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We derive a semiclassical effective action and the kinetic equation for massive Dirac fermions in
electromagnetic fields. The non-Abelian Berry phase structure emerges from two helicity states of massive
fermions with positive energy. The classical spin emerges as a vector in SU(2) helicity space. The
continuity equations for the fermion number and the classical spin are derived. The fermion number is
conserved while the spin charge is not conserved by anomaly. Previous results about the coefficients of the
chiral magnetic effect for the fermion and axial currents in the chiral limit can be reproduced after including
the antifermion contributions. This provides an example for the emerging spin and non-Abelian Berry
phase of Dirac fermions arising from the fermion mass.
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I. INTRODUCTION
Berry phase is the phase factor acquired by the energy
eigenstate of a quantum system when the parameters of the
Hamiltonian undergo a cyclic change [1]. The Berry
potential can be regarded as the induced gauge field in
parameter space. If the energy eigenstates are degenerate,
there is an internal symmetry in the Hilbert space spanned
by the degenerating states. This will lead to the nonAbelian Berry phase or non-Abelian gauge field [2–4].
Ever since its discovery, the Berry phase structure has
permeated through all branches of physics especially in
condensed matter physics; see, e.g., [5] for a review.
Kinetic theory is an important tool to study the phase
space dynamics of nonequilibrium systems. In such a
classical description, it is difficult to accommodate quantum effects such as chiral anomaly which has no counterpart in classical dynamics. Recently it was proposed that
the Abelian Berry potential can be introduced into the
action of chiral (massless) fermions in electromagnetic
fields to accommodate the axial anomaly in semiclassical
dynamics [6,7]. It has been shown by some of us that the
covariant chiral kinetic equation (CCKE) can be derived in
quantum kinetic theory from the Wigner function for
massless fermions in electromagnetic fields [8]. The
CCKE provides a semiclassical description of the phase
space dynamics of chiral (massless) fermions with the
4-dimensional Abelian Berry monopole and is connected to
the axial anomaly. The chiral kinetic equation for massless
fermions in 3 dimensions [6,7,9] can be obtained from the
CCKE by integrating out the zero component of the
momentum and turning off the vortical terms.
In this paper we try to generalize the previous work [8]
by some of us about massless fermions by investigating
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the fermion mass effects on the kinetic equation and the
Berry phase. Our motivation is to make a connection to
spintronics for massive fermions as Refs. [10,11] did.
References [10,11] derived single fermion semiclassical
equations of motion but the anomaly, finite temperature
and finite density effects were not addressed. In our work,
we cover these areas by including the axial anomaly
and develop the kinetic theory. We use the path integral
approach which is also different from that of
Refs. [10,11].
As in Refs. [10,11], we focus on massive Dirac fermions
of positive energy in background electromagnetic fields.
Non-Abelian Berry potentials emerge in the effective action
as the result of two degenerate positive energy states. As the
consequence of the non-Abelian feature, the classical spin
emerges as a degree of freedom in phase space [12–15].
Different from Refs. [10,11], we use helicity states as the
basis for spin states. We can recover the spin state basis of
Refs. [10,11] by an effective gauge transformation, through
which our Berry curvature and equations of motion are
consistent with Refs. [10,11]. The equations of motion for
all phase space variables including the classical spin can be
derived from the effective action. The continuity equations
for the fermion number and the classical spin can be
obtained from the kinetic equation. The anomalous source
term in the fermion number continuity equations is vanishing for massive fermions, which means fermion number
conservation. However, the conservation of the classical
spin is broken by the anomalous source term. In the
massless limit, the Berry phase becomes Abelian. There
are always anomalous source terms in the spin continuity
equation for massive and massless fermions. In the massless limit, when including antifermions, the spin continuity
equation becomes that of the axial anomaly. This provides

094003-1

© 2014 American Physical Society

JIUNN-WEI CHEN et al.

PHYSICAL REVIEW D 89, 094003 (2014)

an example for the emerging spin and non-Abelian Berry
phase of Dirac fermions arising from the fermion mass.
In order for readers to understand the nature of the
problem with the kinetic equation for massive Dirac
fermions, we need to make some remarks about it.
(i) The Hamiltonian for a massless fermion in the Weyl
bases is diagonal, H ¼ diagð−σ · p; σ · pÞ, where σ
denotes Pauli matrices and p the vector momentum.
The upper/lower block is the effective Hamiltonian
for the left-/right-handed fermion. It is natural to
consider a single block, e.g. H ¼ σ · p for the righthanded fermion, to derive the kinetic equation. The
generalization to the left-handed fermion is straightforward and trivial. However, the above treatment
does not work for a massive fermion whose
Hamiltonian has the fermion mass as off-diagonal
elements,

HðpÞ ¼


−σ · p
m
:
m
σ·p

(1)

For positive (or negative) energy solutions there are
two degenerate eigenstates with opposite helicities.
This will lead to a SU(2) non-Abelian Berry potential
in the effective action. The fermion mass breaks chiral
symmetry explicitly, so the axial current is not conserved at the classical level and is not appropriate for
kinetic theory. We need to find a better quantity which
corresponds to a conserved quantum number.
(ii) One possible way is to define a spin state jsi in the
basis of two eigenstates of σ z in the positive energy
solution of the Dirac equation. Then one can obtain
the average spin sa ¼ 12 hsjσ a jsi. The effective action
and equations of motion (including the precession
equation for the averaged spin) have been obtained
with such a spin state in a time-dependent variational
method for the wave-packet evolution in condensed
matter physics [10,11].
(iii) In this paper, we choose another representation of
jsi. Instead of using two eigenstates of σ z as a basis,
we use two helicity states as the basis for spin states.
We know that the helicity operator Σ ¼ diagfσ ·
p; σ · pg is conserved in the absence of external
electromagnetic fields, ½Σ; HðpÞ ¼ 0. The average
spin (classical spin) sa ¼ 12 hsjσ a jsi in the helicity
basis can be well defined and the spin precession
equation or the Bargmann-Michel-Telegdi equation [16] can be obtained. In the classical or weak
field limit, the spin current is conserved for the Dirac
fermions of positive energy. Therefore, in the semiclassical kinetic theory, the classical spin can be
regarded as an additional phase space variable. In the
massless limit, the classical spin which is a continuous variable becomes the helicity with two
discrete values 1=2, and the helicity current

becomes the axial current jμ5 . For other spin state
bases than the helicity one, such as the one used in
Refs. [10,11], it is less obvious to see such a
connection between the spin and the axial current.
Due to the above advantages of the helicity basis, we
will use it for spin states and the non-Abelian Berry
potential in the path integral formulation of the
effective action.
(iv) Although the SU(2) Berry phase has already been
explored in Refs. [10,11], to our knowledge, such
aspects or components as the anomaly, the path
integral approach, the helicity basis, transparent
transition to massless limit and the continuity
equations have not been addressed in literatrue
before.
(v) Since we only consider the positive energy fermions,
it is implied that m2 ≫ eB so that no antifermions
can be involved. This is called the weak field
condition. We will see that from the phase space
pﬃﬃﬃ
measure, γ ¼ ð1 þ eΩ · BÞ, in Eq. (38), we can
also obtain the same condition by the requirement
pﬃﬃﬃ
ejΩ · Bj ≪ 1 to ensure that γ should not vanish
and then invalidate the Hamiltonian dynamics. A
weak magnetic field is also necessary from the
consideration of the lowest Landau level. In the
presence of a strong magnetic field, particles will all
stay at the lowest Landau level and the classical
description fails. We see that the fermion mass
provides a natural scale for the magnetic field.
Our current work is closely related to the chiral magnetic
and vortical effect (CME and CVE) [17–19]. The CME and
related topics have been extensively studied in several
approaches, including AdS/CFT correspondence [20–36],
relativistic hydrodynamics [37–40], kinetic theories
[6–8,41–43], lattice simulations [44–48], and quantum
field theory or other effective theories [18,49–63].
Recently there have been some developments related to
the CME in Weyl semimetals [64–66]. For a recent review
of the CME/CVE and related topics, see e.g. [67]. The path
integral formulation of the effective action for chiral
(massless) fermions with Berry phase has been given in
Ref. [7]. The canonical approach from the Hamiltonian can
also be used [9]. The effective action with the Berry phase
can also be written as the Wess-Zumino-Witten form
[63,68]. In these approaches, the off-diagonal elements
of the Berry potentials have been neglected under the
adiabatic expansion such that the Berry potential is
Abelian.
The paper is organized as follows. In Sec. II, we
introduce the derivation of the effective action for chiral
(massless) fermions in electromagnetic fields via the
conventional path integral approach in some approximations. In Sec. III, we construct an improved and more
rigorous path integral approach to the effective action. The
non-Abelian Berry potentials and the classical spin emerge
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in the formalism. The kinetic equations and continuity
equations will be derived in Sec. IV. We make conclusions
in Sec. V.
II. CHARGED CHIRAL (MASSLESS)
FERMION IN CONVENTIONAL
PATH INTEGRAL QUANTIZATION
We consider a particle moving in a background electromagnetic field. We denote the canonical momentum as pc
and the mechanical momentum as p; they are related by
pc ¼ p þ eAðxÞ. The Hamiltonian can be expressed in
terms of the canonical momentum pc ,
H ¼ ϵðpc − eAÞ þ eϕðxÞ;

