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Cosmological singularities in Born-Infeld determinantal gravity
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The Born-Infeld determinantal gravity has been recently proposed as a way to smooth the big bang
singularity. This theory is formulated on the Weitzenböck space-time and the teleparallel representation is
used instead of the standard Riemannian representation. We find that although this theory is shown to be
singularity free for a certain region of the parameter space in which the divergence of the Hubble rate in the
high-energy regime is substituted by a de Sitter stage or a bounce in a Friedmann-Lemaître-Robertson-Walker
universe, cosmological singularities—such as a big rip, big bang, big freeze, and sudden singularities—can
emerge in other regions of the configuration space of the theory. We also show that all these singular events
exist even though the universe is filled with a perfect fluid with a constant equation of state.
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I. INTRODUCTION
Undeniably, Einstein’s theory of general relativity (GR)
has been an extremely successful theory for about a century
[1]. However, the theory is expected to break down at some
point at very high energies where quantum effects are
expected to become important, such as in the past expansion of the Universe where GR predicts a big bang
singularity [2]. This is one of the motivations for looking
for possible modified theories of gravity, which are hoped
to not only be able to preserve the great achievements of
GR, but to also shed some light on smoothing the
singularities predicted in GR. Such theories could be seen
as effective/phenomenological approaches of a more fundamental quantum theory of gravity.
Among the plethora of approaches to extend GR,
theories with a Born-Infeld-inspired action for the gravitational fields are attractive in that they offer the possibility
of smoothing certain singularities in GR (see Ref. [3] and
the references therein). One is also reminded of the huge
success of the original Born-Infeld theory in solving the
divergence of the self-energy of point-like charges in
nonlinear classical electrodynamics [4].
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Recently, one of these theories—dubbed Eddingtoninspired Born-Infeld (EiBI) gravity—was introduced in
Refs. [5–7] with the aim of smoothing the singular states in
GR. This theory was also carefully studied from cosmological and astrophysical points of view [8–28]. Like
Eddington’s theory [29], EiBI theory is equivalent to GR
in vacuum but different in the presence of matter. Basically,
(i) the big bang singularity and (ii) the singular state after
the collapse of noninteracting particles are cured in the
EiBI setup within the Newtonian limit [18]. Recently, we
showed that dark energy related singularities can also be
partially cured/smoothed in the EiBI theory with respect
to both the physical metric (coupled to matter) and the
auxiliary metric that is compatible with the physical
connection [10], even if some singular states maintain
their singular behaviors [10,11].
The Born-Infeld determinantal gravity has been recently
proposed as a way to smooth the big bang singularity [30]
(see also Ref. [31]). This theory is constructed within the
Weitzenböck space-time and it ensures second-order equations of motion of the vielbein field. In Ref. [30], regular
cosmological solutions were obtained for some regions of
the parameter space. In fact, the possible divergence of the
Hubble rate at high energies is substituted by a de Sitter
phase or a bounce in a Friedmann-Lemaître-RobertsonWalker (FLRW) universe. In this paper we will show that
although this theory is singular free in some regions of the
parameter space, cosmological singularities—such as the big
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rip, big freeze, and sudden singularities—can still emerge in
other regions of the parameter space. This applies even to the
big bang singularity. We show as well that these singular
behaviors appear in a homogeneous and isotropic universe
filled with a perfect fluid whose equation of state is constant.
In this paper, we will characterize the cosmological
singularities by the behavior of the Hubble rate and its
cosmic time derivative at the singular event [32]:
(i) A big rip singularity takes place at a finite cosmic time
with an infinite scale factor, where the Hubble parameter and its cosmic time derivative diverge [33–40].
(ii) A sudden singularity takes place at a finite cosmic time
with a finite scale factor, where the Hubble parameter
remains finite but its cosmic time derivative diverges
[32,41,42].
(iii) A big freeze singularity takes place at a finite cosmic
time with a finite scale factor, where the Hubble
parameter and its cosmic time derivative diverge
[32,43–46].
(iv) A type IV singularity takes place at a finite cosmic
time with a finite scale factor, where the Hubble
parameter and its cosmic time derivative remain finite,
but higher cosmic time derivatives of the Hubble
parameter still diverge [32,43,45–48].
This paper is outlined as follows. In Sec. II, we briefly
review the background of the Born-Infeld determinantal
gravity [30], including its action, the background of the
teleparallel representation, and the low-energy limit of the
theory. In Sec. III, we focus on the cosmological solutions
of the theory by analyzing the evolution of the Hubble rate
and its cosmic time derivative as functions of the energy
density of a perfect fluid with a constant equation of state.
We show that within some regions of the parameter space,
divergences of the Hubble rate and its cosmic time
derivative can occur at a finite cosmic time, which imply
the existence of the cosmological singularities mentioned
above. We finally present our conclusions in Sec. IV.
II. A BRIEF INTRODUCTION TO THE THEORY
In Ref. [30], a Born-Infeld determinantal gravity within a
teleparallel representation was constructed with the aim
of getting regular cosmological solutions within a FLRW
space-time. The gravitational action reads [30]
λ
I¼
2

