PHYSICAL REVIEW D 82, 126012 (2010)

Naturally minute quantum correction to the cosmological constant descended from the hierarchy
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We demonstrate that a naturally small quantum correction, or the Casimir energy, to the cosmological
constant can arise from a massive bulk fermion field in the Randall-Sundrum model. Under the
assumption that the ground value of four-dimensional effective cosmological constant is zero, which
can only be attained by some other means, we show that its quantum correction originated from the
Casimir energy, that is the vacuum energy associated with the nontrivial topology of the extra dimension,
can be as small as the observed dark energy scale without fine-tuning of the bulk fermion mass. To ensure
the stabilization of the system, we discuss two stabilization mechanisms under this setup. It is found that
the Goldberger-Wise mechanism can be successfully introduced in the presence of a massive bulk
fermion, without spoiling the smallness of the quantum correction.
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I. INTRODUCTION
The hierarchy between the Planck scale MPl 
1019 GeV and the electroweak scale MEW  TeV has
long been a puzzle in high energy physics. In the past
decade, there has been two famous solutions to the hierarchy problem, both involving the idea of extra dimensions.
The first one is the Arkani-Hamed-Dimopoulos-Dvali
(ADD) model [1], and the second is the Randall-Sundrum
(RS) model [2]. In this paper, we shall only focus on the
latter. In the RS model, two parallel flat 3-branes, with
equal but opposite brane tensions, are embedded in a fivedimensional anti-de Sitterbulk. The RS metric reads
ds2 ¼ e2krc jj  dx dx þ r2c d2 ;

(1)

where k is the anti-de Sitter curvature of the order M, the
five-dimensional Planck scale, and rc is the radius of the
S1 =Z2 orbifold. x are the four-dimensional coordinates
and  is the extra dimension coordinate ranging from 
to . The hidden brane is located at  ¼ 0 while the visible
brane is at  ¼ , on which the standard model fields
reside. Under this construction, the hierarchy problem is
naturally solved via the warp factor ekrc along the fifth
dimension without fine-tuning of the parameters.
Specifically, the electroweak scale on the visible brane
can be naturally bridged with the Planck scale on the hidden
brane if krc ’ 12.
There is another mysterious hierarchy problem in physics. The accelerating expansion of the present Universe [3]
implies that the cosmological constant (CC) may be nonzero but minute, which corresponds to an energy density
4  ð103 eVÞ4 . Since the quantum vacuum
obs  MCC
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energy naturally contributes to the CC, which is at the
Planck scale, the long-standing cosmological constant
problem (CCP) [4] can be cast as a naturalness problem:
Why is obs smaller than the Planck energy density Pl 
ð1019 GeVÞ4 by 124 orders of magnitude?
The CCP is actually more severe than the apparent
minute value of the CC. In the context of the quantum field
theory, each field contributes a vacuum energy at the cutoff
scale, say, the Planck scale. This vacuum energy could be
dropped without harm for the quantum field theory in flat
spacetime, since the interaction between particles is governed by the gradient of the potential, rather than its
absolute value. On the contrary, in general relativity all
forms of energy contribute to the dynamics of the spacetime, hence the vacuum energy gravitates in the same way
as the cosmological constant. In addition, the spontaneous
symmetry breaking of the quantum fields also gives rise to
vacuum energy. Adding all these huge contributions from
the quantum field theory, together with the bare cosmological constant, one is supposed to reduce the sum to the
observed cosmological constant scale obs  ð103 eVÞ4 .
It is logically possible that the bare cosmological constant
manages itself in an extremely delicate manner so that the
resulting vacuum energy density is 124 orders of magnitude smaller than their separate contributions, but such
cancellation does not seem appealing and natural. For
further details, the CCP is summarized in [4] and references therein. General considerations of the CCP in the
brane-world scenario can be found in [5]. In particular, a
‘‘self-tuning’’ mechanism of the cosmological constant is
discussed in [6,7] under the brane-world scenario [8].
With regard to these two hierarchy problems, it is interesting to notice that the hierarchy MPl =MEW  1016 between the Planck scale and the TeV scale is roughly the
square root of the hierarchy MPl =MCC  1031  between
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the Planck scale and the observed cosmological constant
scale. The surprising numerical coincidence prompts us to
ask: Are these two hierarchy problems related? The idea
that these two hierarchy problems are actually related has
been pursued by one of us (PC) and other authors [9–11], in
which some specific mechanisms were devised to induce a
cosmological constant scale of
MCC ¼

