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In this paper, we study the self-force in the Parikh–Wilczek tunneling model of Hawking
radiation for Reissner–Nordström (RN) black holes. We conclude that the repulsive self-
force speeds up the emission and the radiation becomes an irreversible process. We also
find an upper bound of charge–mass ratio for emitted particles.
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1. Introduction

It was suggested by Parikh and Wilczek1 to regard Hawking radiation as a tun-

neling process. The process has its classical similarity to the spontaneous emission

from a charged conductor. The backreaction (self-gravitation) is included in the

semiclassical computation and the radiation is only thermal at the leading term in

expansion with respect to emission energy. In particular, the same treatment was

also applied to the radiation of a charged particle in the Reissner–Nordström (RN)

black hole.2,a In all situations, the tunneling process respects the energy conserva-

tion law and is a reversible process.4,5

Recently, a universal charge-mass bound was proposed by Hod in the process of

absorption of a charged test particle in the RN black hole.6 The essential element

aAn early study of radiation of a charged particle in the RN black hole was given in Ref. 3. However,
the word “self-interaction” adopted there simply refers to the Coulomb interaction between the
radiated charged particle and black hole from which it radiates. The self-interaction or self-force
adopted in this paper means the non-Coulomb electromagnetic interaction in curved spacetime as
shown in Eq. (1).
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in this derivation is the inclusion of a term regarding self-interaction of a charged

particle in the circumference of a charged black hole. It is curious for us whether

such a bound can also be observed in the tunneling process with self-interaction.

In this paper, we study the self-force experienced by the emitted charged par-

ticles from a RN black hole. We find that the tunneling process will speed up and

become microscopically irreversible by including the effect of self-interaction. We

also reveal similar mass–charge ratio bound by requiring unitarity.

2. The Origin of Self-Interaction

The influence of gravitational force on a charged test particle at the horizon has

been investigated over last decades7–10 and can be summarized in a repulsive force:

Fself =
GNMq2

c2r3+
, (1)

where M and r+ are the black hole mass and horizon; q is the charge of test particle.

This force can be attributed to an image charge of the same kind induced behind

the black hole horizon. We remark that this self-force exists regardless whether the

black hole is charged or not. However, in order to have radiated particles charged,

we ask for a RN black hole. In the following, we will adopt the units such that

Newton constant GN , Coulomb constant kQ and speed of light c are all unities.

That this force vanishes as M → 0 implies that it is the gravitational field that

modifies the long-range Coulomb force of a charged particle in such a way that a

finite self-force is experienced. The additional work done by self-interaction (1) for

an infinitesimal change of black hole mass and test charge can be computed as:

dW =
q2

2r2+
dM +

Mq

r2+
dq . (2)

3. Tunneling Model of Charged Black Holes with Self-Interaction

The tunneling model of RN black hole radiation was first studied in Ref. 1 for

neutral particles and later it was generalized to the case for charged particles in

Ref. 2. Following their notation, the emitted particle with mass ω and charge q

follows the trajectory

ṙ =
1

2r

r2 − 2(M − ω)r + (Q − q)2
√

2(M − ω)r − (Q− q)2
, (3)

where the back reaction has been considered. To obtain the tunneling rate, we first

compute the imaginary part of action by the Wentzel–Kramers–Brillouin (WKB)

approximation:

ImS = Im

∫ ro

ri

∫ (M−ω,Q−q)

(M,Q)

(

dHr

ṙ
−

dHAt

ṙ

)

dr , (4)
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where ri = M +
√

M2 −Q2 and ro = (M − ω) +
√

(M − ω)2 − (Q− q)2 are the

(outer) horizon before and after emission. The energy change due to emission of

infinitesimal mass and charge are given by dHr and dHAt
, respectively:

dHr =

(

1 +
q′

2

2r2

)

(−dω′) ,

dHAt
=

(

Q− q′

r
+

(M − ω′)q′

r2

)

(−dq′) .

(5)

We remark that the second term in each line is the energy loss due to self-interaction.

After carrying out the contour integral with respect to r and then line integral in

configuration space (ω′, q′), one obtainsb

ImS = −
∆SBH(ω, q)

2
− Fγ(ω, q) ,

Fγ(ω, q) ≡ π

∫ (ω,q)

(0,0)

−q′
2
dω′ + 2(M − ω′)q′ dq′

2
√

(M − ω′)2 − (Q− q′)
.