Z
dD x

hqﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ qﬃﬃﬃﬃﬃﬃﬃﬃﬃ i
jgμν þ 2λ−1 Fμν j − jgμν j ;

ð2:1Þ

where D is the dimension of the space-time and λ is a
constant with the same dimension as that of a cosmological
constant. (In this paper, we will work with Planck units
8πG ¼ 1 and set the speed of light c ¼ 1.) The most
general form of Fμν is
Fμν ¼ αSμ λρ T νλρ þ βSλμ ρ T λ νρ þ γgμν T;

ð2:2Þ

where α, β, and γ are dimensionless constants. T is the
Weitzenböck invariant
T ≡ Sρ μν T ρ μν ;

ð2:3Þ

and Sρ μν is defined by (see Refs. [49,50])
1
1
1
Sρ μν ≡ ðT ρ μν − T μν ρ þ T νμ ρ Þ þ δνρ T σ σμ − δμρ T σ σν :
4
2
2
ð2:4Þ
Note that T ρ μν are the components of the Weitzenböck
torsion, which are defined through the Weitzenböck
connection Γρ μν ¼ eρ a ∂ ν ea μ as T ρ μν ≡ Γρ νμ − Γρ μν . In the
Weitzenböck representation, the dynamical field is the
vielbein ea rather than the metric gμν [49,50]. The metric
is related to the vielbein through the following formula:
gμν ¼ ηab ea μ eb ν :

ð2:5Þ

Note that the relation between the standard Riemannian
version of GR and the teleparallel version of GR is ensured
by the equation
T ¼ −R þ 2e−1 ∂ ν ðeT σ σν Þ;

ð2:6Þ

where R is the Ricci scalar constructed within the standard
Riemannian representation and e p
is ﬃﬃﬃﬃﬃﬃﬃﬃ
the ﬃdeterminant of the
vielbein field (which is equal to jgμν j) [49,50].
According to the action (2.1) and the definition of
Fμν (2.2), the low-energy limit of this theory (jλj → ∞)
recovers GR as long as TrðFμ ν Þ ¼ T, which is ensured by
imposing the algebraic relation
α þ β þ Dγ ¼ 1:

ð2:7Þ

The theory (2.1) will contain more solutions than the one
provided by the Einstein-Hilbert action given the freedom
with the choice of the parameters α, β, and γ. We will
assume that the relation (2.7) is fulfilled from now on to
guarantee the recovery of GR at the low-energy limit.
III. BORN-INFELD DETERMINANTAL GRAVITY
AND COSMOLOGICAL SINGULARITIES
From now on, we will focus on a cosmological symmetry, i.e., we fix D ¼ 4 and choose a spatially flat FLRW
space-time:
ds2 ¼ dt2 − a2 ðtÞðdx2 þ dy2 þ dz2 Þ;

ð3:1Þ

where t is the cosmic time and aðtÞ is the scale factor.
In addition, ea ¼ diagð1; aðtÞ; aðtÞ; aðtÞÞ. We assume such
a universe filled with a perfect fluid with energy density ρ
and pressure p. After some lengthy calculations, one
obtains the modified Friedmann equation [30]
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pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
2ρ
1 − BH 2
pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ ½1 þ 2BH 2 − 3ABH4  − 1 ¼ ;
2
λ
1 − AH

ð3:2Þ

where H is the Hubble parameter, A ¼ 6ðβ þ 2γÞ=λ, and
B ¼ 2ð2α þ β þ 6γÞ=λ. The relation (2.7) implies
A þ 3B ¼

12
:
λ

According to the derivation of the field equation (3.2),
we find that there are two restrictions on the parameters of
the theory:
1
> A;
H2
1
1 − BH2 > 0 → 2 > B:
H
1 − AH2 > 0 →

ð3:3Þ

Equation (3.2) is the modified Friedmann equation, where
_ and the overdot denotes the cosmic time derivaH ≡ a=a
tive. Notice that the energy density is conserved in this
type of theories, i.e., ρ_ þ 3Hðp þ ρÞ ¼ 0. The previous
Friedmann equation assumes an arbitrary equation of state
for the perfect fluid. At low energies (ρ → 0 or ρ ≪ λ), this
theory recovers GR [where Eq. (3.3) is invoked]:
4
3λðA2 − 6AB − 3B2 Þ 2
H ¼
ρ−
ρ þ O3 ðρÞ
λðA þ 3BÞ
432
2