2
MEW
;
MPl

(2)

which is roughly the current observed scale. More specifically, it was proposed in [10,11] that the minute cosmological constant might actually be the result of a double
suppression of the Planck scale by the same hierarchy
factor a ¼ ekrc ’ 1016 in the RS model. That is, the
expression
MCC ¼ a2 MPl

(3)

might be a natural result in the RS model. Following the
same spirit, in this paper we provide an explicit mechanism
that actually proves this ansatz.
Our demonstration is associated with the Casimir energy
of bulk fields in the RS geometry. We assume that the
ground value of the four-dimensional effective CC,
namely, the sum of its classical value as well as the
divergence (or the very large term) in the calculation of
vacuum energy, is identically zero provided by other
mechanisms. We then demonstrate that the inevitable contribution to the CC resulted from the nontrivial topology of
the RS geometry induced by a massive bulk fermion can be
as small as the observed CC scale, MCC , by virtue of the
mass suppression. The Casimir energy of a bulk scalar field
[12–20] or a bulk fermion field [21–26] in the RS model
have been investigated in great detail. It is known that the
presence of a massive bulk field would exponentially suppress the Casimir energy by a factor e2mr in flat spacetime
[27], where r is the distance between two parallel plates.
We will show that this is also true for the nonflat RS
geometry, and the above-mentioned ansatz can be realized
without fine-tuning.
It is insufficient, however, to simply demonstrate a small
quantum correction to the CC in our scheme. In order to
give a satisfactory analysis of the CCP in the brane-world
scenario, it is necessary to consider in addition the stabilization issue in the presence of the massive bulk fermion.
The modulus stabilization in the brane-world scenario is
known to be intimately related to the CCP [5]. In this
paper, we will discuss two stabilization mechanisms
under the present setup. In particular, we will show that
the Goldberger-Wise mechanism can be successfully
introduced in the presence of a massive bulk fermion,
without spoiling the smallness of the quantum correction.
Apart from the order of the magnitude of the cosmological constant, the sign is also crucial in order to give rise
to an accelerating universe instead of a decelerating one.
The sign of the Casimir energy has been discussed in detail

in [28] (see also [29,30]), and it is pointed out that for a
scalar field with periodic boundary condition, the sign is
generically negative. Therefore, in the present paper we
consider a bulk fermion field with mass m instead of a
scalar field. As we will see, the fermionic nature of the field
drastically changes the sign of the Casimir energy and
therefore yields a desired positive value.
There are several motivations for introducing a massive
bulk fermion, summarized in [25]. In particular, the bulk
fermion arises naturally as the superpartner of the radion
field in a supersymmetric theory, especially the string
theory realization, of the brane-world scenario. In the
context of particle physics, Grossman and Neubert used a
massive bulk fermion to understand the neutrino mass
hierarchy [31]. Using their result, Kitano demonstrated
some bounds on the flavor-changing process [32]. Some
other phenomenological studies have invoked bulk fermions as well [33–37].
We emphasize that we will make no attempt in explaining the traditional CCP, that is, the delicate cancellation
between various vacuum energy contributions and the bare
cosmological constant. Rather, we focus on the possibility
that an extremely small quantum correction can be produced quite naturally from a massive bulk field, provided
that the infinite part (or the very large part) can be properly
renormalized into the counterterms. We also do not include
the graviton self-interaction, which is in fact much larger
than the observed CC. Nevertheless, we consider it a step
forward in demonstrating that a naturally minute quantum
correction to the CC is attainable without fine-tuning, in a
similar spirit as in [28].
II. CASIMIR ENERGY FOR A MASSIVE BULK
FERMION FIELD
The one-loop effective potential for a massive bulk
fermion is [25]


