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1. INTRODUCTION
In 1973 I became the 19th Ph.D. student of Late Professor Henry 
Primakoff. After about a year, I worked first on the operator 
formalism of the perturbative S-matrix expansion and tried 
to show how the anomalies come from, but Henry said that it 
might be interesting to publish my result and that he would not 
be able to help me in that purely mathematical work. I decided 
to come back to follow Henry — so far I have not published my 
QFT work (ie., the perturbative operator expansion formalism). 
Then I worked in the area of the so-called “standard model” and 
its variations, but for another half or one year I could not fix 
my thesis topic. At that time, Henry suggested radiative muon 
capture as a test of PCAC, then I agreed. The first thing to work 
on was μ– + p → νμ + n + γ. The major problem is that when 
you add up the Feymann diagrams for particles with sizes (p, 
n, etc.) gauge invariance (GI) is violated; but to test the valid-
ity of a general principle like PCAC, we need a quantitative 
prediction on the amplitude. I proposed the linearity hypothesis 
(LH) to fix the amplitude. That is, I am able to solve the coupled 
equations derived from CVC, PCAC, GI, and LH. The trouble 
is, as we found out later on, that the way to restore GI is in fact 
different from the standard method. In early 80’s, when I saw 
Henry and talked about our LH, Henry still thought that it’s a 
good approach — I’m sorry I did not fight on. In 1983 Henry 
passed away because of the lymph cancer.

After I “solved” μ– + p → νμ + n + γ, it immediately ap-
plied to μ– + 3He → νμ + 3H + γ [1], the other well-known 
spin and isospin doublet via the so-called “elementary-particle 

treatment” (EPT). The application to the A=12 triads, μ– + 
12C (S = 0, I = 0) → νμ + 12B(S = 1, I = 1) + γ, took the effort of 
another few months [2]. Again, I used the LH to turn the equa-
tions into a set of algebraic equations.

In fact, one can always quantify the difference between our 
LH approach and the “standard” way to restore GI. In other 
words, which method in restoring GI is probably the second 
question and in fact we could derive two predictions, and then 
we could compare the two predictions with the experiment, if 
the data would be reliable. Jobs of this type have never been 
carried out — maybe because the radiative muon capture reac-
tions are too complicated.

The other alternative is that in our method we use LH to fix the 
amplitude that is consistent with GI, CVC, and PCAC simultane-
ously; not just with GI only. The old method treats only with GI 
only; what happens to CVC and PCAC? So, we may answer the 
dispute “theoretically.” I think that at that time I was too young 
to sit on the same problem — too bad to be so young.

To some extent, the spirit of the Kim-Primakoff method or 
the “elementary-particle treatment” has been exercised to an 
extreme in some sense. It is much complicated than the original 
Kim-Primakoff method. After the radiative muon capture work, 
we turned our attention to the question of whether the second-
class current is there, in fact the experiments from University 
of Tokyo and from Princeton University at that time said “Yes.” 
My analysis used the “parameterization” [3]:
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I think that the so-called Hwang-Kim-Primakoff (HKP) methods or the elementary-particle treatment 
(EPT), that appeared briefly in 1960’s and in around 1980’s, deserves a good review, mainly because 
it brings in many reactions, involving different nuclei (like elementary particles, and in fact the same 
conclusions as those obtained from the elementary particles), in a global analysis. It is in this spirit 
how this review is written. In fact, there is some mystery why the methods offer the needed simplicity 
that bridges over the nuclear physics and the elementary particle physics to the same ground.
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particles. The famous A=12 triad in connection with CVC, 
PCAC, and the absence of second-class currents was my first 
publication with Professor Primakoff [3]. In February of 1978, 
I was invited by Professor C. S. Wu to Colombia University to 
seminar on the topic (and on our paper) — I just received my 
Ph.D. and my first invitation to give a seminar. After the seminar 
and the couple-of-hour after-discussion with Professor C. S. 
Wu’s group, she and others brought me to a Chinese Restaurant 
for dinner — I remembered we encountered Professor T. D. Lee 
on the sidewalk and my first hand-shake with him; he excused 
himself for not joining us.