(2)

where ϵðpÞ is the particle energy. The equation of motion
.
can be
derived by the Hamilton equations, x ¼ ∂H=∂pc
.
and pc ¼ −∂H=∂x, as
x_ ¼ ∇p ϵp ≡ v;
p_ ¼ eE þ ev × B;

(3)

where E ¼ −∇ϕ and B ¼ ∇ × A.
The path integral quantization is based on the
Hamiltonian (2). We can write the transition matrix element
in path integral,
K fi ¼ hxf je−iHðtf −ti Þ jxi i
 Z
Z
¼ ½DxðtÞ½Dpc ðtÞP exp i

tf


dtðpc · x_ − HÞ : (4)
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H ¼ σ · ½pc − eAðxÞ þ eϕðxÞ;

where σ are Pauli matrices σ ¼ ðσ 1 ; σ 2 ; σ 3 Þ and we emphasize that the quantum Hamiltonian should be constructed
for the canonical momentum pc instead of the mechanical
momentum p ¼ pc − eA. The transition amplitude in the
path integral is given by Eq. (4) with the Hamiltonian (8).
Since the Hamiltonian (8) is a matrix, it is necessary to
diagonalize it at each point of the path. To this end we use a
unitary matrix Uðpc −eAÞ for diagonalization
U†ðpc −eAÞ HU ðpc −eAÞ

jpc − eAj þ eϕðxÞ
¼
0

Z
(6)

where the action is
Z
S¼

dt½eAðxÞ · x_ − eϕðxÞ þ p · x_ − ϵðpÞ:

(9)

(7)

From the Euler-Lagrange equation we can also
obtain Eq. (3).
We now consider a massless and charged fermion
moving in the background electromagnetic field. The
Hamiltonian can be written as

(10)

where θ and ϕ are polar angles of p as p ¼ jpj×
ðsin θ cos ϕ; sin θ sin ϕ; cos θÞ, and χ  are eigenstates of σ ·
p satisfying Hχ  ¼ χ  . The transition amplitude is
K fi ¼ lim

Z Y
N

N→∞

dxj dpcj


dx0 hxf jxN i

j¼1

Y

N
×
hxj je−3iHΔt jpcj ihpcj je−3iHΔt jxj−1 i hx0 jxi i:
j¼1

(11)

(5)

After completing the path integral, we resume the use of p
(writing pc in terms of p) and obtain the Euler-Lagrange
formulation of quantum mechanics,
½DxðtÞ½DpðtÞ expðiSÞ;

−jpc − eAj þ eϕðxÞ

where ϵðpÞ ≡ jpj. One can easily verify that

 −iφ
e cos θ2 −e−iφ sin θ2
;
U p ¼ ðχ þ ; χ − Þ ¼
sin θ2
cos θ2
 † 
χþ
;
U †p ¼
χ †−

Note that the starting and end points of the path are fixed at
xðti Þ ¼ xi and xðtf Þ ¼ xf . Then we have

hxf je−iHt jxi i ¼



0

¼ σ 3 ϵðpc − eAÞ þ eϕðxÞ;

ti

hxjpc i ¼ expðipc · xÞ:

(8)

So we can finally obtain the action with Berry connection
from the path integral quantization for massless and charged
fermions in electromagnetic field (see Appendix A),
Z
S¼

_
dt½p · x_ þ eAðxÞ · x − σ 3 ϵðpÞ − eϕðxÞ − AðpÞ · p:
(12)

In deriving the above action, we have used the definition
AðpÞ ¼ −iU †p ∇p Up with Up given by Eq. (10), whose
explicit form is
AðpÞ ¼ −

1
2jpj



eϕ cot θ2

eϕ − ieθ

eϕ þ ieθ

eϕ tan θ2


:

(13)

Note that the action (12) is in a matrix form. We can expand
AðpÞ in terms of Pauli matrices (including the unit matrix)
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and obtain each component as A ¼ −1=ð2jpj sin θÞeϕ ,
A 1 ¼ −1=ð2jpjÞeϕ , A 2 ¼ −1=ð2jpjÞeθ and A 1 ¼
− cot θ=ð2jpjÞeϕ .
The action (12) is based on the condition (A4). Note that
due to off-diagonal elements of AðpÞ in Eq. (13), the
commutator of σ 3 and A is nonvanishing,


1
0
eϕ − ieθ
½σ 3 ; AðpÞ ¼ −
:
(14)
0
jpj −eϕ − ieθ
If we neglect the off-diagonal elements of AðpÞ, the
condition (A4) is satisfied automatically and leads to the
action (12). This can be made diagonal into the positive and
negative helicity components [6,7],
Z
_
S ¼ dt½p · x_ þ eAðxÞ · x ∓ ϵðpÞ − eϕðxÞ − a ðpÞ · p;

One can check that the same relations also hold for jsλ i due
to gg† ¼ 1. For example, the form of g can be chosen as
follows,
gðξÞ ¼ expðiξ3 Σ3 Þ expðiξ2 Σ2 Þ expðiξ1 Σ3 Þ;

where Σ ¼ diagðσ; σÞ with σ ¼ ðσ 1 ; σ 3 ; σ 3 Þ being Pauli
matrices and ξ ¼ ðξ1 ; ξ2 ; ξ3 Þ are three Euler angles. But in
later discussions, we do not adopt any concrete form of
gðξÞ. Equation (16) shows that the spin state jsλ i can be
labeled by ξ. From the completeness relation for the spin
states jsλ i, we can use the following shorthand notation for
the integral over the phase space ξ,
Z
Z
X
dξjsihsj ≡ dξ jsλ ihsλ j
Z
¼

(15)
where we used a ðpÞ ¼ A 11=22 ðpÞ. Those helicity changing process are neglected in an adiabatic expansion treatment. The Hamilton equations can be derived with the
Abelian Berry phase. The Berry phase modifies Eq. (3) but
keeps the symplectic structure [69].