K ðtÞI ðatÞ
k4 a4 Z 1 3
R
R 4
Veff ¼ Vh þ Vv a 
;
dt t ln 1 
I ðtÞK ðatÞ
162 0
(4)
where K ðtÞ and I ðtÞ are the modified Bessel functions
R
are the shifts of the renormalized brane tension
and Vh;v
from their classical values, Vh0 ¼ Vv0 ¼ 24M3 k. The definition of  is
1 m
¼  ;
2 k

(5)

where the  stands for the type I and type II boundary
condition, respectively [25]. (The minus sign is totally
acceptable, since the Dirac spinor mass changes sign under
parity.)
The small a expansion of (4) reads
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where
Z1
K ðtÞ
2
fðÞ 
:
dtt2
I ðtÞ
ðÞ2 0

VvR ’ 
(7)

fð0:6Þ  2:1;

fð1:3Þ  8:7;

fð2:0Þ  29:

fð2Þ 8 4
ak:
162

(9)

The last term, a8 k4 , in (9) corresponds to a mass scale
a2 k  MCC , which is the desired order of magnitude for the
observed CC and is obtained without fine-tuning. This is
the main result of this paper. It should be mentioned that as
in the original RS model, the curvature k is chosen to be
smaller than M. Thus, even if the fermion mass m is larger
than k, we may still choose it to be smaller than M. We
again emphasize that the quantum correction (the third
term) in (9) is positive due to the fermionic nature of the
field, in contrast to the negative Casimir energy for the bulk
scalar field found in [12].
III. STABILIZATION
R
If we naively assume Vv;h
to be zero, i.e., the brane
tensions are not shifted by a finite amount due to quantum
corrections, then the value of the effective potential
obtained above would indeed correspond to the observed
CC. However, such potential alone cannot stabilize the
orbifold radius due to its monotonic dependence on a.
A stabilization mechanism is therefore necessary.

A. Garriga-Pujolàs-Tanaka mechanism
Consider first the effective potential (9) induced solely
by the massive bulk fermion [21]. The brane tension shifts
R
Vv;h
are in general determined by the renormalization
conditions:
Veff ðaobs Þ ¼ obs ;

dVeff
ðaobs Þ ¼ 0:
da

(10)

We then find, in this case,
VhR ’

fð2Þ 8 4
a k þ obs ;
162

Vh ¼ Vh0 þ VhR ’ ð1019 GeVÞ4 þ ð104 eVÞ4 ;

(13)

Vv ¼ Vv0 þ VvR ’ ð1019 GeVÞ4  ðTeVÞ4 :

(14)

It is interesting to note that the two terms in (11) are of
the same order, in contrast to that for the massless bulk
fermion. However, the fine-tuning problem reappears at
the stage of stabilization, as seen in (13) and (14). This
motivates us to look for an alternative mechanism.

(8)

For our purpose, we choose  ’ 2, which corresponds to
m ’ 1:5k. Then we have
Veff ’ VhR þ VvR a4 þ

(12)

So the total values of the brane tensions are

2

Notice that a in (6) is a significant suppression factor for
generic values of  ¼ 1=2  m=k. This is in complete
analogy to the suppression factor e2mr for the Casimir
energy of a massive field in flat spacetime [27], where r is
the distance between two parallel plates. The suppression
would be effective, however, only if the function fðÞ is
not exponentially large. This is indeed the case for m=k 
Oð1Þ, which is a natural choice for m since the 5D Planck
mass MðkÞ is the only fundamental scale in the RS
model. Some values of interest for fðÞ are listed below:

fð2Þ 4 4
ak:
82

(11)

B. Goldberger-Wise mechanism
In the Goldberger-Wise mechanism, a massive bulk
scalar field  with a brane self-interaction induces a
stabilizing potential [38]:
V ðaÞ ¼ 4ka4 ðvv  vh a Þ2 ;