2. EXAMPLE NO. 1: THE A=12 TRIADS 
We begin by writing down the matrix elements of the polar 
vector and axial vector currents Vλ(x) and Aλ(x) between  
12B(p2, ξ) and 12C(p1):

<12C(p1) | Vλ(0) |12B(p2, ξ) > = √2
–
єλκρηξκ 

qρ

2mp

 Qη

2M
 FM (q

2), (3)

<12C(p1) | Aλ(0) |12 B(p2, ξ) >

= √2
–
{ξλFA(q2)+qλ q . ξ

Mπ
2

 FP(q2) – Qλ

2M
 q . ξ

2mp

 FE (q
2)}.        (4)

Let’s try to explain the notations [3]: x, or xμ, is the space-time 
four vector (which eventually is set to zero in view of Lorentz 
Invariance). The spin-0 12C nucleus is described by a momen-
tum four vector p1. On the other hand, the spin-1 12B nucleus 
is described by the four momentum p2 and the polarization 
four vector ξ. We define qλ ≡ (p2 – p1)λ, Qλ ≡ (p2 + p1)λ, and  
M ≡ 1

2(M1 + M2) with the symbol M or m for the mass of the 
object (such as the proton mass mp and the pion mass mξ).

The four form factors FM (q
2), FA(q2), FP(q2), and FE (q

2) are, 
respectively, the (nuclear) weak magnetism, axial, pseudoscalar, 
and weak electricity (pseudotensor) form factors.

The transition amplitude for the beta decay 12B →12Ce−νe̅  is 
given, in my normalization, by

T (12B →12Ce−νe̅ )

= 
√2

–G  <12C(p1) | [Vλ(0) + Aλ(0)] |12B(p2, ξ) > · 

iūe(pe)γλ(1 + γ5)υνe
(pνe

).                                                     (5)

For the notations, consult the textbook — “Relativistic Quantum 
Mechanics and Quantum Fields” by Ta-You Wu and W-Y. 
Pauchy Hwang (World Scientific, Singapore, 1991).

The e− decay energy and angular distributions and the cor-
responding asymmetry coefficient A− are then

<12C(p1) | Vλ(0) |12B(p2, ξ) > = √2
–
єλκρηξκ 

qρ

2mp

 Qη

2M
 FM(q2),  (1)

<12C(p1) | Aλ(0) |12B(p2, ξ) >

= √2
–
{ξλFA(q2)+qλ q . ξ

Mπ
2

 FP(q2) – Qλ

2M
 q . ξ

2mp

 FE(q2)}.         (2)

In other words, the beta decay 12B →12 Ce−νeˆ  and the muon capture 
μ + 12C → νμ + 12B, and the related reactions (via CVC, etc.), are 
described basically by the four form factors FM,A,P,E (q2) — for 
more on notations, see the next section. It is this basic fact that 
the number of the observables in the various reactions is larger 
than that of the unknowns in the problem.

Well, using CVC etc., we could describe four or five reactions 
near the thresholds simultaneously in terms of form factors near 
the thresholds — that is why we could put stringent constraints 
on some form factors and so to determine the size of the second-
class currents. We were luckly that we could do that.

Our forms differ from the old Kim-Primakoff (in which  
FE (q

2) was absent) but I didn’t try to persuade much Henry and I 
already had the blessing from him. In the old form (1965-form), 
there is no weak- electricity FE (q2) term, which turns out to be 
of numerical importance. All my work so far had convinced 
Henry that I knows very well how to parameterize in a Lorentz 
covariant way. In 1981 or 82, Val Telegdi used the term “Hwang-
Kim-Primakoff methods” at the Symposium in cerebration of 
Henry’s 65th birthday, trying to explain our success in terms of 
the “standard” picture — CVC, PCAC, and No Second-Class 
Current. I’m sorry that I were too intimidated all these years in 
terms of shouting aloud with my own name being a part of it 
— maybe the oriental culture makes too many silent persons 
and it’s sometime no good for the knowledge.

In fact, the Hwang-Kim-Primakoff method could be nothing 
but an application of Lorentz invariance to the physical process-
es of complicated systems. The typical nuclei include the famous 
A=12 nuclei, the isospin and spin doublets such as (3He, 3H), 
and two-nucleon systems, etc. while the processes include all 
involving these nuclei so long as the same or related initial and 
final states. I think that application of the Hwang-Kim-Primakoff 
method has changed these (originally nuclear physics) problems 
into the elementary-particle-physics problems and makes the 
two disciplines becoming one. In this regard, we should apply 
the Hwang-Kim-Primakoff method whenever possible.