(6)

Here ∆SBH(ω, q) = π(r2o − r2i ) is the change of Bekenstein–Hawking entropy after

radiation of a charged particle. To evaluate the line integral Fγ(ω, q), a specific

path γ connecting (ω′, q′) = (0, 0) to (ω, q) is chosen, which reflects the fact that

the self-force is nonconservative. The tunneling rate is then given by

Γ ∼ exp(−2 ImS) = exp(2Fγ(ω, q)) exp(∆SBH(ω, q)) . (7)

Several remarks are in order:

• The emitted particle must carry charge in order to experience self-force, that is

Fγ(ω, 0) = 0 for a neutral particle.

• We will demonstrate that Fγ(ω, q) is positive for a family of integration paths in

Appendix A. The positive Fγ(ω, q) will enhance the tunneling rate and therefore

speed up the radiation. This is consistent with the repulsive nature of self-force.

• The total entropy change with self-interaction, ∆S = ∆SBH+2Fγ(ω, q), is greater

than ∆SBH. This implies the radiation is an irreversible process even micro-

scopically.

• The unitarity condition states that the tunneling rate |Γ| ≤ 1. This imposes

an upper bound for Fγ(ω, q) ≤ −∆BH

2 . Surprisingly, this in turn sets up an up-

per bound for the ratio q/ω for emitted particles, given particular black hole

mass and charge. We plot our numerical results in Fig. 1. The |q|/ω ratio is

bounded from above for 0.15 < |Q|/M < 1 according to our numerical results.

The bound is believed to persist for smaller |Q|/M ratio and becomes unbounded

for Schwarzschild black holes, if the computation limit were overcome. The bound

bThere was some subtlety regarding this contour integral for it is only a one-way integral.11 How-
ever, this subtlety was later fixed by same group of authors by considering temporal contribution.12
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Fig. 1. Plot of |q|/ω ratio bound against various |Q|/M for charged black holes. Here we use
γ = 1 and Mω = 100. Here we display bounds for 0.15 < |Q|/M < 1.

is also found to approach unity at the extremal limit, which agrees with that de-

rived from mutual information.13

• The emitted particle during tunneling speeds up according to (3). The static self-

force (1) may need a correction of order O(1/r4) for its acceleration. We simply

ignore this subleading effect here.

Appendix A. Positivity of Fγ(ω, q)

In this section, we would like to show the positivity of integral Fγ(ω, q) over a

family of paths from (0, 0) to (ω, q). Before we do the explicit calculation, there are

several reasons to make sense of positive Fγ(ω, q). If it were negative, then first, the

emission rate were slowed down for some attractive force, and this would not have

been caused by the desired repulsive self-force. Second, the released information

(total entropy loss) carried by emitted particles were smaller than the change of

black hole entropy, and one would have to come up with an explanation on that

missing information. If the Fγ(ω, q) happened to be zero for some path(s) γ, one

could have the fine-tuning problem: why this particular path(s) could magically

recover a conservative potential from a nonconservative force? Now we seek to the

numerical proof of its positivity. We consider a class of smooth paths parametrized

by γ:

q′

q
=

(

ω′

ω

)γ

, 0 < γ < ∞ . (A.1)

Then the integral can be expressed in terms of dimensionless variables:

ω−2Fγ(ω, q) = πr2
∫ 1

0

[γMω − (γ + 1/2)x]x2γ−1

√

(Mω − x)2 − (Qω − rx−γ)2
dx ,

Mω ≡
M

ω
, Qω ≡

Q

ω
, r ≡

q

ω
.

(A.2)
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Fig. A.1. Fγ is positive for γ of all ranges and is insensitive to the choice of path when 0.5 .

γ . 100.

0.0

0.2

0.4

0.6

0.8

Q�M

0.0

0.5

1.0

1.5

2.0

q�Ω

-6

-4

-2

0

2

Log@FΓD

Fig. A.2. Plot of Fγ in log scale for various |q|/ω and |Q|/M ratios. Here we use γ = 1 and
Mω = 100.

We carry out the integral for various ratios |Q|/M for black holes and ratios |q|/ω

for emitted particle, as well as for all values of admitted γ. As shown in Fig. A.1, it

is found that Fγ is always positive and insensitive to the paths for 0.5 . γ . 100.

In particular, we plot Fγ for the choice γ = 1 in Fig. A.2. Since the physical mass

and charge of an emitted particle is ω and q, the intermediate states (ω′, q′) along

each integral path are regarded as virtual. It might be possible to adopt the path

integral formalism to sum over all possible configurations. This is beyond the scope

of this paper and left for future inspection.
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