In this section, we will formulate the action for massive
fermions with non-Abelian Berry phase structure. For free
massive fermions, the positive energy eigenstate has the
degeneracy two which corresponds to two opposite helicities. It means the system has a SU(2) symmetry, which
can be shown to lead to a SU(2) non-Abelian Berry phase
[2–4]. To deal with the action of the matrix form in the path
integral in the previous section, we expand the state space
by introducing the classical spin (sometimes we call it spin
for short) degree of freedom in phase space which is a
vector in the SU(2) space.
We now consider a transition from an initial state jxi ; si i
to a final state jxi ; sf i, where si and sf denote the initial and
final spin states, respectively. We treat the helicity space to
be an internal symmetry space, which is independent of
coordinate and momentum states, jx; si ¼ jxijsi and
jp; si ¼ jpijsi. A spin state in the Dirac space in the
helicity basis is defined as
jsλ i ¼ gjλi;

λ

dξ ¼ const:

(18)

R
So in the path integral we can insert dξjsihsj at different
space-time points along the path.
The transition amplitude from an initial state jxi ; si i to a
final state jxi ; sf i is given by
K fi ¼ hxf ; sf je−iHt jxi ; si i;

III. ACTION FOR MASSIVE FERMIONS:
IMPROVED PATH INTEGRAL APPROACH

(16)

where g is an element of the SUð2Þ ⊕ SUð2Þ representation
in the Dirac space from doubling the fundamental representation in dimension 2 (i.e. it is a 4 × 4 matrix).
The reference spin states jλi along an arbitrary direction
with positive (λ ¼ þ) and negative (λ ¼ −) polarizations
are 4-dimensional vectors and satisfy thePorthogonal and
completeness relations: hλjλ0 i ¼ δλλ0 and λ¼ jλihλj ¼ 1.

(17)

(19)

where H is the Hamiltonian for Dirac fermions with mass
m given by
H ¼ α · p þ βm;

(20)

with

α¼

0

σ

σ

0


;


β¼

1

0

0

−1


:

(21)

In the Hamiltonian we did not include the electromagnetic
field just for simplicity; we will consider it later. The
Hamiltonian H can be diagonalized by
(22)
βEp ¼ U p HU †p ¼ U p ðα · p þ βmÞU †p ;
pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
where Ep ¼ jpj2 þ m2 and Up and U †p are unitary 4 × 4
matrices with Up U†p ¼ 1; U†p is given by
U †p ¼ ðuþ ; u− ; vþ ; v− Þ


χþ
χ−
ap χ þ ap χ −
; (23)
¼ Nr
ap χ þ −ap χ − −χ þ
χ−
pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
with N r ¼ ðEp þ mÞ=ð2Ep Þ and ap ¼ jpj=ðEp þ mÞ.
Here ue (e ¼ ) are positive energy eigenstates of the
Dirac equation, while ve are negative energy eigenstates.
The helicity states are denoted by χ e which satisfy
σ · p̂χ e ¼ eχ e .
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For the path integral, we can insert complete sets of
coordinate and spin states at N (N → ∞ will be taken in the
end) time points along the space-time path; then the
transition amplitude (19) becomes
K fi ¼ lim

N→∞

×


Z Y
N
½dxj ½dξj  hxf ; sf jxN ; sN i

NY
−1

j¼1


hxjþ1 ; sjþ1 je−iHΔt jxj ; sj i hx1 ; s1 jxi ; si i:

j¼1

(24)
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where sa is the average of σ a over a spin state,
1
1
sa ¼ hsjσ a jsi ¼ Trðλg−1 σ a gÞ:
2
2

We see that s0 ¼ 1=2 and sa (a ¼ 1, 2, 3) are functions of ξ.
Note that the Lagrangian is given by the content of the
square bracket in the action (29) and is a functional of
_ Using Eq. (23) and the definition for the
_ ξÞ.
_ p;
ðx; p; ξ; x;
Berry connection or potential AðpÞ ¼ −iU †p ∇p U p , we
obtain
1 1
e ;
jpj sin θ ϕ
m
A2 ¼ −
e;
Ep jpj θ

Each of the amplitudes between two states can be evaluated
as (see Appendix B for the details of the derivation)

A0 ¼ −

I jþ1;j ¼ hxjþ1 ; sjþ1 je−iHΔt jxj ; sj i
Z
¼ ½dp01 ½dx02 ½dp03  exp ½ip03 · ðxjþ1 − x02 Þ
× exp ½ip01 · ðx02 − xj Þ
×e

−iβEp0 Δt
3

Tr½λjþ1;j ðgjþ1 Þ−1 U†p0 U p01 gj :
3

(25)

The trace in the last line can be rewritten as
Trace ≈ 1 − Tr½λjþ1;j ðgjþ1 Þ−1 ðgjþ1 − gj Þ
− Tr½λjþ1;j ðgjþ1 Þ−1 ðp03 − p01 Þ · U†p0 ∇p03 Up03 gjþ1 
3

≈ exp f−Δt Tr½λjþ1;j ðgjþ1 Þ−1 g_ j 
−iΔt Tr½λjþ1;j ðgjþ1 Þ−1 p_ · AðpÞjp¼p03 gj g

(26)

where we have defined AðpÞ ¼ −iU†p ∇p Up . Combining
Eqs. (24)–(26) we derive the final form of the amplitude
Z
K fi ¼ ½DxðtÞ½DpðtÞ½Dξ expðiSÞ;
(27)
with the action
Z t
S¼
dtfp · x_ − βEp þ i Tr½λg−1 ðd=dt − p_ · AÞgg;
0

m
e ;
Ep jpj ϕ
1
A 3 ¼ − cot θeϕ ;
jpj
A1 ¼

(31)

where ϕ and θ are spherical angles of p̂ ¼ p=jpj, eϕ and eθ
are associated univectors, and we have eθ × eϕ ¼ p̂. If we
set m ¼ 0, i.e. the massless or chiral fermion case, we
recover A 0 and A 3 [up to a factor 2 from the definition of
sa in Eq. (30)] for the chiral fermion in Eq. (13). The
difference between Eq. (13) and (31) is that A 1;2 ≠ 0 from
Eq. (31) but A 1;2 ¼ 0 from Eq. (13). In the case of Eq. (31),
we really have an Abelian Berry potential. This difference
is rooted in different bases of spinors used in Eqs. (13) and
(31). The better way is to use the bases in Eq. (23) for the
positive energy which leads to Eq. (31).
In the presence of background electromagnetic fields, we
use the canonical momentum pc ¼ p þ eA to label a
momentum state jpc i instead of jpi. Then all p in the
above should be replaced by pc − eA, and the conjugate
relation becomes hpc jxi ¼ e−ipc ·x . Following the same
procedure as in Sec. II and recovering back to p in the
end, we finally obtain the action for massive fermions in
electromagnetic fields
Z

(28)

and boundary conditions xð0Þ ¼ xi , sð0Þ ¼ si , xðtÞ ¼ xf ,
and sðtÞ ¼ sf . Note that we have neglected all irrelevant
constants in Eq. (27) and suppress the subscripts of λ in the
action (28).
In the adiabatic expansion, we neglect negative energy
eigenstates or antifermions. In this case, g is 2 × 2 matrices
and given by Eq. (17) with replacement Σ → σ, and one
keeps the upper-left 2 × 2 block of the matrix AðpÞ. As a
2 × 2 matrix, we can expand AðpÞ as A ¼ A a σ a =2 with
a ¼ 0, 1, 2, 3 and σ 0 ¼ 1. The action (28) becomes
Z
_
S ¼ dt½p · x_ − Ep þ i Trðλg−1 g_ Þ − sa A a ðpÞ · p;
(29)

(30)

S¼

dt½i Trðλg−1 g_ Þ þ p · x_ þ eA · x_

_
− eϕ − Ep − sa A a · p:

(32)

The first term of the Lagrangian can also be written in such
a form


∂g _
_
i Trðλg−1 g_ Þ ¼ i Tr λg−1
ξ ¼ −G−1
ba sb ξa ;
∂ξa a

(33)

where G−1
ba is defined in Eq. (D4).
The effective action (32) can also be derived directly
from the Lagrangian for Dirac fermions by separating the
fast modes from the slow ones; see Appendix C.
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IV. KINETIC EQUATION WITH NON-ABELIAN
BERRY PHASE
The equations of motion from the above action read (see
Appendix D for detailed derivation)
x_ ¼ vp þ p_ × sa Ωa
p_ ¼ eE þ ex_ × B;
s_ a ¼ ϵabc ðp_ · A b Þsc ;

.