During my early research years, I spent a lot of time, and 
wrote more than a dozen of papers (including those with Ernest 
M. Henley), on the so-called Hwang-Kim-Primakoff methods 
— the Elementary-Particle Treatment that brings the symmetry 
synthesis of the light nuclei to the same level of elementary 
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d3Γ(e−) ≅ 
G2

8π4  [√2
–
FA(0)]2F−(Z, Ee)peEe(Δ

− − Ee)
2

(1 + η− + a−Ee)dEedΩe × [1 − (h1 − h−1)(1 + α−Ee)cosθe +

(1 − 3h0)α−Ee( 2
3 cos2θe − 2

1 )],                                               (6)

A ≡ 
dΓ(e−; θe = 0) − dΓ(e−; θ = π)
dΓ(e−; θ = 0) + dΓ(e−; θ = π)

≅ −(h1 − h−1){1 + α−[1 − (1 − 3h0)]Ee}.                                 (7)

Here we have Δ− ≡ M(12B) − M(12C). F−(Z, Ee) is the well-known 
Fermi function  for the β− decays. h1, h−1, h0 are the populations 
of the Jz = 1, −1, 0 states of 12B (normalized so that h1 + h−1 + 
h0 = 1). cosθe ≡ p̂e · ẑ  with θe the angle between the electron 
momentum and the 12B polarization. The various coefficients 
are given by

a− ≡ 4
3mp

 
FA(0)
FM(0)

,

α− ≡ 1
3mp

 (
FA(0)
FM(0)

 – 
FA(0)
FE(0) )

η− ≡ Δ–

3mp
 (– 2 

FA(0)
FM(0)

 + 
FA(0)
FE(0) ).        (8)

On the other hand, the transition amplitude for the muon 
capture reaction μ− + 12C → νμ +

12 B is given by

T (μ− + 12C → νμ +
12 B)

= 
√2

–G  <12B(p2, ξ) | [Vλ
†(0) + Aλ

†(0)] |12 C(p1)> ·

iūνμ
(pνμ

)γλ(1 + γ5)uμ(pμ).                                                        (9)

Thus, the physical observables for the above muon capture reac-
tion can be expressed in term of the four factors FA (q2), FM (q2), 
FP (q2), and FE (q2) at a certain q2 (= 0.740mμ

2). By comparison, 
the q2 for the beta decays is approximately zero — the formulae 
in the above take care of this fact.

In fact, the main conclusion which we were able to draw 
came from the fact that the early experiments in support of siz-
able second-class currents is intrinsically contradictory to the 
observed muon capture which, owing to q2, determines very 
well the size of FM (q2). So, we can draw the conclusion for beta 
decay reactions because we bring in the muon capture reaction. 
The natural way is through the elementary-particle treatment or 
the Hwang-Kim-Primakoff methods.

I think that the questions these days would be, e.g., whether 
there still be some second-class currents, at the level of 10% 
or less; how about the precision associated with the validity of 
CVC; how to get a convincing test of PCAC; and so on.

3. EXAMPLE NO. 2: THE SPIN AND ISOSPIN 
DOUBLETS

Consider the spin and isospin doublet such as (p, n), (3He,3H), 
(15O,15N), etc. and all the reactions involved by the same spin 
and isospin doublet. For example, the triton β- decay, 3H →3He 
+ e− + νe̅ , has been studied in quite details. This implies that 
the form factors FV,M,A(q2) at q2 ≅ 0 are well-known. These form 
factors are defined analogously by [5]

<3 H(p', s') | Vλ(0) | 3He(p, s) > 

= ū(p')[FV(q2)γλ − FM (q2)
σληqη

2mp
]u(p),                                (10)

<3H(p', s') | Aλ(0) |3He(p, s) > 

= ū(p')[FA(q2)γλγ5 + FP (q2)i 
2Mqλγ5

mπ
2

]u(p).                       (11)

The other reaction well-studied is the muon capture reaction,  
μ− + 3He → νμ + 3H, from which the form factors FV,M,A,P(q2) at 
some small q2 can be accessed (in this case we have q2 ≅ 0.96mμ

2). 
Of course, the elastic electron scattering e− + 3He → e− + 3He and 
e− + 3H → e− + 3H are much easier to study — from generalized 
CVC, we have good knowledge of FV,M(q2) at these q2.

In other words, the various observables in these reactions 
can be correlated among themselves; those observables which 
have been measured experimentally could be correlated and 
tested while those observables remain to be predicted for future 
experiments.

In fact, as time goes by, some experiments become feasible 
and, for one reason or the other, are of great interest — such 
as neutrino or antineutrino scattering of these targets, 3He and 
3H, and parity violation studies in electron scattering off these 
nuclei. So, Hwang-Kim-Primakoff methods are quite versatile, 
indeed.