(15)

where  ¼ m2 =4k2 is treated as a small number and vv;h
are of mass dimension 3=2. This potential is added to (9) to
ensure the stability.
There are two concerns about whether the introduction
of the bulk scalar field  would overwhelm the small
fermionic Casimir energy. First, the mass m of the bulk
scalar field is assumed to be small compared with k, but
still roughly of the same order. Therefore, its induced
Casimir energy might be larger than that by the fermion
field, which is suppressed by a large mass m ’ 1:5k.
Second, since now the total effective potential is the sum of
(9) and (15), its minimum value might deviate significantly
from zero. It turns out that we are actually safe from these
problems.
With regard to the first concern, let us consider the
Casimir energy of the bulk scalar field minimally coupled
to the curvature (which is the case for [38]) [12],
VCas; ¼ 

k 4 a4
gðÞa2 þ Oða2þ2 Þ;
162

(16)

where gðÞ is some unimportant numerical constant of the
order unity. We note that the Casimir energy is suppressed
by the factor a2 , in a similar fashion as that for the
fermion. The crucial difference is that for the scalar field
case,
qﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
 ¼ 4 þ m2 =k2 :
(17)
So, even for  ¼ m2 =4k2  1 (but m & k),  is still
slightly larger than 2, and it thus induces a Casimir energy
of the same order as that for the fermion. That is, the
Casimir energy induced by  does not overwhelm that
by the bulk fermion. This is in contrast with the fermion

126012-3

SHU-HENG SHAO AND PISIN CHEN

PHYSICAL REVIEW D 82, 126012 (2010)

case, where only a fermion with mass 1:5k would correspond to a Casimir energy about a8 k4 . The origin of this
difference lies in that the bulk scalar field  in [38] is
minimally coupled to the curvature, rather than conformally coupled. Had we invoked a conformally coupled
bulk scalar field,  would have been replaced by
qﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1=4 þ m2 =k2 [14]. Then the corresponding Casimir
energy would be of the order a5 k4 and would dominate
over the fermionic contribution.
The second concern is more straightforward. The total
effective potential is
Veff ðaÞ ’ Bk4 a8 þ 4ka4 ðvv  vh a Þ2 ;

(18)

where B ¼ ½fð2Þ  gð2Þ=ð162 Þ is a numerical constant
of the order unity. Note that we have combined the Casimir
energies for bulk scalar and fermion fields into the first
term, which will be treated as a perturbation to the second.
R
In addition, we have set the brane tension shifts Vv;h
to
zero.
To the zeroth order, amin ¼ ðvv =vh Þ1=  a0  1016 .
Assuming that the true minimum is amin ¼ a0 þ , putting
this into the derivative of (18) and setting it to zero,
we have
dVeff
ðamin ¼ a0 þ Þ
da
2 Þ þ Oð2 Þ:
¼ 8Bk4 a70 þ ð56Bk4 a60 þ 8kv2h a2þ2
0

0¼

(19)
The first term in the parenthesis can be dropped due to its
a60 dependence. Further assuming that vv;h are of the
Planck scale, which is the only scale for the parameters
in the RS model, we find   a52
.
0
Now we put amin ¼ a0 þ  back into (18). The minimum value of Veff then reads

where C is some unimportant constant of the order unity.
It is clear that the second term in (20) is much smaller
4 .
than the leading term, which is indeed of the scale MCC
IV. DISCUSSIONS
In summary, we have demonstrated that a bulk fermion
with mass m ’ 1:5k can induce a Casimir energy that is
of the observed cosmological constant scale. To ensure the
stability of the system, a self-interacting bulk scalar field 
with mass m & k is introduced as in [38]. As shown
above, the Casimir energy induced by  is of the same
order as that by the fermion, and the resulting leading term
of the minimum effective potential remains to be of the
desired order a8 k4 .
R
It should be mentioned that by setting Vv;h
to zero, it
actually implies that the infinite part of the brane tension
shifts must be finely tuned to absorb the divergence (or
very large term) in the calculation of the Casimir energies,
in such a way that no residue is left behind. We made no
attempt to explain this delicate cancellation in the process
of renormalization, but focused only on the possibility that
an extremely minute quantum correction can indeed be
achieved without fine-tuning of the bulk field mass. In this
regard, our philosophy is similar to that in [28].
It would be interesting to further pursue the possible
relations between the bulk fermion and scalar fields, and
also their phenomenological implications. In addition, the
dynamical origin for such massive bulk fermion field is
relevant and should be further investigated.
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