1
Ωa ≡ ∇p × A a − ϵabc A b × A c :
2

Ω ↔ eB:

(39)

We have to extend the the phase space by including the
spin vector s. The phase space distribution is denoted by
fðt; x; p; sÞ and we assume it satisfies the collisionless
Boltzmann equation,
df ∂f
∂f
∂f
∂f
¼
þ x_ i
þ p_ i
þ s_ a
¼ 0:
dt
∂t
∂xi
∂pi
∂sa

m
eθ ;
E3p
1
Ω3 ¼ 2 p̂:
Ep

dΓ ¼

(35)

From the Berry connection (31), we obtain

m
eϕ ;
E3p

vp ↔ eE;

(40)

The invariant phase space volume element is then

Ω 0 ≡ ∇p × A 0 ;

Ω2 ¼

x_ ↔ p;

(34)

where we have implied a ¼ 0, 1, 2, 3 and a; b; c ¼ 1; 2; 3
in the first and last line respectively; we have defined
vp ≡ ∇p Ep ¼ p=Ep ; and ϵabc is the antisymmetric tensor
with ϵ123 ¼ 1. We observe s_ a sa ¼ dðs2a Þ=dt ¼ 0, so s2 ¼
s21 þ s22 þ s23 is a constant. In the absence of external
electromagnetic fields, p and sa are constants of motion.
The Berry curvature in Eq. (34) is given by

Ω0 ¼ 0;

pﬃﬃﬃ
where we have defined Ω ≡ sa Ωa (a ¼ 1, 2, 3) and γ ¼
ð1 þ eΩ · BÞ as the phase space measure. Note that we only
consider the positive energy solution; it is implied that
m2 ≫ eB so that no antifermions can be involved. With this
pﬃﬃﬃ
condition, the phase space measure γ cannot vanish and
invalidate the Hamiltonian dynamics since ejΩ · Bj ≪ 1.
Equation (38) has a dual symmetry under the interchange of

Ω1 ¼

(36)

Z

pﬃﬃﬃ
γ x_ ¼ vp þ eE × Ω þ eBðvp · ΩÞ;
pﬃﬃﬃ
γ p_ ¼ eE þ vp × eB þ e2 ðE · BÞΩ;

nðt; xÞ ¼
Z
Jðt; xÞ ¼

(37)

Substituting Eq. (35) into the above we obtain ρa ¼ 0
(a ¼ 1, 2, 3) for p ≠ 0, where we can check
∇p · Ωa ¼ −ϵabc A c · Ωb ¼ −ϵabc ϵijk ð∂ i Abj ÞAck . On the
other hand, one can use explicit expressions in
Eqs. (31), (36) to obtain ρ1 ¼ ρ2 ¼ 0. For ρ3, we get
b
c
2
4
∇p · Ω3 ¼ 2m2 =ðjpjE4p Þ and ϵ3bc
R Ω3 · A ¼ −2m =ðjpjEp Þ
for p ≠ 0. One can also verify d pρ3 ¼ 0. Therefore we
finally obtain ρ3 ¼ 0. If we consider massless fermions, the
only nonvanishing components are A 3 , Ω3 ≠ 0 and the
Berry phase is Abelian; one can check ρ1 ¼ ρ2 ¼ 0 and
ρ3 ¼ ∇p · Ω3 ¼ 4πδð3Þ ðpÞ. The appearance of the delta
function is because there is a singularity at zero momentum
p ¼ 0 in the Berry curvature for massless fermions.
The first two equations of (34) can be simplified as

(38)

1
d3 xd3 pd2 s:
ð2πÞ3 S0

(41)

Since s2 ¼ s21 þ s22 þ s23 ¼ 1=4, there are only two independent variables, so we add a delta function δðs2 − sa sa Þ
in the phase space integral and denote d2 s≡
d3 sδðs2 − sa sa Þ. Note that S0 ¼ Rπ is a normalization
constant from the condition S−1
d2 s ¼ 1. We define
0
nðt; xÞ and Jðt; xÞ as the fermion number density and
current respectively,

We see that the a ¼ 0 component does not appear in the
first line of equations of motion (34) due to the vanishing of
Ω0 . We define ρa which we will use in the continuity
equations later,
ρa ¼ ðδab ∇p þ ϵabc A c Þ · Ωb :

pﬃﬃﬃ
γ

d3 pd2 s pﬃﬃﬃ
γ fðt; x; p; sÞ;
ð2πÞ3 S0
d3 pd2 s pﬃﬃﬃ
_
γ xfðt;
x; p; sÞ:
ð2πÞ3 S0

(42)

Then the continuity equation for the fermion number is (see
Appendix E for the derivation)
∂n
þ ∇x · J ¼ e2 ðE · BÞ
∂t

Z

d3 pd2 s
ρa sa f:
ð2πÞ3 S0

(43)

We see that the source term in the continuity equation (43)
is proportional to the anomaly quantity E · B and involves
ρa . For massive fermions, the source term is vanishing
due to ρa ¼ 0 (a ¼ 1, 2, 3), so the fermion number is
conserved. The physical reason for the vanishing ρa is that
the Berry phase is non-Abelian and Berry curvature is
analytic at the zero momentum due to nonzero fermion
mass. This reflects the fact that the classical spin for a
massive fermion varies in time and the total fermion
number with all spin orientations is conserved.
However, for massless fermions the only nonvanishing
component of the Berry potentials or curvatures is along the
third direction, so the Berry phase is Abelian. The only spin
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component s3 is a constant in time from Eq. (34), so we
have s3 ¼ 1=2 which correspond to the positive/negative
helicity. Hence the spins are not continuous variables of
phase space anymore. We denote the distribution functions
for positive/negative helicity fermions as f  ðt; x; pÞ ≡
fðt; x; p; s3 ¼ 1=2Þ. We can
R replace
Pthe integral over s
2
with a sum over s3, i.e. S−1
s
→
d
s3 ¼1=2 . The only
0
nonvanishing component of ρa is ρ3 ¼ ∇p · Ω3 ¼
4πδð3Þ ðpÞ, which is singular and behaves like a monopole
at the zero momentum. Both the Berry phase and anomaly
take their roles in the nonvanishing source of the continuity
equation as follows:
∂n
e2
þ ∇x · J ¼ 2 ðE · BÞ½f þ ðt; x; p ¼ 0Þ
∂t
4π
− f − ðt; x; p ¼ 0Þ:

(44)

For equilibrium Fermi-Dirac distribution at zero
temperature and finite chemical potential, we have
f  ðt; x; p ¼ 0Þ ¼ 1; then fermion number is conserved.
If there are only positive or negative helicity fermions in the
system, the above continuity equation becomes
∂n
e2
þ ∇x · J ¼  2 ðE · BÞf  ðt; x; p ¼ 0Þ;
∂t
4π

(46)

f þ → f þ þ f̄ − ¼ f R þ f̄ R → 1 ðat p ¼ 0Þ;
ðat p ¼ 0Þ;

Z
na ðt; xÞ ¼
Z
J ðt; xÞ ¼
a

d3 pd2 s pﬃﬃﬃ a
γ s fðt; x; p; sÞ;
ð2πÞ3 S0
d3 pd2 s pﬃﬃﬃ a
_
γ s xfðt;
x; p; sÞ:
ð2πÞ3 S0

(48)

Note that we have chosen two helicity states of the positive
energy solution in Eq. (23) as the basis for the spin states
and the Berry potential in our formulation. Therefore the
state jsi and the vector sa are defined in the helicity basis.
We can also show the physical meaning of the spin
density and current by a transformation to another spin state
basis used in Refs. [10,11],
†
U†p → U0†
p ¼ V p Up ;