When the HKP methods are applied to the radiative muon cap-
ture [1], μ− + 3He → νμ + 3H + γ, one has to solve the tensors:

Vμλ(k, q, Q) 

= −imp � d 
4xe−ik·x < Nf (pf) | T(Jμ(x)Vλ(0)) | Ni(pi) >,             (12)

Aμλ(k, q, Q) 

= −imp � d 
4xe−ik·x< Nf (pf) | T(Jμ(x)Aλ(0)) | Ni(pi) >.              (13)

In general, gauge invariance (GI) gives us the constraints which 
we call CEC:
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kμ

mp
 Vμλ(k, q, Q) = < Nf (pf) | Vλ(0) | Ni(pi) >,                      (14)

kμ

mp
 Aμλ(k, q, Q) = < Nf (pf) | Aλ(0) | Ni(pi) >.                      (15)

On the other hand, CVC and PCAC yield

kλ + qλ

mp
 Vμλ(k, q, Q) = < Nf (pf) | Vμ(0) | Ni(pi) >;               (16) 

kλ + qλ

mp
 Aμ λ(k, q, Q) 

= < Nf (pf) | Aμ(0) | Ni(pi) > + Dμ(k, q, Q),                           (17)

Dμ(k, q, Q) = � d 
4xe−ik·x < Nf (pf) | T(Jμ(x)�λAλ(0)) | Ni(pi) >,(18)

and

kμDμ(k, q, Q) = i < Nf (pf) | �λAλ(0) | Ni(pi) >.                      (19)

In the case of the nuclear spin and isospin doublet(s), my 
construction gives 34 form factors for Vμλ(k, q, Q) and another 
34 form factors for Aμλ(k, q, Q). In this case, CEC gives us 
16 constraints while CVC gives 8 constraints, and so on. The 
important point is that it gives us the “hint” about the possible 
solution.

That is where the complication comes from; it sounds like 
that we invented the “linearity hypothesis (LH)” so that GI (or 
CEC), CVC, and PCAC all can be solved. It turns out that, if 
our solutions are not adopted, it would be difficult to another 
solutions that would be consistent simultaneously with gauge 
invariance, CVC, and PCAC. Most of the approaches only take 
care of gauge invariance, but ignoring CVC and PCAC. In my 
view, linearity hypothesis should not be blamed as we may 
examine the CEC, CVC, and PCAC constraints altogether. In 
fact, they call that “Low’s Theorem” when they take care of 
gauge invariance; it’s difficult to fight against some “theorems,” 
of course.

The intention was the attempt to test PCAC but GI was 
violated when you sum up all the “Feynmann” diagrams with 
extensive vertices. Maybe the appropriate question should be 
“how the GI, CVC, and PCAC get restored in radiative muon 
capture” or  something similar. This is also another fundamental 
question.

4. THE BREAK-UP CHANNELS
When we treat break-up channels such as electron-deuteron scat-

tering into the various (np)-scattering states, each final state has 
its own total angular momentum — so, by Lorentz invariance, 
each final state has to be treated separately. In other words, we 
don’t gain too much.

One comprehensive reference that can be referred to is the 
paper by Hwang, Henley, Miller [6]. When the excitation energy 
is limited to a certain (small) value so that the (np)-scattering 
states such as 1S0, 

3P0, 
3P1, and 3P2 dominate the parity-conserv-

ing channels, the treatment is still systematic.

The overall contribution on the cross section would be the 
incoherent sum of the different channels, i.e. into the 1S0, 

3P0, 
3P1, and 3P2 final states and others. Parity violation signals would 
also be calculated channel by channel. We define, for the 1S0, 
final state (subchannel α),

<1S0(p
(f)) | Jλ(0) | D(p(i), ξ(i)) > 

= √2
–
єλκρηξκ

(i) qρ

2mp

 Qη

2M
 FM

α (q2),                                          (20)

<1S0(p
(f)) | Jλ(0) | D(p(i), ξ(i)) > (–)

= √2
–
{ξλ

αGV
α(q2) + qλ 

q . ξ(i)

mπ
2

 GS
α(q2) – Qλ

2M
 

2mp

q . ξ(i)

 GT
α (q2)},(21)

where qλ ≡ (p(i) − p(f))λ and Qλ ≡ (p(i) + p(f))λ.  Similar expression was 
adopted for the matrix element <1S0(p

(f)) | Nλ
(A)(0) | D(p(i), ξ(i)) >.

