilenkin instanton in the EiBI theory,

the legitimacy of these instantons can be questioned due to the presence of the curvature
singularity of the auxiliary metric.
One interesting finding is that the Euclidean actions of the instantons do not exactly
approach the GR value in the appropriate limit. In the classical sense, if there is no scalar
field, then whatever the value of κ is, the solution should be the same as that of GR. However,
as can be seen in the Hawking-Moss instanton in the EiBI theory, the action value depends
on κ and it only approaches the value in GR in the κ → 0 limit. Moreover, once we
consider singular instantons, then (even though the singularity is partially resolved via the
EiBI theory) the probability does not approach to the GR value even as κ goes to zero. This
is not only true for the Vilenkin instanton, but also for the Hawking-Turok instanton. It is
not clear to us whether this shows any inconsistency of singular instantons or not.
Finally, we suggest a possible extension of our conclusion to the Big Bang singularity
issue. If we cannot accept singular instantons since there remains a singularity in the auxiliary
metric, then we also have to be very careful about the avoidance of the initial singularity in
the EiBI theory even though its physical metric is regular. To be sure, the resolution of the
initial singularity problem via the EiBI theory should be examined not only at the classical
level but also at the quantum level. We leave this issue for our future investigations.
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