(49)

where V p ¼ diagðR; ðσ · p̂ÞRÞ with R defined by

where n and J are the net fermion number density and
current (fermion minus antifermions). Note that the source
term is vanishing because we have made the following
replacement:

f − → f − þ f̄ − ¼ f L þ f̄ L → 1

f̄  ¼ f̄ L=R . We can also reproduce the CME current from
Eq. (42), namely, J ¼ ξB B, where ξB is the CME coefficient in Eq. (22) of Ref. [70]. A systematic way of
including fermions and antifermions is to work in the full
Dirac space with 4-dimensional Dirac spinors.
Furthermore, we can define the spin density and current,

(45)

which is identical to Eq. (23) of Ref. [8]. Here n and J
are the fermion number densities and currents for positive/
negative helicity fermions respectively, which are obtained
pﬃﬃﬃ
by integration over momenta for
γ f  ðt; x; pÞ and
pﬃﬃﬃ
pﬃﬃﬃ
_  ðt; x; pÞ respectively with γ ¼ 1  ðe=2ÞΩ3 · B.
γ xf
Note that the fermions we are considering in this paper have
positive energies. If we include the contribution from
antiparticles and assume equilibrium distributions with
different chemical potentials for positive and negative
helicities, the continuity equation (44) becomes the conservation equation for fermion number in the chiral
(massless) limit or Eq. (24) of Ref. [70],
∂n
þ ∇x · J ¼ 0;
∂t

PHYSICAL REVIEW D 89, 094003 (2014)

(47)

where f̄  denote the the distributions for antifermions with
positive/negative (right-handed/left-handed) helicity, and
f R=L and f̄ R=L denote those for fermions and antifermions
with right-handed/left-handed (positive/negative) chirality
respectively. They are related in the massless limit by


R¼

e−iφ cos θ2


:
θ

sin θ2

−eiφ sin θ2 cos 2

Here θ, φ are polar angles of p. Under the transformation of
the spin state bases in (49), the spin state, the Berry
potential and Berry curvature transform as
jsi → js0 i ¼ V p jsi;
A ¼ −iU†p ∇p U p → A 0 ¼ V p AV †p − iV p ∇p V †p ;
σ a Ωa → σ a Ω0a ¼ V p σ a Ωa V †p ;

(50)

where the quantities with prime denote those in
Refs. [10,11]. The above formulas show that the transformation is similar to an ordinary gauge transformation in
coordinate space. We can further prove that Ω ¼ sa Ωa is
invariant under such a gauge transformation,
Ω → Ω0 ¼ Trðjs0 ihs0 jσ a Ω0a Þ ¼ Ω:

(51)

The fermion number (or vector current) conservation (43)
still holds after the transformation. But the spin density and
current in Eq. (48) are gauge dependent. By this gauge
transformation, our results including the equations of
motion in (38) are consistent with Refs. [10,11].
However, it is not obvious that the spin current defined
in the basis of Refs. [10,11] reproduces the axial current in
the massless limit. The advantage of our spin current (48) in
the helicity basis is that it naturally recovers the axial
current in the massless limit.
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We then derive the continuity equation for the spin
current,
Z 3 2
∂na
d pd s
þ ∇x · Ja ¼ e2 ðE · BÞ
ρb sb sa f
∂t
ð2πÞ3 S0
Z 3 2
d pd s pﬃﬃﬃ
γ s_ a f;
þ
ð2πÞ3 S0

(52)

see Appendix E for the details of the derivation. We see that
there are two source terms in the continuity equation (52).
The first term is vanishing for massive fermions. The
second term is from the time derivative of the spin, which
can be simplified by using Eqs. (34), (38),
Z
Z
ﬃ
pﬃﬃﬃ
2 spﬃﬃ
−1
_
S−1
d
d2 sð γ p_ · A b Þsc
γ
s
¼
ϵ
S
a
abc 0
0
Z
1
d2 s:
¼ e2 ðE · BÞΩc · A b ϵabc S−1
0
12
(53)
If we focus on the a ¼ 3 component, the continuity
equation (52) becomes
∂n3
1
þ ∇x · J3 ¼ e2 ðE · BÞm2
6
∂t
Z 3 2
d pd s 1
fðt; x; p; sÞ:
×
ð2πÞ3 S0 E4p jpj

(54)

Although the source term is proportional to m2 superficially, the above is nonvanishing in the massless limit
because the integral is singular and behaves as 1=m2 .
Now let us look at the alternative way of taking the
massless limit; i.e. we take the limit in Eq. (52), so only s3
is nonvanishing as a constant of time. Then the second
source term of the continuity equation (52) is vanishing.
The first source term leads to
∂n3
e2
þ ∇x · J3 ¼ 2 ðE · BÞ½f þ ðt; x; p ¼ 0Þ
∂t
8π
þ f − ðt; x; p ¼ 0Þ:

(55)

From Eq. (45) we have n3 ¼ ðnþ − n− Þ=2 and
J3 ¼ ðJþ − J− Þ=2. Including the antifermion distributions
and using the replacement (47), we obtain in the massless
limit,
∂n3
e2
þ ∇x · J3 ¼ 2 ðE · BÞ;
∂t
4π

Eq. (48), namely, J3 ¼ J5 =2 ¼ ξ5B B=2, where ξ5B is the
CME coefficient for the axial current in Eq. (23) of
Ref. [70]. We note that a systematic way of including
fermions and antifermions is to work in the full Dirac space
with 4-dimensional Dirac spinors.

(56)

which is actually the continuity equation for the axial
current with anomaly, and n3 and J3 are just the chiral
density and current respectively in this limit. This can be
seen from the fact that the axial current can be derived from

V. CONCLUSIONS
We have formulated a semiclassical kinetic description
of Dirac fermions in background electromagnetic fields.
We have shown that the non-Abelian Berry phase structure
and the classical spin emerge in such a kinetic description.
We work in the path integral approach to derive the
effective action for Dirac fermions of positive energy in
electromagnetic fields. We start from the Hamiltonian for
the Dirac fermions in electromagnetic fields and calculate
the transition amplitude between the initial and final states
of the spin and coordinate. The degenerate positive energy
states with opposite helicities are chosen as the basis for
spin states. The spin states enter the formalism and finally
make the dynamical variables in the action. The phase
space has to be enlarged by the joining of the classical spin.
The non-Abelian Berry potentials in momentum space
appear in the action from diagonalization of the
Hamiltonian. We also provide an alternative and much
simpler approach to the effective action from the Dirac
Lagrangian. We separate the fast and slow modes of the
positive energy fermionic field and then integrate out the
fast modes. The emerging non-Abelian Berry potentials in
the effective Lagrangian are given by the fast mode spinor
wave functions, while the emerging spins are determined
by the slow mode wave functions.
The equations of motion for Dirac fermions can be
obtained from the effective action which involve electromagnetic fields and non-Abelian Berry potentials and
curvatures. Besides the equations of motion for x and p,
the equation of motion for the spin precession, the
Bargmann-Michel-Telegdi equation, can also be derived,
whose time variation is controlled by the Berry potentials.
We have observed a dual symmetry in the
equations of
.
motion for x and p by interchanges x_ ↔ p, vp ↔ eE and
Ω ↔ eB. Since the classical spin is conserved in absence
of external fields and the anomaly, we can also define a spin
current. The continuity equations for the fermion number
and the classical spin can be derived from the equations of
motion and the kinetic equation for distribution functions.
Anomalous source terms proportional to E · B appear in
continuity equations and involve integrals of Berry magnetic charges and the spin. The anomalous source term in
the continuity equation for the fermion number is vanishing
for massive fermions, while it is present in the continuity
equation for the spin current. We can reproduce the result of
Refs. [10,11] by a gauge transformation of the spin basis.
For massless fermions, the Berry phase becomes Abelian
and the spin becomes the helicity which is not a continuous
phase space variable anymore. In this case, the fermion
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number is conserved when taking antifermions into
account, while the chiral charge is not conserved by the
anomaly. The CME coefficients for the fermion and axial
currents can be obtained after including the antifermion
contributions, the same as previous results.
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hxj je
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¼