On the other hand, I introduced in the paper, with F =3P1 
(subchannel γ),

<3P1(p
(f), ξ(f)) | Jλ(0) | D(p(i), ξ(i)) >

= iєλρηκξρ
–(f)

ξη
(i){ Qk

2M
 FV

γ(q2) – qκ

2mp
FR

γ(q2)}

+ iєρηκςξρ
–(f)

ξη
(i) qκ

2mp
 Qς

2M
 { qλ

2mp
FS

γ(q2) – Qλ

2M
FT

γ(q2)}

+ iєλρηκ 
qρ

2mp
  Qη

2M
 {ξκ

–(f) 
2mp

ξ(i). q
 + ξκ

(i)
 2mp

ξ
–(f)

. q }FL
γ(q2),            (22)

<3P1(p
(f), ξ(f)) | Jλ(0) | D(p(i), ξ(i)) >(–)

= i{ξλ
–(f)

 2mp

ξ(i). q
 – ξ (i)

 2mp

ξ
–(f)

. q }GM
γ (q2) + iξ

–(f)
 · ξ (i) Qλ

2M
 GV

γ (q2)

+ i{ξλ
–(f)

 2mp

ξ(i). q
 + ξλ

–(i)
 2mp

ξ
–(f)

. q }GT
γ (q2) 

+ i 
2mp

ξ
–(f)

. q  
2mp

ξ(i). q
 

Qλ

2M
 GS

γ (q2) +  iξ
–(f)

 · ξ (i) qλ

2mp
 GY

γ (q2)

+ i 
2mp

ξ
–(f)

. q  
2mp

ξ(i). q
  

qλ

2mp
 GZ

γ (q2).                                             (23)
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ξρ
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results. Also, Bernard Goulard used the EPT to treat the solar-
neutrino reaction 15O → 15N + e+ + νe and related reactions. To 
my knowledge, these few people are the hard-core loyalists of 
the EPT methods. I should also acknowledge my wife, Jane S. 
Hwang, for typing in the old-fashion way (in 70’s) my Ph.D. 
dissertation in the elementary-particle treatment, which was 
quite something.
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Similar expression for <3P1(p
(f), ξ(f)) |  Nλ

(A)(0) | D(p(i), ξ(i)) >.

Well, there are at least four channels (which I considered in 
the paper [6]) and in each channel there are the matrix elements 
of ordinary (parity-conserving) and parity-violating electromag-
netic currents (such as above) and of the neutral weak currents 
(for the Z 

0- exchange); each matrix element is parameterized by 
a number of Lorentz-covariant form factors. So, there are too 
many unknowns — what’s the purpose of the Lorentz-covariant 
parameterization? We have to use the so-called EPT-NOIA/GI 
connections in order to make clear-cut predictions. The Nucleon-
Only Impulse Approximation (NOIA) as constrained by Gauge 
Invariance (GI) is a microscopic model that is used by us to 
be contrasted with the Elementary-Particle Treatment (EPT) 
framework — the contrast is carried out in the Breit frame. The 
above sentence means a lot which we cannot elaborate here.

By invoking EPT-NOIA/GI, I basically enlarge the prediction 
power of the Hwang-Kim-Primakoff methods. It is better than 
NOIA/GI because the Lorentz-covariant form factors are used. 
In those years, my exercises have been too complicated such 
that the strength of the methodology is obscure. I think that the 
Hwang-Kim-Primakoff methods should always be used when 
we want to test the “rare” symmetries in particle or nuclear 
physics — because the microscopic models are used with care. 
For example, I don’t know why the Breit frame has to be used 
— in fact, there are some differences in the other frame.

There is one story which I would like to tell. Roughly in 1987 
or 1988 when I was at Carnegie-Mellon University, Brad Keister 
told me that some of the form factors are not independent of the 
others. He pointed to <3P1 | Jλ(0) | D > (as above, reproduced 
for your reference) and in the few days he gave me a page of 
notes proving that. In fact, using EPT-NOIA/GI connections, 
certain factors are zero identically — but I didn’t know why 
but didn’t think of it further.

5. CLOSING REMARKS
To close the discussions, we would like to ask ourselves — if the 
Hwang-Kim-Primakoff methods are so simple and so versatile, 
why so few “nuclear physicists” have tried to use the methods 
and so few “particle physicists” use it to open the horizon? 
Over the last thirty years, I started to use the methods but soon 
realized that I’m probably the only one and so I stopped at 
some point.
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