ρ 3λðA2 − 6AB − 3B2 Þ 2
¼ −
ρ þ O3 ðρÞ:
3
432

ð3:4Þ

The Raychaudhuri equation reads
2

_ ¼ − 3 ðρ þ pÞ dH ;
H
2
dρ

ð3:5Þ

pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
dH2 4 ð1 − AH 2 Þ3 ð1 − BH 2 Þ
;
¼
dρ
λKðH 2 Þ

ð3:6Þ

where

and
KðH 2 Þ ¼ A þ 3B − 14ABH2 − 6B2 H2
þ 9A2 BH4 − 12A2 B2 H 6
¼
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12
− 14ABH2 − 6B2 H2
λ
þ 9A2 BH4 − 12A2 B2 H 6 :

ð3:7Þ

This theory not only recovers GR in the low-energy limit,
but also provides some interesting modifications at high
energies. In Ref. [30], the author gave some examples where
the big bang singularity in GR may be cured by a de Sitter
phase or a bounce for some values of A and B. In this paper
we will provide a general analysis of the behavior of H2
_ for different regions of the parameter space. We will
and H
show that—even if this theory is singularity free under some
specific prior assumptions of the parameters—cosmological
singularities (such as the big rip, big freeze, and sudden
singularities) still occur in some regions of the parameter
space. This applies even to the big bang singularity itself.
Besides, we will also show that these singularities exist even
if the universe is filled with a perfect fluid with the simplest
equation of state p ¼ wρ, where w is a constant.

ð3:8Þ

The reason for this is the following: the components of the
tensor gμν þ 2λ−1 Fμν, given in the action (2.1), are
g00 þ 2λ−1 F00 ¼ 1 − AH 2 ;
gij þ 2λ−1 Fij ¼ −a2 ðtÞð1 − BH2 Þδij :

ð3:9Þ

Therefore, the restrictions shown in Eq. (3.8) ensure
the consistency of the Lorentzian signature between this
tensor and the physical metric gμν , that is, the signature of
gμν þ 2λ−1 Fμν does not change when recovering GR (i.e.,
jλj → ∞).
According to the conditions (3.8), one can see that the
Hubble rate may become large if both A and B are negative;
otherwise, the Hubble rate has an upper bound and may
imply a regular cosmological behavior. Thus, whether the
parameter λ is positive or not plays a crucial role. For the
sake of convenience, we will split the discussion about
the issue of singularities in this theory into two cases: λ > 0
and λ < 0.
A. λ > 0
We start by assuming that λ is positive. This assumption
was made in Ref. [30] to exhibit the ability of the BornInfeld determinantal theory to avoid singular GR behavior,
namely, the big bang. In Fig. 1, we show the allowable
parameter space of A and B according to the criteria (3.3)
for a positive λ (solid blue line). One can see that the solid
blue line does not cross the fourth quadrant. This means
that if λ > 0, at least one of the following inequalities is
satisfied:
B
5
4
3
2
1
–5

–1

5

10

15

A

FIG. 1 (color online). The allowed parameter space for A and B
is shown by the solid blue line for positive λ. The unit of this
figure is 1=λ.
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H2 <

1
A

or

H2 <

1
:
B
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Therefore, the singularities in which the Hubble rate blows
up (such as the big bang, big rip, little rip, or big freeze)
can all be cured.
However, even if the Hubble rate is restricted to be finite,
the cosmic time derivative of the Hubble rate may diverge
at a finite cosmic time and at a finite scale factor; thus,
a sudden singularity may occur for λ > 0. According to
Eqs. (3.5), (3.6), and (3.7), the cosmic time derivative
blows up as long as a positive solution for KðH2 Þ ¼ 0
exists. If this divergence happens when the Hubble rate, the
scale factor, and the cosmic time are finite, it implies a
sudden singularity. We next show that this is indeed the
case. For example, if we assume A ¼ 0 and therefore
B ¼ 4=λ, the modified field equation becomes
rﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ

4 2
8 2
2ρ
1− H 1þ H ¼1þ ;
λ
λ
λ

B

ð3:10Þ

ð3:11Þ

1
–15

–10

5

–5
–1
–2
–3
–4
–5

FIG. 2 (color online). The allowed parameter space for A and B
is shown by the blue solid line for negative λ. The unit of this
figure is 1=jλj.