Z Y
4
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APPENDIX A: CONVENTIONAL PATH
INTEGRAL FOR CHIRAL FERMIONS
In this appendix, we will present the conventional path
integral quantization of charged massless fermions in
electromagnetic fields. We will derive the action (12) with
the Berry phase. The transition amplitude is given by (4).
We can evaluate the amplitudes inside the parentheses by
inserting a complete set of states. For the first amplitude in
the parentheses of Eq. (11) we evaluate it as


dxjðiÞ dpcjðiÞ

i¼1

× hxj jU pc −eA jpcj4 ihpcj4 je−iðσ 3 ϵþeϕÞΔt jxj4 ihxj4 jU†pc −eA jpcj3 i
× hpcj3 jUpc −eA jxj3 ihxj3 je−iðσ3 ϵþeϕÞΔt jpcj2 ihpcj2 jU †pc −eA jxj2 i
× hxj2 jUpc −eA jpcj1 ihpcj1 je−iðσ3 ϵþeϕÞΔt jxj1 ihxj1 jU †pc −eA jpcj i

 X

Z Y
4
4
xjðiþ1Þ − xjðiÞ
c
c
¼
dxjðiÞ dpjðiÞ exp iΔt
pjðiÞ ·
Δt
i¼1
i¼1
× Uðxj ; pcj4 Þ exp ½−iΔtðσ 3 ϵ þ eϕÞðxj4 ; pcj4 ÞU † ðxj4 ; pcj3 ÞUðxj3 ; pcj3 Þ
× exp ½−iΔtðσ 3 ϵ þ eϕÞðxj3 ; pcj2 ÞU† ðxj2 ; pcj2 ÞUðxj2 ; pcj1 Þ
× exp ½−iΔtðσ 3 ϵ þ eϕÞðxj1 ; pcj1 ÞU† ðxj1 ; pcj Þ expðipcj · xj1 Þ;

(A1)

where we have used the notation xj5 ≡ xj . We can use the following formula to simplify the above equation,
U† ðxj2 ; pcj2 ÞUðxj2 ; pcj1 Þ ≈ exp ½−iAðxj2 ; pcj1 Þ · ðpcj2 − pcj1 Þ;
U† ðxj4 ; pcj3 ÞUðxj3 ; pcj3 Þ ≈ exp ½iAðxj3 ; pcj3 Þ · ðeAðxj4 Þ − eAðxj3 ÞÞ;

(A2)

where AðpÞ ≡ −iU†p ∇p U p are called the Berry connection. So the amplitude in Eq. (A1) becomes
hxj je−3iHΔt jpcj i ¼


 X

4
xjðiþ1Þ − xjðiÞ
dxjðiÞ dpcjðiÞ Uðxj ; pcj4 Þ exp iΔt
pcjðiÞ ·
Δt
i¼1
i¼1

Z Y
4

_ j4 Þ − eAðx
_ j3 ÞÞg
× exp f−iΔt½ðσ 3 ϵ þ eϕÞðxj4 ; pcj4 Þ − Aðxj3 ; pcj3 Þ · ðeAðx
× exp f−iΔt½ðσ 3 ϵ þ eϕÞðxj3 ; pcj2 Þ þ Aðxj2 ; pcj1 Þ · ðp_ cj2 − p_ cj1 Þg
× exp ½−iΔtðσ 3 ϵ þ eϕÞðxj1 ; pcj1 ÞU† ðxj1 ; pcj Þ expðipcj · xj1 Þ:

(A3)

Here we have used




1
expðiΔtCσ 3 Þ expðiΔtC AÞ ¼ exp iΔtðCσ 3 þ C AÞ − ðΔtÞ2 CC0 ½σ 3 ; A
2
0

0

≈ exp ½iΔtðCσ 3 þ C0 AÞ

(A4)

where C and C0 are constants. We will see that ½σ 3 ; A ≠ 0, so we have assumed the ðΔtÞ2 term is much smaller than the Δt
terms in Eq. (A4).
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For the second amplitude in the parentheses of Eq. (11), we evaluate it as
hpcj je−3iHΔt jxj−1 i

¼

Z Y
4


dx0jðiÞ dp0c
jðiÞ

i¼1

×

†
0c
0
hpcj jUpc −eA jx0j4 ihx0j4 je−iðσ 3 ϵþeϕÞΔt jp0c
j4 ihpj4 jU pc −eA jxj3 i

0c −iðσ 3 ϵþeϕÞΔt 0
jxj2 ihx0j2 jU†pc −eA jp0c
× hx0j3 jU pc −eA jp0c
j3 ihpj3 je
j2 i
†
0
0
−iðσ 3 ϵþeϕÞΔt 0c
jpj1 ihp0c
× hp0c
j2 jU pc −eA jxj1 ihxj1 je
j1 jU pc −eA jxj−1 i

Z Y
4
c
c
0
0
¼
dx0jðiÞ dp0c
jðiÞ expð−ipj · xj4 ÞUðxj4 ; pj Þ
i¼1

 X

4
x0jðiÞ − x0jði−1Þ
× exp iΔt
p0c
·
jðiÞ
Δt
i¼1
0
0c
0c
0c
× exp f−iΔt½ðσ 3 ϵ þ eϕÞðx0j4 ; p0c
j4 Þ þ Aðxj3 ; pj4 Þ · ðpj4 − pj3 Þ=Δtg
0c
0
0
0
× exp f−iΔt½ðσ 3 ϵ þ eϕÞðx0j2 ; p0c
j3 Þ − Aðxj2 ; pj2 Þ · ðeAðxj2 Þ − eAðxj1 ÞÞ=Δtg
†
0c
× exp ½−iΔtðσ 3 ϵ þ eϕÞðx0j1 ; p0c
j1 ÞU ðxj−1 ; pj1 Þ

(A5)

where we have denoted x0jð0Þ ¼ xj−1 . We have also used (A4).
We observe that U† ðxj1 ; pcj Þ expðipcj · xj1 Þ of Eq. (A3) and expð−ipcj · x0j4 ÞUðx0j4 ; pcj Þ of Eq. (A5) can be combined as
hxj je−3iHΔt jpcj ihpcj je−3iHΔt jxj−1 i → exp ½−iΔtðσ 3 ϵ þ eϕÞðxj1 ; pcj1 ÞU † ðxj1 ; pcj Þ expðipcj · xj1 Þ expð−ipcj · x0j4 ÞUðx0j4 ; pcj Þ


xj1 − x0j4
c
exp f−iΔt½ðσ 3 ϵ þ eϕÞðxj1 ; pcj1 Þ
¼ exp iΔtpj ·
Δt
−Aðxj1 ; pcj Þ · ðeAðxj1 Þ − eAðx0j4 ÞÞ=Δtg:

(A6)

Finally taking the limit N → ∞, we can write the amplitude (11) into a compact form,
 Z

Z
tf
c
_
dt½pc · x_ − σ 3 ϵðpc − eAÞ − eϕðxÞ−Aðpc − eAÞ · ðp_c − eAÞ U† ðxi ; pci Þ
K fi ¼ DxDpc Uðxf ; pf ÞP exp i
Z
¼

 Z
DxDpUðxf ; pcf ÞP exp i

ti

ti

tf


_ U† ðxi ; pci Þ:
dt½p · x_ þ eAðxÞ · x − σ 3 ϵðpÞ − eϕðxÞ − AðpÞ · p

(A7)

We can read out the action (12) from the above amplitude.
APPENDIX B: TRANSITION AMPLITUDE IN PATH INTEGRAL FOR DIRAC FERMIONS
In this appendix, we give the derivation of Eq. (25). We
can insert the complete set of states as follows:
I jþ1;j ¼ hxjþ1 ; sjþ1 je−iHΔt jxj ; sj i
¼ hxjþ1 ; sjþ1 jU †p e−iβEp Δt U p jxj ; sj i
Z
¼ ½dp01 ½dξ01 ½dx02 ½dξ02 ½dp03 ½dξ03 hxjþ1 ; sjþ1 jU †p jp03 ; s03 i
× hp03 ; s03 je−iβEp Δt jx02 ; s02 ihx02 ; s02 jU p jp01 ; s01 ihp01 ; s01 jxj ; sj i:

(B1)

Note that coordinate and momentum states are decoupled from the spin states, i.e. jx; si ¼ jxijsi and jp; si ¼ jpijsi. Then
we can combine the spin states and obtain
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I jþ1;j ¼

PHYSICAL REVIEW D 89, 094003 (2014)
−iβEp0 Δt

½dp01 ½dξ01 ½dx02 ½dξ02 ½dp03 ½dξ03 hxjþ1 jp03 ihsjþ1 jU †p0 js03 ihp03 jx02 ie

3

2

hs03 js02 i

× hx02 jp01 ihs02 jUp01 js01 ihs01 jsj ihp01 jxj i
Z
−iβEp0 Δt
3
¼ ½dp01 ½dξ01 ½dx02 ½dξ02 ½dp03 ½dξ03  exp ½ip03 · ðxjþ1 − x02 Þ exp ½ip01 · ðx02 − xj Þe
× hsjþ1 jU †p0 js03 ihs03 js02 ihs02 jU p01 js01 ihs01 jsj i:

(B2)

3

Here we have used the fact that β is commutable with g (because ½β; Σ ¼ 0) in evaluating the amplitude of e−iβEp Δt , so we
have
−iβEp0 Δt

hp03 ; s03 je−iβEp Δt jx02 ; s02 i ¼ hp03 jx02 ie

3

hs03 js02 i:

Then we can carry out integration
over ½dξ01 ½dξ02 ½dξ03  to remove intermediate spin states by using Eq. (18). Here we neglect
R
constants from the integral dξ. Then we have
Z
I jþ1;j ≈
Z
¼
Z
¼

½dp01 ½dx02 ½dp03  exp ½ip03 · ðxjþ1 − x02 Þ exp ½ip01 · ðx02 − xj Þe

−iβEp0 Δt
3

hsjþ1 jU†p0 U p01 jsj i
3

½dp01 ½dx02 ½dp03  exp ½ip03 · ðxjþ1 − x02 Þ exp ½ip01 · ðx02 − xj Þe

−iβEp0 Δt

½dp01 ½dx02 ½dp03  exp ½ip03 · ðxjþ1 − x02 Þ exp ½ip01 · ðx02 − xj Þe

−iβEp0 Δt

3

hλjþ1 jðgjþ1 Þ−1 U†p0 U p01 gj jλj i
3

3

Tr½λjþ1;j ðgjþ1 Þ−1 U †p0 U p01 gj 
3

(B3)

where we have used Eq. (16) in the second equality and
hλjþ1 jCjλj i ¼ Trðλjþ1;j CÞ in the last one.

H ¼ α · ½−i∇ − eA þ mγ 0 þ eϕ:

APPENDIX C: ACTION FOR MASSIVE
FERMIONS: SEPARATION OF FAST
AND SLOW MODES

The wave function for the positive energy can be written in
the form

In this appendix, we try to derive the action (32) directly
from the Lagrangian for Dirac fermions by separating the
fast modes from the slow ones. We can rewrite the
Lagrangian for massive fermions in the electromagnetic
field as
L ¼ ψ̄½iγ μ ð∂ μ þ ieAμ Þ − mψ
¼ ψ † ði∂ t − HÞψ;

(C1)

where the Hamiltonian is given by

L¼

X

ψ¼

X

Ce ðtÞe−iEtþip·x ue ðpÞ;

(C2)

(C3)

e¼1

where ue are the positive energy solutions given in Eq. (23).
Here the phase factor and ue ðpÞ correspond to fast modes,
while Ce ðtÞ describe slow modes. We assume that Ce
satisfy the normalization condition, jCþ j2 þ jC− j2 ¼ 1. We
assume that p depends on t. Substituting the above into the
Lagrangian (C1), we obtain

Cd ðtÞu†d ðpÞði∂ t − p_ · x þ eα · A − eϕÞCf ðtÞuf ðpÞ

d;f¼1

¼

X

fCd ðtÞu†d ðpÞuf ðpÞði∂ t − p_ · xÞCf ðtÞþCd ðtÞCf ðtÞu†d ðpÞði∂ t Þuf ðpÞ þ Cd ðtÞCf ðtÞu†d ðpÞðeα · A − eϕÞuf ðpÞg

d;f¼1

¼ C† ðtÞ½i∂ t − p_ · x þ evp · A − eϕ − p_ · AðpÞCðtÞ

(C4)

where we have used u†d ðpÞuf ðpÞ ¼ δdf , u†d ðpÞαuf ðpÞ ¼ vp δdf , ðα · p þ mγ 0 Þud ðpÞ ¼ Eud ðpÞ and −p_ · x ¼ i∂ t ðeip·x Þ; we
have also used the notation CðtÞ ≡ ðCþ ðtÞ; C− ðtÞÞT . We can further rewrite Eq. (C4) as
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L ¼ TrfCðtÞC† ðtÞ½i∂ t − p_ · x þ evp · A − eϕ − p_ · AðpÞg
¼ TrfCðtÞC†1 λC1 C† ðtÞ½i∂ t − p_ · x þ evp · A − eϕ − p_ · AðpÞg
→ Trfλg−1 ½i∂ t − p_ · AðpÞgg þ p · x_ þ evp · A − eϕ;
(C5)
where we have dropped in the last line the complete time
derivative term dðx · pÞ=dt. We have inserted a constant
C†1 λC1 ¼ 1 between CðtÞ and C† ðtÞ, where C1 ðtÞ is an
arbitrary normalized column vector with C†1 ðtÞC1 ðtÞ ¼ 1
and λ is an arbitrary matrix with trace 1. We have assumed
g ¼ CðtÞC†1 and g† ¼ C1 C† ðtÞ; one can check that g is
unitary, i.e. gg† ¼ 1. The Lagrangian (C5) gives the action
(32).



1
exp i θa σ a gðξÞ ¼ g½ξðθÞ;
2

APPENDIX D: DERIVATION OF
EQUATIONS OF MOTION

σa
∂gðξÞ
gðξÞ ¼
N ;
∂ξb ba
2

∂ξ ðθÞ
Gba ≡ b  :
∂θa θ¼0

(D4)

One can prove detðGÞ ≠ 0 so the matrix N is invertible. The
the Euler-Lagrange equation for ξ is derived as




d ∂L
d
∂g
d
σc
−1
−1
−1
Tr λg
¼ −Gca
g
¼ i Tr λg
dt ∂ ξ_ a
dt
∂ξa
dt
2

d ∂L
∂A
∂A
¼ p_ i þ e i þ e i x_ j ;
dt ∂ x_ i
∂t
∂xj
∂Aj
∂L
∂A
¼e
x_ − e 0 ;
∂xi
∂xi j
∂xi

dsc
¼ −G−1
;
ca
dt




∂L
∂g−1 ∂g _
∂ ∂g _
¼ i Tr λ
ξb þ i Tr λg−1
ξb
∂ξa
∂ξa ∂ξb
∂ξa ∂ξb


∂
σ
−
Tr λg−1 a g A a · p_
∂ξa
2


 
−1
−1 σ c σ d
¼ iG−1
G
Tr
λg
;
g ξ_ b
ca db
2 2


 
−1
−1 σ c σ a
þ iGca Tr λg
;
g A a · p_
2 2

→



∂Aj ∂Ai
∂Ai
∂A0
x_ ;
−e
þe
−
p_ i ¼ −e
∂t
∂xi
∂xi ∂xj j
¼ eEi þ eϵijk x_ j Bk ;

(D3)

with a ¼ 1, 2, 3. Taking the derivative on θa and setting
θa ¼ 0 we obtain

i

In this appendix, we will derive the equations of motion
(34) from the action (32). We treat the Lagrangian as the
_ We will use the notation, for
_ ξÞ.
_ p;
function of ðx; p; ξ; x;
example, xi for the ith component of the vector x. The
Euler-Lagrange equation for x is derived as

ξð0Þ ¼ ξ;

(D1)

which is the second line of Eq. (34). For the Euler-Lagrange
equation for p, we obtain
d ∂L
ds
∂Aai
¼ − a Aai − sa
p_
dt ∂ p_ i
dt
∂pj j

a _
¼ −G−1
d;
ca ϵcad ðA · pÞs

∂Aaj
∂Ep
∂L
¼ x_ i −
− sa
p_
∂pi
∂pi
∂pi j

(D5)

which leads to

→

 a

∂Aj ∂Aai
pi
ds
− a Aai :
þ sa p_ j
−
x_ i ¼
Ep
∂pi ∂pj
dt

dsa
_ c;
¼ ϵabc ðA b · pÞs
dt

(D2)

We will evaluate dsa =dt using the equation of motion for ξ.
Since s0 ¼ 1=2, there is no ds0 =dt ¼ 0 term in the last line
of Eq. (D2). In order to derive the equation for ξ, we need to
define ∂gðξÞ=∂ξa properly. We define ξðθÞ as

(D6)

which is just the third line of Eq. (34). Note that s0 does not
appear in Eq. (D6), so we have implied a; b; c ¼ 1; 2; 3.
Substituting Eq. (D6) back into Eq. (D2), we obtain the last
line of Eq. (34),
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 c

∂Aj ∂Aci
p
−
− ϵabc Aai Abj
x_ i ¼ i þ sc p_ j
Ep
∂pi ∂pj
 0

∂Aj ∂A0i
−
þ s0 p_ j
∂pi ∂pj
p
¼ i þ ϵijk p_ j Ωck sc ;
Ep

APPENDIX E: DERIVATION OF
CONTINUITY EQUATIONS

(D7)

where Ωc with c ¼ 0, 1, 2, 3 are given by Eq. (35).
Z

Z
pﬃﬃﬃ
d3 pd2 s ∂ γ
fþ
ð2πÞ3 S0 ∂t
Z 3 2 pﬃﬃﬃ
Z
d pd s ∂ γ
¼
f−
ð2πÞ3 S0 ∂t

∂nðt; xÞ
¼
∂t

PHYSICAL REVIEW D 89, 094003 (2014)

In this appendix, we will derive continuity equations (43),
(52) for the fermion number and the classical spin. We use
the notation, for example, xi for the ith component of the
vector x. To derive the continuity equation (43) for the
fermion number, we start from taking the time derivative of
nðt; xÞ in Eq. (42) and using Eq. (40),

d3 pd2 s pﬃﬃﬃ ∂f
γ
∂t
ð2πÞ3 S0


3
2
d pd s pﬃﬃﬃ
∂f
∂f
∂f
γ x_ i
:
þ p_ i
þ s_ a
∂xi
∂pi
∂sa
ð2πÞ3 S0

(E1)

where we have used d2 s ≡ d3 sδðs2 − sa sa Þ and S0 ¼ π. Using the partition formula for integrals, we can rewrite the second
term into the following form:


d3 pd2 s pﬃﬃﬃ
∂f
∂f
∂f
I2 ¼ −
γ x_ i
þ p_ i
þ s_ a
∂xi
∂pi
∂sa
ð2πÞ3 S0
Z 3 2
Z 3 2
pﬃﬃﬃ
∂
d pd s pﬃﬃﬃ
d pd s ∂ð γ x_ i Þ
_
γ
x
¼−
f
þ
f
i
∂xi ð2πÞ3 S0
ð2πÞ3 S0 ∂xi
Z 3 2
Z 3 2
pﬃﬃﬃ
pﬃﬃﬃ
d pd s ∂ð γ p_ i fÞ
d pd s ∂ð γ p_ i Þ
−
þ
f
∂pi
ð2πÞ3 S0
ð2πÞ3 S0 ∂pi
Z 3 3
Z 3 3
pﬃﬃﬃ
pﬃﬃﬃ
∂ð γ s_ a Þ
d pd s ∂½ γ δðs2 − sb sb Þ_sa f
d pd s
2
þ
δðs − sb sb Þ
f
−
∂sa
∂sa
ð2πÞ3 S0
ð2πÞ3 S0
Z 3 2
Z 3 2
pﬃﬃﬃ
pﬃﬃﬃ
∂Ji
d pd s ∂ð γ x_ i Þ
d pd s ∂ð γ p_ i Þ
¼−
þ
fþ
f
∂xi
ð2πÞ3 S0 ∂xi
ð2πÞ3 S0 ∂pi
Z 3 2
pﬃﬃﬃ
d pd s ∂ð γ s_ a Þ
þ
f:
ð2πÞ3 S0 ∂sa
Z

(E2)

We have dropped the complete derivatives for the momentum and the classical spin whose integrals are vanishing. Note that
in the fourth line, we have recovered δðs2 − sa sa Þ because these terms are related to ∂=∂sa and should be handled with care,
and one should pay special attention to the second term: we have pulled the delta function out of ∂=∂sa since the partial
derivative of the delta function gives sa which will combine with s_ a and vanish. Applying the equation of motion (38), we
obtain the following formula to further evaluate I 2 ,
pﬃﬃﬃ
pﬃﬃﬃ
∂ γ ∂ x_ i γ
_ · Ω þ eð∇x × EÞ · Ω ¼ 0;
þ
¼ eB
∂xi
∂t
pﬃﬃﬃ
∂ð γ p_ i Þ
¼ e2 ðE · BÞ∇p · Ω;
∂pi
pﬃﬃﬃ
pﬃﬃﬃ
∂ð γ s_ a Þ ∂ð γ p_ i Þ
¼
ϵabc Abi sc ¼ e2 ðE · BÞϵabc ðΩa · Ab Þsc ;
∂sa
∂sa

(E3)

_ ¼ 0. Finally we arrive at the continuity
where we have used the Maxwell equations ∇x · B ¼ 0 and ∇x × E þ B
equation (43) for the fermion number from Eq. (E1).
Now we give the derivation of the continuity equation (52) for the classical spin. To this end we follow the same
procedure by taking the time derivative of the spin density,
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Z

Z
pﬃﬃﬃ
∂n ðt; xÞ
d pd s ∂ γ
¼
f
þ
s
a
∂t
ð2πÞ3 S0 ∂t
Z 3 2 pﬃﬃﬃ
Z
d pd s ∂ γ
¼
sa f −
ð2πÞ3 S0 ∂t
a

3

2
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3

2

d pd s pﬃﬃﬃ ∂f
γ sa
∂t
ð2πÞ3 S0


3
2
d pd s pﬃﬃﬃ
∂f
∂f
∂f
:
γ sa x_ i
þ p_ i
þ s_ b
∂xi
∂pi
∂sb
ð2πÞ3 S0

(E4)

The second term is evaluated as
I2 ¼ −

Z 3 2
Z 3 2
pﬃﬃﬃ
∂
d pd s pﬃﬃﬃ
d pd s ∂ð γ sa x_ i Þ
_
γ
s
f
þ
f
x
a i
∂xi ð2πÞ3 S0
∂xi
ð2πÞ3 S0
Z 3 2
Z 3 2
Z 3 2
pﬃﬃﬃ
pﬃﬃﬃ
d pd s ∂ð γ sa p_ i Þ
d pd s ∂ð γ s_ b Þ
d pd s pﬃﬃﬃ
þ
γ s_ a f:
fþ
sa f þ
3
3
∂pi
ð2πÞ S0
ð2πÞ S0 ∂sb
ð2πÞ3 S0

(E5)

Using Eq. (E3) to further simplify I 2, we obtain the continuity equation (52) for the classical spin.
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