1. B ¼ 0
To exhibit the possibility of the above-mentioned singular behaviors, we assume B ¼ 0 and A ¼ −12=jλj as a
first example. The modified field equation reads


jλj
1
H ¼
−1 :
2
12 ð1 − 2ρ
jλjÞ
2

and
96
KðH 2 Þ ¼ 12 − H2 :
λ

ð3:12Þ

2
_
Thus, H
pﬃﬃﬃdiverges when H ¼ λ=8 and ρ ¼ ρs1 , where
ρs1 ¼ ð 2 − 1Þλ=2 [cf. Eq. (3.7)]. Any matter content
whose pressure is finite when ρ → ρs1 for a finite scale
factor will imply a sudden singularity. The sudden singularity comes from a purely geometrical feature. A similar
effect can happen in some braneworld models [51–55].
This conclusion applies to any linear equation of state, such
as those fulfilled by dust, radiation, or even some phantom
energy models. This divergence happens at a finite cosmic
time because

t − ts1 ∝ ρ − ρs1 ;

ð3:13Þ

where ts1 and ρs1 are the cosmic time and the energy density
at the singularity. Note that the Friedmann equation (3.11)
implies H2 < λ=4, which is fully compatible with the value
of the Hubble rate at the sudden singularity.
B. λ < 0
On the other hand, the behavior of the cosmological
solutions is quite different if λ is negative. Similar to what
we did in the previous subsection, in Fig. 2 we show the
allowable parameter space of A and B according to the
criteria (3.3) for a negative λ.
The allowable parameter space of A and B is again shown
by the solid blue line in Fig. 2. One can see that this line
crosses the fourth quadrant, that is, −12=jλj ≤ A ≤ 0. This
means that H2 has no upper limit in this region. Therefore,
the divergence of the Hubble rate, or the occurrence of some
strong dark energy singularities such as the Big Rip, Little
Rip and Big Freeze could be unavoidable.

A

ð3:14Þ

At the low-energy limit, the expansion of H2 simplifies to
ρ ρ2 8ρ3
H2 ¼ þ þ 2 þ O4 ðρÞ:
3 jλj 3λ

ð3:15Þ

Therefore, the universe will be asymptotically Minkowski
when ρ → 0. However, the Hubble rate will reach infinite
values as the energy density approaches its maximum value
ρs2 ¼ jλj=2. The asymptotic behavior of H2 in this region
reads
H2 ≈

jλj3
:
48ðρ − ρs2 Þ2

ð3:16Þ

Any matter content whose pressure is finite when ρ → ρs2
for a finite scale factor will indicate that this divergence
happens at a finite cosmic time because
t − ts2 ∝ ðρ − ρs2 Þ2 :

ð3:17Þ

This condition applies to any linear equation of state, such
as those fulfilled by dust, radiation, or even some phantom
energy models. Similarly, the cosmic time derivative of the
Hubble rate blows up at this point. This implies that this
singularity is a big freeze. To the best of our knowledge,
this is the first time that a big freeze singularity [45] has
been shown to emerge from purely geometrical effects,
which are unrelated to the matter equation of state.
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2. A ¼ 0
In this section, we assume A ¼ 0 and B ¼ −4=jλj as
another guiding example to exhibit the singular behavior of
the theory. The modified field equation becomes
sﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ

4 2
8 2
2ρ
1þ H 1− H ¼1− ;
jλj
jλj
jλj

ð3:18Þ

and the low-energy limit is
ρ ρ2
H2 ¼ −
þ O3 ðρÞ:
3 3jλj

ð3:19Þ

However, one can see from Eq. (3.18) that the Hubble rate
diverges when ρ → ∞. The asymptotic behavior of H 2 near
this region is
1

H2 ≈

2

jλj3 ρ3
:
4

ð3:20Þ

If we further assume a constant equation of state p ¼ wρ,
we find that the cosmic time when the singularity occurs is
also finite, no matter it happens in the past or the future:
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theory were chosen to exhibit the ability of the Born-Infeld
determinantal gravity to avoid the big bang singularity. In
this paper, we generalized the analysis and found that most
of the cosmological singularities (such as the big rip, big
freeze, and sudden singularities) may still emerge on the
basis of this theory. In fact, even the big bang itself may still
encounter a singularity in different regions of the parameter
space. More precisely, the behaviors of the solutions in
which λ > 0 (where λ is the main parameter of the theory)
are much more regular than those in which λ < 0. The
Hubble rate has a finite upper limit for λ > 0, and thus it
inhibits the occurrence of big bang, big rip, little rip, and
big freeze singularities, while a sudden singularity may
emerge, as we have shown in Sec. III. On the other hand,
the Hubble rate may not have a finite upper limit for
λ < 0, and thus the divergences of the Hubble rate and the
occurrence of a big rip, big bang, or big freeze may be
possible. Interestingly, we also showed that these singular
solutions appear even if the universe is assumed to be only
filled with a perfect fluid with a constant equation of state.
We would also like to highlight the fact that the big freeze
singularity we found in this model comes from purely
geometrical effects, and to the best of our knowledge this is
the first example of this in the literature.

1

t − ts3 ∝

ρ−3
;
1þw

ð3:21Þ
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